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Abstract

Since the early days of digital communication, Hidden Markov Models (HMMs)
have now been routinely used in speech recognition, processing of natural
languages, images, and in bioinformatics. An HMM (X, Y;);>1 assumes ob-
servations X1, X, ... to be conditionally independent given an “explanotary”
Markov process Y7, Y5, ..., which itself is not observed; moreover, the con-
ditional distribution of X; depends solely on Y;. Central to the theory and
applications of HMM is the Viterbi algorithm to find a mazimum a poste-
riori estimate ¢1., = (q1,q2,...,qn) of Y1, given the observed data x1.,.
Maximum a posteriori paths are also called Viterbi paths or alignments. Re-
cently, attempts have been made to study the behavior of Viterbi alignments
of HMMs with two hidden states when n tends to infinity. It has indeed
been shown that in some special cases a well-defined limiting Viterbi align-
ment exists. While innovative, these attempts have relied on rather strong
assumptions. This work proves the existence of infinite Viterbi alignments
for virtually any HMM with two hidden states.

Keywords

Hidden Markov models, maximum a posterior path, Viterbi alignment, Viterbi
extraction, Viterbi training

1 Introduction

We consider hidden Markov models (HMM) (Y, X) with two hidden states.
Namely, Y represents the hidden process Y7, Yo, ..., which is an irreducible
aperiodic Markov chain with state space S = {a,b}. In particular, the transi-
tion probabilities P = (py,), I,m € S, are positive and the stationary distri-
bution m = 7P is unique. For technical convenience, Y7 is assumed to follow
7, however, the results of the paper hold for arbitrary initial distributions. To
every state [ € S there corresponds an emission distribution P, on X = R?,
Given a realization y1..o € S of Y, the observations Xi.,, := X1, Xo,...
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are generated as follows. If Y; = a (resp. Y; = b), then X; is distributed
according to P, (resp. P,) and independently of everything else. We refer to
this model as the (general) 2-state HMM.

In (Cappé et al., 2005), HMMs are called ‘one of the most successful sta-
tistical modelling ideas that have [emerged] in the last forty years’. Since
their classical application to digital communication in 1960s (see further
references in (Cappé et al., 2005)), HMMs have had a defining impact on
the mainstream research in speech recognition (Huang et al., 1990, Jelinek,
1976, 2001, McDermott and Hazen, 2004, Ney et al., 1994, Padmanabhan and
Picheny, 2002, Rabiner and Juang, 1993, Rabiner et al., 1986, Shu et al., 2003,
Steinbiss et al., 1995, Strom et al., 1999), natural language models (Ji and
Bilmes, 2006, Och and Ney, 2000), and more recently computational biology
(Durbin et al., 1998, Eddy, 2004, Krogh, 1998, Lomsadze et al., 2005). Thus,
for example, DNA regions can be labeled as a, ‘coding’, or b, ‘non-coding’,
with P, and P, representing the respective distributions on the {A,C, G, T}
alphabet.

Given observations =i., := z1,...,T,, and treating the hidden states
Yl = Y1, - - -, Yn as parameters, inference in HMMs typically involves v(z1.y, ),
a mazimum a posteriori (MAP) estimate of Y7.,. It has now been recognized
that ‘[in] spite of the theoretical and practical importance of the MAP path
estimator, very little is known about its properties’ (Caliebe, 2006). The
same estimates are also known as Viterbi, or forced alignments and can be
efficiently computed by a dynamic programming algorithm also bearing the
name of Viterbi. When substituted for true y;., in the likelihood function
A(y1:n; T1:m, %), Viterbi alignments can also be used to estimate 1, any un-
known free parameters of the model. Starting with an initial guess 1(®) and
alternating between maximization of the likelihood A(y1.n;%1:0,%) in Y1
and ¢ is at the core of Viterbi training (VT), or extraction (Jelinek, 1976),
also known as segmental K-means (Ephraim and Merhav, 2002, Juang and
Rabiner, 1990). Resulting estimates zﬁ\/T(xl:n,w(O)) are known to be differ-
ent from the maximum likelihood (ML) estimates @[AJML(:chw(O)) which in
this case are most commonly delivered by the EM procedure (Baum and
Petrie, 1966, Bilmes, 1998, Ephraim and Merhav, 2002). Even if ¢ were
known, Viterbi alignments v(x1.,;%) would typically differ from true paths
Y1:n, and the long-run properties of v(x1.,;%) are not obvious (Caliebe, 2006,
Caliebe and Rosler, 2002, Koloydenko et al., 2007, Lember and Koloydenko,
2007, 2008). Furthermore, (Koloydenko et al., 2007, Lember and Koloydenko,
2007, 2008) propose a hybrid of VT and EM which takes into account the
asymptotic discrepancy between ¢y, (210, %) and Py (1.0, 9(@) in order
to increase computational and statistical efficiencies of estimation of ¢ for n
large. Thus or otherwise, an important question is how to find the asymp-
totic properties of Viterbi alignments, given that (n+ 1) observation can in
principle change the previous alignment entirely, i.e. v(Z1.n41)i # V(T1.m)i,
1 < i < n? Do the Viterbi alignments then admit well-defined extensions?



