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Abstract

The uniqueness part of the problem of moments is concerned with whether a (multivariate) mea-
sure with finite (mixed) moments is uniquely determined by its moments. This work generalizes
the above question by considering families of measures that are invariant under finite groups of
(nonsingular) linear transformations. Uniqueness is then considered relative to a given family
of invariant measures, and the totality of mixed moments is then replaced by the corresponding
invariant polynomials. It is further shown how various sufficient conditions for (ordinary) deter-
minacy, such as, for example, the extended (multivariate) Carlman condition, can be adapted
to the new context via generators of the algebra of the invariant polynomials; that the number
of such generators is finite, is known from the theory of polynomial invariants of finite groups.
Several associated computational issues are discussed with a view toward model selection in
the presence of such symmetries. A distribution of minuscule subimages extracted from a large
database of natural images, along with generators for the relevant invariances, is discussed to

illustrate the above concepts.

1 Introduction

In its ordinary formulation, the uniqueness part of the problem of moments studies
whether or not a measure with finite (absolute) mixed moments is uniquely deter-
mined by its mixed moments, or simply determinate, [1], [2], [8], [11], [20], [21], [32],
36].

Several sufficient conditions for determinacy ([1], [2], [8], [11], [32]) and indeter-
minacy ([32], [36]) are commonly known for measures on R or R*. For determinacy
of measures on R™, [8] generalizes some of those conditions and gives several new
ones, including integral conditions. A somewhat novel, extended picture emerges if
we first think of each of these (multivariate) measures as being invariant under the
trivial group G of the identity transformation of R™. Being invariant under a group of
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transformations simply means that the measure assigns the same mass to set B and
all of the transformed images gB of B, for all g € GG. Since invariance with respect
to a non-trivial G narrows down the class of G-invariant measures under investiga-
tion, we then propose to investigate the uniqueness question relative to this restricted
class. In particular, we expect only a subset of all the moments to be relevant for
unique identification of a G-invariant measure among all of its G-invariant siblings.
Naturally, this subset is expected to depend on G.

To give a formal treatment of the above idea, we introduce G-invariant moments
via G-invariant polynomials in m indeterminates. The theory of polynomial invariants
(7], [9], [35] lends us minimal sets of generators { f1, ..., fx} of the ring (algebra) of G-
invariant polynomials in m indeterminates, which allows us to formulate the notion
of determinacy of G-invariant measures by their G-invariant moments. Borrowing
the main results of [8] obtained for the case of ordinary determinacy, we state several
sufficient conditions for determinacy of G-invariant measures by their G-invariant
moments. These include the Fxtended Carleman Theorem for G-invariant moments,
and some integral conditions based on quasi-analytic weights. All of these results rely
on a one-to-one correspondence between the invariant measures on R™ and measures
on RY. Established via an extension of the multinomial map f = (fi,..., fn), this
injective embedding is therefore a technical underpinning of this work.

Evidently, to a large extent, symmetry has already been studied in connection
with the problem of moments. Thus, for instance, [21] studies the existence and
uniqueness of symmetric measures on R with given moments. Also, [8] generalizes
this case and studies determinacy of multivariate measures supported in the positive
cone (“C-determinacy”). In one dimension, the correspondence between symmetric
measures and measures on the nonnegative half-line is obvious and well-known [11].
Apparently, this correspondence generalizes easily to the multivariate setting (proof
of Theorem 5.1 of [8] and Example 1 of this work), also illustrating significance of
the aforementioned injective embedding of the G-invariant measures on R™ into the
measures on R,

The symmetry with respect to the continuous group of the rotations on R™ is
discussed, for example, in [1], [2]. In this case all of the invariant functions are “gen-
erated” by a single invariant polynomial Y ;" | 27, which is a mazimal invariant in the
language of equivariance theory. We, however, focus on finite subgroups of GL(m,R).
Note the difference between our theme and the related notion of equivariance in statis-



tics [28], [34]. In the latter case it is entire (parametric) families of distributions and
not individual measures that are fixed by groups of transformations. Also, the rel-
evant groups in the equivariance theory are continuous. At the same time, there
appear to be not so many interesting examples (besides the one with the rotational
symmetry) of finite measures individually fixed by an infinite subgroup of GL(m, R).