We answer this question positively in (Lember and Koloydenko, 2008) for
general HMMs (in particular, allowing more than two hidden states) by con-
structing proper infinite Viterbi alignments. Generalizing and clarifying re-
lated results of (Caliebe, 2006, Caliebe and Résler, 2002), the approach in
(Lember and Koloydenko, 2008) is to extend alignments piecewise, separat-
ing individual pieces by nodes (see §2 below). Although the construction is
natural, a detailed formal proof of its correctness for general HMMs is rather
long and requires certain mild technical assumptions. This paper, on the
other hand, shows that in the special case of two state HMMs, the existence
of infinite Viterbi alignments needs no special assumptions and can be proven
considerably more easily. The results of this paper essentially complete and
generalize those of (Caliebe, 2006, Caliebe and Rosler, 2002).

2 Preliminaries

Let )\ be a suitable o-finite reference measure on R? so that P, and P, have
densities with respect to A\. For example, A can be a Lebesgue measure, or,
as in the case of discrete observations, a counting measure. Thus, let f, and
fv be the densities of P, and P, respectively. Throughout the rest of the
paper, we assume that P, # P, or, equivalently,

Mz e X fa(x) # fo(x)} > 0. (1)

Assumption (1) is natural since there would be no need to model the observa-
tion process by an HMM should the emission distributions coincide. Note also
that unlike in the general case, the positivity of the transition probabilities is
also a natural assumption for the two state HMMs. No more assumption on
the HMM is made in this paper. In particular, unlike (Caliebe, 2006, Caliebe
and Rosler, 2002), we do not assume the square integrability of log(f./fs),
or equality of the supports of P, and P,. However, the latter condition is
not very restrictive, since for the two state HMMs with unequal supports
the existence of infinite Viterbi alignments follows rather trivially (Corollary
2.1).

Thus, for any n > 1 and any ., € X™ and y1., € S", the likelihood
Aﬂ" (yl:n; xl:n) is given by

n

P(len = yl:n) H fyI (‘T'L)7 where P(Yltn = yl:n) = Ty, priflyi‘
i=1 =2

Since estimation of v is not a goal of this paper, the dependence on v is
suppressed. Decomposition (2) and recursion (3) below provide a basis for the
Viterbi algorithm to compute alignments. Namely, for all u € {1,2,...,n—1},

8% Ax (Y1 T1:n) = 08X {%(l) qu+1{13§>§nuA(pl,>(yu+1:n;$u+1zn)] , (2)



where (p;.) is the transition distribution given state [ € S, and the scores

6u(l) = max A((yl:u—lal);xlzu)a l= CL,b,
Yru—1€SVTL
are defined for all w > 1, and 1., € X*. Thus, J,(!) is the maximum of the
likelihood of the paths terminating at u in state I. Note that 61(1) = m; f(z1)
and 6,,(1) depends on z1.,,.

5u+1 (a> = max{(su(a)paa7 6u (b)pba}fa (xu+1)7 (3)
Sut1(b) = max{0u(a)pab,du(b)pes} fo(Tust1), u>1,

Example 2.1 Let X1, Xs,... bei.i.d. following a mizture distribution w,P,+
mp Py with density o fo(x;6,) + mfo(x;0p) and mizing weights w,,m > 0.
Such a sequence is an HMM with the transition probabilities 7, = Poa = Pba,
Ty = Pob = Pab- In this special case the alignment is easy to exhibit. Indeed,
in this case recursion (3) writes for any v > 1 as

Out1(a) = emafa(Tur1);  Outr(b) = emp fo(wutr), (4)

where ¢ = max{d,(a),d,(b)}. Hence, the alignment v(x1.,) can be obtained
pointwise as follows:

v(x1m) = (V(21),. .., v(®y)), where v(x) = argmax{m, fo (), T fo(x)}.

Equivalently (ignoring possible ties), using a generalized Voronoi partition
X =X, UAX, with

Xy ={z € X :mofolx) > mfo(x)}, Xo={z € X :mpfo(x) > mafo(z)},
v(z) = a if and only if x € X,, and otherwise (i.e. x € Xp) v(x) =b.