An extensive account of symmetries in probability, statistics, and physics with
many examples and exercises appears in [38]. This work can complement [38] by
bringing in polynomial invariants of finite groups, the above connection of those to
the problem of moments, a certain information-theoretic flavor, and a significant
example from the natural image statistics.

In fact, this work has been motivated by modeling distributions of very small
square subimages of digital photographic images of natural scenes [15], [24], [25],
27], [33]. In [24], a particular state space Q@ C R? is a set of 2 x 2 matrices with
suitably bounded integer entries, and is naturally associated with the square-base
cuboid. Apparently, €2 is symmetric with respect to the group of sixteen geometric
transformations of the square-base cuboid, and it is further revealed in [24] that the
microimage distributions themselves are nearly invariant under the same group.

The above example also illustrates certain abstract and concrete computational
issues associated with the above modes of invariance for general G and @ C R™ (2
being always fixed by 7). For instance, in this work we state a simple, yet illustrative,
result on closedness of the G-invariant measures under the weak convergence via a
progressive matching of their G-invariant moments. Namely, we generalize the fact
that a determinate probability measure P can be approximated arbitrarily well by
progressively matching all of its moments. The one-dimensional version of the latter
result is casually used for density estimation in, for example, solid state and quantum
physics [30] and econometrics [16], [39] within the maximum entropy framework with
(not necessarily algebraic) moment constraints. This leads to our further, more con-
crete, example where the progressive moment matching is enforced by the constrained
maximum entropy (or, the equivalent exponential family) framework [4], [6], [20], [26],
[29], [40], [43] with (algebraic and eventually G-invariant) moment constraints. Recall
that according with the maximum entropy principle, the knowledge of the distribu-
tion to be modeled is formulated by a finite set of (consistent) constraints of the form
Ep¢(X) = vs. Among all distributions P that satisfy the constraints, one chooses
P’ that maximizes the Shannon entropy H(P) that represents an intuitive notion of



distributional uncertainty. Equivalently, such P maximizes the likelihood under the
exponential family of distributions for which ¢’s are a sufficient statistics (in the case
of algebraic moment constraints, ¢(X) = X* a € A C NV).

One key observation there is that entropy maximization forces the resulting dis-
tributions to inherit G-invariance of the constraining functions ¢(X) (which is im-
mediately evident from the exponential representation of the maximum entropy dis-
tribution). Apparently, maximum likelihood estimation relative to the family of G-
invariant probability distributions (with no additional constraints) is achieved by
linear ”G-symmetrization” of the empirical measure, and the corresponding linear
operator bears the name of Reynolds [7], [9], [35], [37] in computational algebraic
geometry. We also show a simple fact that such averaging increases the entropy by
no more than log, |G| bits, where |G| is the order of G.

Several further computational issues emerge once we note that in the multivariate
case, there are many ways to order the (mixed) moments. Hence, with a view toward
modeling (multivariate) G-invariant probability distributions via moments, we touch
on a moment selection issue nested within the larger framework of model selection
with G-invariant predictors. Namely, we borrow from the computational algebraic ge-
ometry [7] the notion of monomial orderings and, mostly for the sake of completeness
of this exposition, give a greedy strategy for augmenting the sets A of active moment
constraints. Following its original application to texture modeling [41], [42], [43], we
also call this strategy “adaptive minimax learning”. In our context, “minimax learn-
ing” of an unknown distribution P refers to an incremental model construction, in
which at each step [ the entropy maximization problem is solved with one new con-
straint added at a time. As in its original formulation, the I-th constraint is chosen
from a suitable set of functions, in our case - G-invariant polynomials, to minimize the
Kullback-Leibler divergence of the candidate maximum entropy distribution (with [
constraints) from the target distribution (taken in practice to be the empirical version
of P).

Thus, unlike in, for example, related works of [16], [20], [30], [39] on maximum
entropy problems with moment constraints, our moment matching, or pursuit, is
multidimensional, adaptive, and, most importantly, G-invariant.

Alternatively, we could have used altogether the framework of linear models with
G-invariant designs, along with, say, forward stepwise selection of (in this case, G-
invariant) predictors [18] in order to substantiate our main message, which appears



similar to the main message of [38], and is as follows: Invariances with respect to finite
subgroups of GL(m,R) present a distinct, practically relevant situation for probabil-
ity theory and statistics, which can be effectively handled by combining the standard
probabilistic, statistical, and information-theoretic tools with the appropriate tools of
computational algebraic geometry, and in particular, polynomial invariants of finite

groups.

1.1 Organization of the Paper

To assist the reader not very familiar with the relevant algebraic concepts, §2 starts by
reviewing basic notions of group action and associated invariance. The same section
then introduces sets M and MY of G-invariant measures and G-invariant measures
with finite moments, respectively, and minimal sets of generators {fi,..., fx} of the
ring (algebra) of G-invariant polynomials in m indeterminates. Also introduced there
are the Reynolds operators R and R* that linearly average functions and measures,
respectively, over the orbits of the G action. Finally, Proposition 15 establishes
sufficiency of f = (f1,..., fn) to represent any G-invariant function on R™. Relevant
proofs appear in Appendix A.

We continue in §3 by defining G-invariant moments and formulating the notion
of determinacy of G-invariant measures by their G-invariant moments. Theorem 19,
the Extended Carleman Theorem for G-invariant moments, is given and proved in
this section. The core of the proof is Lemma 20 that establishes the one-to-one
correspondence between MY, the G-invariant measures on R™, and the measures on
RY. Other, integral conditions, then follow in §3.1 - Theorems 22 and 23. A proof of
Lemma 20 and other auxiliary proofs are deferred till Appendix B.

Weak convergence of the G-invariant measures under the progressive moment
matching, or pursuit, appears in Theorem 24 that, with its proof, opens §4. The rest
of that Section is dedicated to modeling of the G-invariant distributions within the
Maximum Entropy framework with (G-invariant) moment constraints. Namely, The-
orem 26 specializes the convergence result of Theorem 24 to this particular modeling
framework. The monomial orderings that define the direction of the approximating se-
quences are introduced at this point. Using those, Theorem 28 further specializes the
above convergences to the case of adaptive, or accelerated, minimax learning. Addi-
tional comments and auxiliary proofs are given in Appendix C. Issues of the adaptive

minimax learning that are specific to the case of distributions on finite G-invariant



state spaces are discussed in §5. Namely, considerations of model selection replace
those of convergence. Computational considerations such as obtaining G-invariant
generators f, the Reynolds operators R and R*, the sets of equivalence classes, or
orbits, of G action on € are presented in §6. The Section is also complemented by
interesting observations on the reduction of the Maximum Entropy optimization in
the case of G-invariant, or, more generally, piecewise-constant, constraints as well as
by some open technical issues on algorithmization. Appendix D gives corresponding
proofs.

The microimage distribution example is explained in §7 with the relevant symme-
tries and their group G appearing in §7.1, and the associated generators - in §7.2. We
conclude by a summarizing discussion in §8.

2 Group action, invariance, polynomial generators

In this section we review several notions from algebra and introduce relevant notation.

Definition 1 A group action of a group G on a set A is a map from G x A to A
(written as ga, for all g € G and a € Q) satisfying the following properties ([10]):

1-) 91(92@) = (9192)6% for all g1,92 € G, a € A, and

2.) la = a, for all a € A.

Definition 2 Let G act on A and let a € A. a is said to be fized under G, or G-
invariant, if ga = a Yg € G. B C A is said to be fived under G, or G-invariant, if
Vbe BVge G gbe B.

We will also use the following observations that show how the original G action on A

induces G actions on objects from various categories involving A:
Proposition 3

1.) Let B C A be fized under G. Then the restriction of the original G action on A
is a well-defined G action on B.

2.) The following defines a G action on R?, the set of all real valued functions on A:

(9f)(a) = f(g7'a), where g€ G and f € R* and a € A. (1)



3.) The following defines a G action on P4, the power set of A:

gB ={gb: we B} for BC A. (2)

Let a finite group G act on W = R™ in a way that admits a linear (matrix) repre-
sentation p : G — GL(W) (= GL(m,R)). We will simply identify the original action
of G on W with its matrix representation, p and will therefore think of g € G as an
m X m matrix.