Generally, it follows from (3) that, if

5u(a>paa > 5u(b)pbaa 5u(a)pab > (Su(b)pbba (5)

for some u, 1 < u, and some x1., € X", then for any n > u and for any
extension z,11., € X", the Viterbi alignment goes through state a at time
u. Namely, truncation v(21.,)1., coincides with the Viterbi alignment v(z1.,,)
(indeed, (5) implies &, (a) > d,(b)). Thus, under condition (5), maximization
of Ax((y1:n,1);x1.n) can be reset at time u by clearing 1., from the memory,
retaining v1.,, and replacing the initial distribution = by (p,.) for further
maximization of A(,, )(Yut1:n; Tut1:m). Following (Lember and Koloydenko,
2008), if condition (5) holds, then z, is called a strong a-node (of realization
Z1.n, N > u), where ‘strong’ refers to the inequalities in (5) being strict.
Suppose Z1. contains infinitely many strong a-nodes at times u; < ug <
... Let v! = v(21.4,, ), and let v* maximize Aoy W1+ 1005 Ty +10uy, ) fOT



all k > 2. Then, concatenation (v',v?,v3,...) is naturally called the infinite

piecewise Viterbi alignment (Lember and Koloydenko, 2008). Apparently,
the almost sure existence of our infinite alignments directly dependends on
the existence of infinitely many (strong) nodes. At the same time, whether
or not z, is a node depends on 7., and hence is difficult to verify directly.
Fortunately, in many cases x, is guaranteed to be a node based on several
preceding observations Xy .., 1 < m < u, ignoring the rest. Specifically,
suppose for example that x € X is such that

Diafa(T)Daj > Div fo(x)Dpj, Vi, j€S. (6)

It is easy to check that for any w > 2, x, = z is a strong a-node for any
Z1.4—1. Hence, if 1., contains infinitely many observations satisfying (6),
then x1.. also contains infinitely many strong nodes. This previous condition
in its turn is met provided

A{z € X : piafo(®)Da;j > Pifo()pr;, Vi,j € S}) > 0. (7)

Indeed, since our underlying Markov chain Y is ergodic, it is rather easy to
see that X is ergodic as well (Ephraim and Merhav, 2002, Genon-Catalot
et al., 2000, Leroux, 1992). Also, (7) implies that

P, ({x € X : piafa(®)Daj > pivfo(x)ppj, Vi, j€S}) >0.

Thus, it follows from ergodicity of X that almost every realization of X
has infinitely many elements satisfying (6) and, hence infinitely many strong
nodes. We have thus proved the following Lemma.

Lemma 2.1 Assume that (7) holds. Then almost every sequence of obser-
vations 1. has infinitely many strong a-nodes.

(Clearly, interchanging a and b gives the same results in terms of b-nodes.)
Lemma 2.1 is essentially Theorem 1 in (Caliebe and Rdésler, 2002) (disre-
garding a misprint in the statement). Condition (7) holds for many two-state
HMMs including the so-called additive Gaussian noise model (Caliebe, 2006),
where the emission distributions are Gaussian. Another trivial example is the
model with unequal supports of P, and P,. Indeed, in that case (7) holds
(at least up to swapping a and b). Hence, the following Corollary.

Corollary 2.1 If the supports of P, and P, are not equal, then almost every
sequence of observations has infinitely many strong nodes.

The goal of this work is essentially to remove condition (7) from Lemma 2.1.

To this end, following (Lember and Koloydenko, 2008), we call an ob-
servation satisfying (6) an a-barrier of length 1. More generally, a block of
observations z;.;, € X% is called a (strong) barrier of length k& > 1 if for
every m > 0 and x1.,, € X™, 2., contains a (strong) node of realization



(Z1:m, 21:x)- In (Lember and Koloydenko, 2008), we prove the existence of
infinitely many barriers for a very general class of HMMs. For the two-state
HMMs, the conditions of our result in (Lember and Koloydenko, 2008) are
given by (8) and (9) below.

P, ({z € X : fo(x) max{paa, Poa} > fo(z) max{pp, pap}}) >0 and (8)
P, ({z € X : fo(x) max{ppp, Pap} > fo(x) max{paa, poa}}) > 0. (9)

To achieve our goal, we will first prove the same result for the two-state HMM
under the relaxed assumption that (8) or (9) holds. As we shall see below
(Lemma 3.1), in our two-state HMM one of these conditions is automatically
satisfied and, moreover, all barriers are strong. Hence, occurrence of infinitely
many strong barriers in this case will be shown (Theorem 4.1) to require no
additional assumptions.

Finally, if a node is not strong and v(z1.,) is not unique, an alignment
might exist that does not go through this node. Such type of pathologies
cause technical inconveniences in defining an infinite Viterbi alignment and
are treated in (Lember and Koloydenko, 2008). Fortunately, unlike in the
general case, in the case of two-state HMMSs almost every realization has in-
finitely many strong nodes (Theorem 4.1). This allows for a simple resolution
of the non-uniqueness in the case of two-state HMMs.

3 Main results

3.1 Three types of the two-state HMM
The following three cases exhaust all the possibilities:
L Paa >poa (& Dob > Pab);
2. Paa <Poa (& Pov < Pab);

3. Paa = Pba (<:> Py = pab)~

From the definition of nodes, it follows that x, is not a node only in one of
the following two cases:

5u(a)paa > 5u(b)p a 5u(b)p a > 5u(a)paa
(4) { 6u(b)poy > 5u(a)p:b or (B) { 6u(a)p[jzb > 04 (D)oo

Case (A) is equivalent to

@ 5u(a) DPba
Pab 6u(b) Paa

(10)

and case (B) is equivalent to

poo _ 0u(@)  Doa
— < —. 11
Pab 6u(b) Paa ( )




Thus, in case (A), we have dy11(a) = 0u(a)paafa(Tusr1) and 5,41(b) =
00 (0)Dob fo(Tyt1), so that for any n > w, the Viterbi alignment v(z1.,) must
satisfy v(z1.n)u = V(€11 )ut1. Similarly, in case (B) dy+1(a) = 64 (0)pva fo(Tut1)
and y11(b) = 6y (a)Pap fo(Tut1), ie. V(T1.0)u # V(@10 )ut1. Evidently, case
1 and case (B) are mutually exclusive, and so are case 2 and case (A). There-
fore, if the transition matrix satisfies the conditions of case 1, then x,, is not
a node if and only if conditions (A) are fulfilled. This implies that in case 1,
nodes are the only possibility for v(z1.,,) to change state. On the other hand,
if the transition matrix satisfies the conditions of case 2, then x, is not a
node if and only if (B) holds. Hence, in case 2 nodes are the only possibility
for v(z1.,) to remain in one state. Case 3 corresponds to the mixture model
(see Example 2.1 above). Apparently (4), every observation is a node in this
case (see also Figure 1 below).

Let us now examine conditions (8) and (9). From equation (1), it follows
that

A{z e X : fa(@) > fo(2)}) >0, A({z e X: fa(z) < folx)}) >0 (12)
and, for any o > 3 > 0,

A({z e X:af,(x) > Bf(x)}) >0 P, ({z € X : afa(x) > Bfe(x)}) > 0(13)
A{z e X :afy(x) > Bfi(2)}) > 06 P, ({z € X :afu(y) > Bfu(y)}) > 0. (14)

Therefore, we have the following Lemma.

Lemma 3.1 Any two state HMM satisfies at least one of the condtions (8)
and (9).

Proof. In case 1, (8) and (9) are equivalent to

Po({z € X : fo(®)paa > fo(@)pw}) = ({x ex: J{:g;i:’; }) > 0 (15)
Py ({5 € X : fo(@)pms > fol@)Paa}) = Py ({x ex: J;;((gg:: < 1}) ~ 0, (16)

respectively. If psq = pep, then (12) implies that both (15) and (16) are
satisfied, and hence both (8) and (9) hold. If p,, > pwp, then (15), and
subsequently (8), follow from (13). If pye < prp, then (16), and subsequently
(9), follow from (14). Hence, at least one of the assumptions (8), (9) is always
guaranteed to hold.

In case 2, (8) and (9) are equivalent to

Pu({o € X fu(@)pia > Fol@)pas)} = P ({x cx fbg?)ibb < 1}) - 0(17)

Py({z € X fo(x)pab > fa(®)pra)} = Po ({x €EX: faézl%a < 1}) >0, (18)



respectively. Again, if p,q = pps, then (17) and (18) both hold without further
assumptions. If p,q > pup, then (17) is automatically satisfied. Likewise, (18)
holds if p,, < ppy. Hence, one of the assumptions (8), (9) is always guaranteed
to hold.

In case 3, (8) and (9) write

Pa ({(E EX: fa(x)’]ra > fb(x)']rb}) > Oa (19)
Py({x e X : fy(x)mp > fo(x)ma}) > 0. (20)
Assume 7w, > mp. Then, (12) implies A ({z € X : 7w, fo(x) > mp fo(z)}) > 0,

which in turn implies (19). =
Finally, we state and prove the main results for each of the three cases.

Figure 1: Distinct patterns of the Viterbi alignment in the two-state HMM:
Top: Case 1, state can possibly change only at nodes (larger circles). Middle:
Case 2, states always alternate, except possibly at nodes. Bottom: Case 3,
every observation is a node.



3.2 Casel

First, note that condition (7) in this case is equivalent to

A({z € X : prafa(T)par > poofo(z)pes}) > 0, (21)

As mentioned in §2, condition (7) need not hold in general. Nonetheless, for
the two-state HMM, we have the following Lemma.