Instantiating Proposition 3, we introduce the following G actions:
Proposition 4 The following actions are well-defined.
1.) The (restricted) action of G on a G-invariant Q C W.

2.) The G action on B, the Borel o-algebra on ):

gB ={gw: we B}. (3)

3.) The G action on M, the set of (positive) measures on B:

(gP)(B) = P(¢"'B), BeB, PeM. (4)

4.) The G action on R[W], the set of real polynomials in m indeterminates:

(gf)(v) = f(g~'v), where g€ G and f € RIW] and v € W. (5)

Proposition 5 Any group action partitions the set on which it acts.

Definition 6 Let Sq = §2/G be the set of equivalence classes (also called orbits) of
the given G action on §2.

Proposition 7 For any 21 C 2y, two invariant subsets of W, Sq, C Sq,-

For convenience, we extend the notation of the probabilistic expectation, writing
Eph(X) for [, h(z)dP(z) for any P € M (and any measurable h W — R), making
X = (X4, X, ..., X,,) into a pseudo random vector distributed according to P.

The multiindex notation f for f € RY and o € NV means f{' --- fy", in partic-
ular, X¢ = X{"--- X% (Here, N={0,1,2,...}.)

We will need the following sets of G-invariant measures on B:



Definition 8
ME={PeM: gP=PVgeG} and MY = M%nM"

where

M ={P e M :Ep|X* < 0o Va € N"}.

Proposition 9
M*={P c M :Ep||X||? < oo Vd > 0}

Other useful invariant objects include:

1. P%, the set of invariant probability measures on 2.
2. (R®)Y, the set of invariant real functions on Q.

3. BY, the o-algebra of invariant Borel sets.

4. R[W]¢ (alternatively R[z]%), the ring, and algebra, of invariant polynomials on W
(> ).

The following operator projects R, the linear space of real functions on £, onto
(R?)E, the linear subspace of G-invariant real functions on 2, and plays a key role in
the ensuing development (see also §A):

R(f) = ﬁ S of (6)

geG
We will also be interested in the restricted operator R : R[W] — R[W]%, and in the
adjoint R* : M — ME:
. 1
R (P) = il ZQP (7)

geG

Proposition 10 Consider R mapping the space of measurable functions on W onto
(RS and the linear functionals f — [, f(x)dP(z) indexed by P € M. Then R
and R* are adjoint.

Proposition 11

1.) Let P € M have a density p relative to some reference measure . Then R(p) is
a density of R*(P) relative to p.



2.) Let p be a density of a G-invariant measure P relative to p, then p is p-a.e.

G-invariant.

Our main ingredients are invariant polynomials from R[W]“ and their special repre-
sentatives that generate the entire ring:

Definition 12 Polynomials fi,..., fxy from R[W|% are said to generate R[W]Y if
any f € RIWIC can be expressed as a polynomial in terms of f1,..., fx. We will also
refer to such f1,..., fn as generators.

Definition 13 Let fi,..., fx generate RIW|%. We call f1,..., fy a minimal system
of generators if none of the generators can be expressed as a polynomial in terms of
the others. In this case, we will also refer to such fi,..., fn as fundamental integral

invariants.

The fact that there always exists a finite system of such generators was proved by
Hilbert for polynomials with coefficients from fields of characteristic zero (e.g. R),
and later extended for certain fields of positive characteristic by Noether ([13], [35]).

Remark 14 Let C[W|% be the ring (also, a complex algebra) of G-invariant poly-
nomials with complex coefficients. Then note that for any r(z) € C[W]%, Re(r(z)),
Im(r(z)) € R[WIY since the complex conjugation on C[W] commutes with the G
action on C[W].

The next well-known fact is also fundamental for our discussion and follows from
more general results in Invariant Theory [7], [31], [35], [37]. In §A we give a short,
basic proof of this result.

Proposition 15 Let fi,..., fx generate RIW]Y and let f = (f1,..., fn): W — RV,
Then the map f : Sy — RN mapping [w)], the equivalence class of w € W, to f(w),
is well-defined and injective. Thus Sy = f(W), the image of f in RY.