Lemma 3.2 In case 1, almost every realization of the two-state HMM has
infinitely many strong barriers.

Proof. Without loss of generality, assume p,, > pp- Then (15) holds
implying that there exists € > 0 such that

Po(X,) >0, where X, := {x cx: Po@rw —e}.
(T)Paa

Let integer k be sufficiently large for (1—¢)* < payDpa/(Paapyy) to hold. Then
every sequence zi.p € Xf satisfies

T Sl
j=1 f paa paapbb

Let u > k be arbitrary and let zg.;, € Xf“ be the last k4 1 observations in a
generic sequence ., € xu—k=1 % Xf"‘l. To shorten the notation, we write
d;(z;) for 0y_p44(j) for every ¢ = 0,1,...,k, j = a,b. Next, we show that
Ty—k cOntaing at least one strong node, and consequently, zg.x is a strong
barrier. Indeed, if none of the observations =, ., were a strong a-node then
we would have

k
dy(zr) = dp(20 H b(25)Dbb-

Similarly, if none among the observations x, k1., were a strong b-node, we
would have

5()>5uk pba paa'

H'::]w

Hence,

and by (22)




that contradicts (10). Thus, at least one of x,_., must be a strong node.
Since P,(X,) > 0, by ergodicity of HMM, almost every realization has in-
finitely many barriers 2., € X**!, implying also that every realization has
infinitely many strong nodes. m

The next Theorem refines the previous result.

Theorem 3.1 Suppose the (transition matriz of the) two-state HMM meets
the condition of case 1. If paq > pob, then almost every realization has in-
finitely many strong a-barriers. (If paa < pow, then almost every realization
has infinitely many strong b-barriers.)

Proof. Let p,, > ppy and use the notation of the proof of Lemma 3.2. First,
we show that none of the observations zjy_,11., is a b-node. Indeed, since

dy(z1) = max{da(20)Pab, db(20)Pwb } fo(21),

at least one of the following two inequalities must hold:

pabfb(zl)pba Z paafa(zl)paa7 pbbfb(zl)pba Z pbafa(zl)paa (23)

in order for z,,_+1 to be a b-node. However, (15) implies that py, fo(21)Paa >
Pob fo(21)Pba and, since pyp > pap, we have pyy fo(21)Pba > Pabfo(21)pya- Hence,
neither of the two inequalities (23) holds. Thus, z,_k41 cannot be a b-
node, and the same argument shows that none of the subsequent observations
Ty—k42,- -, Ty can be a b-node either.

The argument of the proof of Lemma 3.2 then shows that one of the
observations in x,_g., is a strong a-node and therefore zy. is a strong a-
barrier. The ergodic argument finishes the proof. (The same argument with
a and b swapped establishes the second part of the Theorem.) m

Note that the condition pp, > pa, is sufficient but not necessary for (16)
to hold. In fact, for many 2-state HMMs, such as the one with additive white
Gaussian noise, both (15) and (16) hold for any (positive) values of p,, and
peo- On the other hand, it might happen that one of the conditions (15) and
(16), say (16), fails. This would mean P, ({x € X : ppp fo(2) > Paafa(z)}) =0
or, equivalently,

A({x € X : ppofo(x) > paafa(z)}) = 0. (24)

Corollary 3.1 In case 1, equation (24) implies that almost every sequence
of observations has infinitely many strong a-barriers and no strong b-nodes.
Furthermore, equation (24) in case 1 implies that for almost every realization,
if a b-node does occur, it occurs before the first a-node.

Proof. From the proof of Theorem 3.1, it follows that no observation x € X
such that ppy fo () < paafa(x) (i.e. from the complement of the set in (24))

10



can be a strong b-node; a closer inspection of the proof actually shows that
even a weak (i.e. not strong) b-node cannot occur after an a-node (since in
case 1 ppp > Ppa). Theorem 3.1 then implies that almost every sequence of
observations has infinitely many strong a-barriers. m

Corollary 3.1 in its turn implies that starting with the first strong a-
node onward, the Viterbi alignment v(x;.,) stays in state a. As we have
already mentioned, Viterbi alignments need not be unique (see (Lember and
Koloydenko, 2008)), i.e. ties are possible in general, and in this case, in
particular, they are possible up until the first strong a-node. However, the
impossibility of strong b-nodes in this case implies that the ties can be broken
in favor of a, resulting in the constant all ¢ alignment.