Example 1 Let G = Z3' be the group of order 2™ generated by the component-
wise sign inversions. As a matriz group, G is generated by m matrices (afj), k =
1,2,...,m, whose all off-diagonal entries equal 0, and all but one diagonal entries

equal 1: afj = 6y for alli,j except when i = j = k: af, = —1, i.e. the k-th matriz
2

has —1 for its k-th diagonal entry. It can be shown that {f; = x7, i = 1,...,m}
is a minimal set of generators of RIW]Y. [w], the equivalence class of w € W, is

the smallest set containing w and symmetric with respect to reflections about all the



hyperplanes x; = 0, i = 1,...,m. The size of [w] is 2, where | is the number of
nonzero components of w, which also stays invariant under the transformations in G.

In particular, in one dimension this is simply the symmetry around 0. Also, if
such an invariant measure has a density, then the density must be an even function,
i.e. function of x2.

3 Invariant Moments, Determinacy of Invariant Measures

The problem of moments is whether a measure exists with prescribed moments and
if so, whether it is unique within the class of all measures with finite moments. We
are going to generalize the latter question to include situations when measures are to
be determined within special subclasses of the original class and by, one would then
expect, “fewer” moments. In particular, we are introducing the notion of determinacy
of G-invariant measures by “G-invariant moments”. Some of our notation is borrowed
from [1] and [8].

Let fi,..., fx be a minimal set of generators. Let P € M, and let o € NV be the

degree multi index, where N contains 0.

Definition 16 Given generators f, we callEp f* = fW fedP(x) the mized G-invariant
moment of order «, or, invariant a-moment and denote it by s, (P).

Let us also denote by s(P) the set of all such moments (so(P))qeny for a given
measure P. When the measure P is clear from the context, we will overload the
notation s, (k) = Epf* for k€ Nand 1 <n < N.

Proposition 17 Let fi,..., fx be a minimal generating set. Then MSE = {P €
MY Ep|f¥ < 0o a € NV},

Definition 18 Let P € MY have s(P), its G-invariant moments, relative to some
minimal generating set. Then P is said to be G-determinate by s(P), or simply G-
determinate, if no other measure in MS has the same set of moments s(P) relative
to the chosen generating set.

In §B we prove a simple but crucial fact that this notion is well-defined, i.e. indepen-
dent of the choice of the generators.
We next give a generalized version of the extended Carleman theorem ([8]):

10



Theorem 19 (Extended Carleman theorem for G-invariant measures). Let f1, ..., fn
be some minimal set of generators. Let P € MS and assume that for each n =
1,..., N, {sn(k)}2, satisfies Carleman’s condition

& 1
Z sn(2k) % 0, (8)
k=1

then P is determinate by G-invariant moments. Also, C[W]% and Spanc{e’™H|\ €
S} are dense in LS(W, P), the G-invariant subspace of complex L,(W, P), for 1 <
p < oo and for every S € RN which is somewhere dense (i.e. S, the closure of S, has

a nonempty interior).

Proof. The proof of the first statement takes two steps. First, notice that the map
f = (fi,...,fn) : W — RN as in Proposition 15 induces an injection f of M¢
to M., the set of probability measures on RY with finite mixed absolute moments
(E|X®| < 0o Va € NN) via f(P)(B) = P(f~Y(B)) for any B € B(R").

Lemma 20 The map f : M — M is one-to-one.

Second, suppose P, Q € MY P # Q, and s(P) = s(Q) that satisfy (8), the conditions
of the Theorem. By Lemma 20, f(P) # f(Q), and by definition the latter measures
have all their mixed (ordinary N-dimensional) moments identical and satisfying the
conditions of the extended Carleman theorem ([8]). (Note that the definition of M*
in [8] and Definition 8 are equivalent by Proposition 9.) Thus, according to that
theorem, f(P) is determinate, i.e. f(P) = f(Q), which contradicts our previous
observation.