Theorem 3.1 is a generalization of Theorem 7 in (Caliebe, 2006), which
basically states that in case 1, if (15) and (16) hold then under some additional
assumptions (equal supports of P, and P, and further conditions A2), almost
every realization has infinitely many nodes. Thus, (Caliebe, 2006) stops short
of realizing that in case 1 conditions (15) and (16) alone ensure the existence
of a— and b-nodes. This results in (Caliebe, 2006) invoking Theorem 2 of
(Caliebe and Rosler, 2002) to prove the existence of nodes, hence superfluous
assumptions Al, A2. Also the proof of Theorem 7 in (Caliebe and Résler,
2002) could be simplified and shortened with the help of the notions of nodes
and barriers. Finally, Corollary 3.1 generalizes Theorems 8 and 9 of (Caliebe,
2006).

3.3 Case 2

Recall that we have been proving the existence of barriers without condition
(7). Note that in case 2, condition (7) becomes

A ({J} exX 5paafu(x)paa > pabfb(x)pba}) > 0.

Recall (§2) also that interchanging a with b gives a similar condition for
strong b-nodes to occur infinitely often in almost every realization.
It follows from (12) that for some € > 0, the sets

Xo={z€X: fa(x)(1—e) > fi(x)}, Xp:={z€X:fu(x) < filz)(1—e)}

both have positive A\-measure. Hence P,(X,) > 0 and P,(AX}) > 0. Then, for
1.9 € Xy X Xy, the following holds:

Jo(x1) fa(2)

(@) folwa) < (1—¢)=. (25)

Lemma 3.3 In case 2, almost every realization has infinitely many strong
barriers.

11



Proof. Let X, and &} be as above. Choose k sufficiently large for

(1 _ 6)2k < PaaPbb
PovaPab

to hold. Next, consider a sequence zg.or, € X2Ft1 where zq, 29; € Xy, 22i—1 €
Xy, for every i = 1,..., k. We show that for every u > 2k, every sequence
of observations 1., € X" such that x,_sx... = 20.2k, contains a strong node,
making zg.or a strong barrier.

The choice of k and zg.or implies

k
H;;:l pbafa(z2z—l)pabfb(221) < (1 N 6)2k < DPvbPaa ) (26)
[Tiz1 pab fo(22i—1)Pba fal22i) DbaPab

If there is no strong node among o, then

k

dy(22k) = d(20) [ | oafa(22i—1)Pab fo(22)

i=1
and

k
da(22k) > db(zo)% 11 pavfo(z2i-1)pva fa(22:)-
49 i=1

Hence, by (26)

dy(z2k) _ [15_ 1 Poafa(z2i—1)Pab s (22:)  Paa
da(22k) ~ %Hle Pab fo(22i—1)Pba fa(22:i)  Pba

which contradicts (11). m
Next, we refine this result. Without loss of generality assume pp, > Dap-
Therefore
PabPaa > DPbaPuob, (27)

and also, for every x € X,

pbafa(l‘) > pabfb(m)- (28)

Hence, (17) holds. We multiply the right side of (28) by ppepes and the left
side by papPaa, and use (27) to obtain

fa(@)Paa > fo(x)poy. (29)

Finally, for x € X}, we have

fa(@) < fo(2). (30)

We will need the following Lemma.

12



Lemma 3.4 Assume (in addition to being in case 2) that pap < Ppa-
a) In any pair of observations z1.0 € X, X Xy, z1 is not a b-node.

b) In any pair of observations zo.3 € Xp X X, if 22 is a b-node, then z3 is a
strong a-node.

Proof. Assume that p,, < ppa, and consider a). First note that since we are
in case 2, z1 is a b-node if and only if

dy(21)pey > da(21)Dab- (31)

Suppose first that zo is not a node, in which case dy(21) = do(20)Pabfo(21)
and d,(z1) = dp(20)Pbafa(21). Then

da(zl)pab = db(ZO)pbafa(Zl)pab Z da(ZO)paafa(Zl)pab
> da(20)pob fo(21)Pab = da(20)Pab fo(21)Pry = db(21)pob-

The first inequality above follows from the recursion property (3) of scores
0, whereas the second one follows from (29). Thus, when zy is not a node,
z1 cannot be a b-node. Similarly, supposing that zy is an a-node, we obtain
that z; is not a b-node. Suppose finally that zg is a b-node. Then dy(z1) =
dp(z0)pob fo(z1) and do(2z1) = dp(20)Pbafa(21). Applying consecutively pp, <
Pabs (28) and pp, < pep again, we obtain: pupfp(21)pee < Pabfo(21)pes <
Poafa(21)Poy < Poafa(21)Pap- Thus, contrary to (31)

dy(21)pey = di(20) b fo(21)Pob < db(20)Pba fa(21)Pab = da(21)Pab,

that is, z1 is not a b-node in this case either. Let us now prove b). If z,
is a b-node, then d,(z3) = dp(22)ppafa(23) and dp(2z3) = dp(22)pes fo(23). By
(29), we now have dq(23)Paa = dp(22)Pvafa(23)Paa > do(22)Dbb fo(23)Pba =
dp(23)ppe. Similarly to the argument regarding b-nodes guaranteed by (31)
above, we now have d,(z3) > dp(z3), implying d,(23)pap > dp(23)pps. Thus
z3 is a strong a-node. m

Theorem 3.2 If ppy > pab, then almost every realization has infinitely many
strong a-nodes. If pyo < pap, then almost every realization has infinitely many
strong b-nodes.

Proof. Assume again that pyq > pap- Let zg.0x be as in the proof of Lemma
3.3 and attach one more element zo;+1 € &} to the end. Thus, 29, € X, and
22i41 € Xp, 1=0,1,...,k.

From (the proof of) Lemma 3.3 we know that zp.ox contains at least one
strong node. If this is an a-node, then the theorem is proven. Otherwise this
is a b-node, which, according to part a) of Lemma (3.4), can only be among

21, 23, -+ -, Zak—1. Applying part b) of Lemma (3.4) shows that there must
also be a strong a-node 22, 24, ..., z25. Invoking ergodicity again finishes
the proof.
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Clearly, swapping a and b in the above discussion following the proof of
Lemma 3.3, establishes the other part of the theorem. m

Inequality (27) guarantees (17). Often, the model is such that in ad-
dition to (17), (18) also holds. However, to apply the previous proof (i.e.
of Theorem 3.2) to guarantee the simultaneous existence of infinitely many
strong a and b-nodes, we would need the following counterpart of (29):
Po({r € X : fo(x)par > fa(@)Pbas fo(x)poe > fa(2)Paa}) > 0, which is
stronger than (18). However, this previous condition is indeed often met,
resulting in infinitely many strong a- and b-nodes (in almost every realiza-
tion xl:oo)-

Lemma 3.3 appears without proof as Theorem 10 in (Caliebe, 2006). The
author of (Caliebe, 2006) actually suggests that Theorem 10 and other re-
sults for case 2 are analogous to the corresponding results for case 1, mainly
Theorem 7 (of the same work). It is further stated in (Caliebe, 2006) that
the proofs of those results are not given as they “are very similar” to the cor-
responding proofs in case 1. Our present workings actually show that case
2 is quite dissimilar to case 1 (due to the fluctuating nature of the typical
Viterbi alignment) and in particular requires a more careful treatment. Note
that, even if Theorem 10 in (Caliebe, 2006) assumed (8) and (9) (as Theorem
7 in (Caliebe, 2006) does) to help one to prove this Theorem by analogy to
Theorem 7, it is still not clear how the two proofs could be very similar.

3.3.1 Case 3 (the mixture model)

Recall that every observation in this case is a (not necessarily strong) node.
Furthermore, every observation from {z € X : 7, fo(x) > 7 fu(z)} is a strong
a node. Thus, we have the following counterpart of Theorems 3.1 and 3.2.

Theorem 3.3 If 7, > m, then almost every realization has infinitely many
strong a-nodes. If m, < my,, then almost every realization has infinitely many
strong b-nodes.

4 Conclusion

In summary, we have proved Theorem 4.1 stated below and providing a basis
for the piecewise construction and asymptotic analysis of the Viterbi align-
ments of two-state HMMs.

Theorem 4.1 Almost every realization of the two-state HMM has infinitely
many strong barriers. Furthermore

a) if the transition probabilities satisfy paa > Dva then (almost every realiza-
tion of ) the chain has infinitely many strong s-barriers where s is such

that Pss = maX{paaapbb}y

14



b) otherwise (i.e. if Paa < Pba) (almost every realization of ) the chain has
infinitely many strong s-barriers where s is such that prs = max{pap, Pva }
(for some t € S).

References

Baum, L. E., Petrie, T., 1966. Statistical inference for probabilistic functions
of finite state Markov chains. Ann. Math. Statist. 37, 1554—-1563.

Bilmes, J., 1998. A gentle tutorial of the EM algorithm and its application
to parameter estimation for Gaussian mixture and hidden Markov models.

Tech. Rep. 97-021, International Computer Science Institute, Berkeley,
CA, USA.

Caliebe, A., 2006. Properties of the maximum a posteriori path estimator in
hidden Markov models. IEEE Trans. Inform. Theory 52 (1), 41-51.

Caliebe, A., Rosler, U., 2002. Convergence of the maximum a posteriori path
estimator in hidden Markov models. IEEE Trans. Inform. Theory 48 (7),
1750-1758.

Cappé, O., Moulines, E., Rydén, T., 2005. Inference in hidden Markov mod-
els. Springer Series in Statistics. Springer, New York, with Randal Douc’s
contributions to Chapter 9 and Christian P. Robert’s to Chapters 6, 7 and
13, With Chapter 14 by Gersende Fort, Philippe Soulier and Moulines, and
Chapter 15 by Stéphane Boucheron and Elisabeth Gassiat.

Durbin, R., Eddy, S., A., K., Mitchison, G., 1998. Biological Sequence Anal-
ysis: Probabilistic Models of Proteins and Nucleic Acids. Cambridge Uni-
versity Press.

Eddy, S., 2004. What is a hidden Markov model? Nature Biotechnology
22 (10), 1315 — 1316.

Ephraim, Y., Merhav, N., 2002. Hidden Markov processes. IEEE Trans. In-
form. Theory 48 (6), 1518-1569, special issue on Shannon theory: perspec-
tive, trends, and applications.

Genon-Catalot, V., Jeantheau, T., Larédo, C., 2000. Stochastic volatility
models as hidden Markov models and statistical applications. Bernoulli
6 (6), 1051-1079.

Huang, X., Ariki, Y., Jack, M., 1990. Hidden Markov models for speech
recognition. Edinburgh University Press, Edinburgh, UK.

Jelinek, F., 1976. Continuous speech recognition by statistical methods. Proc.
IEEE 64, 532-556.

15



Jelinek, F., 2001. Statistical methods for speech recognition. The MIT Press,
Cambridge, MA, USA.

Ji, G., Bilmes, J., 2006. Backoff model training using partially observed
data: Application to dialog act tagging. In: Proc. Human Language Techn.
Conf. NAACL, Main Conference. Association for Computational Linguis-
tics, New York City, USA, pp. 280-287.

URL http://www.aclweb.org/anthology/N/N06/N06-1036

Juang, B.-H., Rabiner, L., 1990. The segmental K-means algorithm for esti-
mating parameters of hidden Markov models. IEEE Trans. Acoust. Speech
Signal Proc. 38 (9), 1639-1641.

Koloydenko, A., Kairik, M., Lember, J., 2007. On adjusted Viterbi training.
Acta Appl. Math. 96 (1-3), 309-326.

Krogh, A., 1998. Computational Methods in Molecular Biology. Elsevier Sci-
ence, Ch. An Introduction to Hidden Markov Models for Biological Se-
quences.

Lember, J., Koloydenko, A., 2007. Adjusted Viterbi training: A proof of
concept. Probab. Eng. Inf. Sci. 21 (3), 451-475.

Lember, J., Koloydenko, A., 2008. The Adjusted Viterbi training for hidden
Markov models. Bernoulli 14 (1), 180-206.

Leroux, B. G., 1992. Maximum-likelihood estimation for hidden Markov mod-
els. Stochastic Process. Appl. 40 (1), 127-143.

Lomsadze, A., Ter-Hovhannisyan, V., Chernoff, V., Borodovsky, M., 2005.
Gene identification in novel eukaryotic genomes by self-training algorithm.
Nucleic Acids Res. 33 (20), 6494-6506.

McDermott, E., Hazen, T., 2004. Minimum classification error training of
landmark models for real-time continuous speech recognition. In: Proc.
ICASSP.

Ney, H., Steinbiss, V., Haeb-Umbach, R., et. al., 1994. An overview of the
Philips research system for large vocabulary continuous speech recognition.
Int. J. Pattern Recognit. Artif. Intell. 8 (1), 33-70.

Och, F., Ney, H., 2000. Improved statistical alignment models. In: Proc. 38th
Ann. Meet. Assoc. Comput. Linguist. Assoc. Comput. Linguist., pp. 440 —
447.

Padmanabhan, M., Picheny, M., 2002. Large-vocabulary speech recognition
algorithms. Computer 35 (4), 42 - 50.

Rabiner, L., Juang, B., 1993. Fundamentals of speech recognition. Prentice-
Hall, Inc., Upper Saddle River, NJ, USA.

16



Rabiner, L., Wilpon, J., Juang, B., 1986. A segmental K-means training
procedure for connected word recognition. AT&T Tech. J. 64 (3), 21-40.

Shu, I,  Hetherington, L., Glass, J.,, 2003. Baum-Welch
training for segment-based speech  recognition. In: Proc.
IEEE ASRU Workshop. St. Thomas, U. S. Virgin Islands,
http://groups.csail.mit.edu/sls/publications/2003/ASRU _Shu.pdf,  pp.
43-48.

Steinbiss, V., Ney, H., Aubert, X., et. al., 1995. The Philips research system
for continuous-speech recognition. Philips J. Res. 49, 317-352.

Strom, N., Hetherington, L., Hazen, T., Sandness, E., Glass, J., 1999. Acous-
tic modeling improvements in a segment-based speech recognizer. In: Proc.
IEEE ASRU Workshop. pp. 139-142.

17