The proof of the denseness results closely parallels that of Theorem 2.3 of [8]: Let
1 < p < oo be fixed and let h € LqG(W, P), where 1/g+ 1/p = 1, and such that

/ r(z)h(z)dP(z) =0 (9)
W

Vr € C[W]%. In order to prove that h = 0 P-a.s., we first note that due to G-
invariance of A combined with Proposition 15, there exists h : RY — C such that

h = h(f). Next, following [8], we perform the following Fourier-like transform:

£\ = /W O () dP(x) = / O (y)d(F(P))(y). (10)

RN

11



resulting in a smooth function on RY. All derivatives of this function vanish at
0 € RY since (9) implies

/RN v h()dlf(P))(y) = 0, Ya € NV,

From this point, the corresponding part of the proof in [8] applies to conclude that
under the hypotheses of the present Theorem, and based on Theorem 2.1 of [8], &,())
is identically 0. This in turn implies that A = 0 f (P)-a.s., which finally implies that
h =0 P-a.s.

The denseness of Spang{e‘™/)|\ € S} can be proved by a similar chain of argu-

ments, replacing A in the right-hand side of (10) by A + a, where a € Interior(.S).

&

Example 1 continued.

Let M be the set of positive Borel measures with supports in C' = {(w1, ..., wy,,) €
R™ :w; > 0,i =1,...,m}, the positive cone relative to the standard basis, and let
ME = M, N M. Then Lemma 20 applies to show MY = M and MY = M as
sets, and f(MS) = MC and f(MS) = MC.

3.1 Integral criteria for G-invariant determinacy

In [8], it is argued that integral criteria for determinacy are more convenient in practice
than series conditions such as Carleman’s conditions, and the notion of quasi-analytic
weights is introduced in order to formulate suitable integral conditions. Thus, follow-
ing [8]:

Definition 21 A quasi-analytic weight on W s a bounded nonnegative function w :
W — R such that

[e.9]

1
1k
= 110, 2w ()] |24
forj=1,...,m and vy,...,v,,, some basis for W.

We next provide simple generalizations of Theorems 4.1 and 4.2 of [8] that provide
sufficient integral conditions for determinacy by invariant moments. We omit proofs
of these results since they are straightforward analogs of their prototypes in [8] and are
based on the same “change of variable” argument that we used to prove Theorem 19.

12



Theorem 22 Let P € MS be such that
/wu@»wP<m
w

for some measurable quasi-analytic weight on RY. Then P is determinate by its
G-invariant moments. Furthermore, C[W]% and Spanc{e!™ |\ € S} are dense in
(complezx) Lg(VV, P), for 1 < p < oo and for every S C RN which is somewhere
dense.

Following [8], we point out that due to the rapidly-decreasing behavior of w, the
assumption of the Theorem implies that P is necessarily in MY.

Theorem 23 For j = 1,...,N, let R; > 0 and let a non-decreasing function p; :
(Rj,00) — R of class C' be such that

/°° ZION .

2
R; S

Define hj : R — R* by

S

1 for |z| < R;.

|z| p;(s)
ex =ds for |z| > R,
h; () = P ( R ) =1 /

Let A be an affine automorphism of RN. If P € M is such that
N
/IHMM@MM@<@,
Wi

then P is determinate by its G-invariant moments. Also, C[W]% and Spangs{e'™)|\ €
S} are dense in (complex) LS (W, P), for 1 < p < oo and for every S € RN which is
somewhere dense.

We conclude this part by pointing out that other integral criteria discussed in [8] also
have their G-invariant formulations similar to the ones above. Thus, for example,
Theorem 4.3 of [8] provides a significantly weakened version of the following classical

condition for determinacy:

/ exp(|jz])dP(z) < o0
w

Both, the classical condition and its weakened versions due to [8], easily incorporate G-

invariance by the appropriate adjustment of the radial integrands via: ||z|| — ||f(x)]].
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4 Sequential G-invariant modeling

From now on we specialize our discussion to probability measures P. The following
result lays a foundation for modeling invariant distributions via (invariant) moment

constraints.

Theorem 24 Let a sequence of G-invariant probability measures {P;}22, C P be
such that
Va € NY Jim Ep, f* = sa. (11)

Assume that there can exist at most one G-invariant P with such s,. Then, such P
indeed exists and P, = P.

Note that such P would necessarily be in M.
Proof. Clearly ([12]), (11) implies that the m families of marginals of P,’s are indi-

vidually tight, which immediately implies that the family {P,}°, is itself tight, and
therefore ([3]) contains a weakly convergent subsequence. Since every subsequential
limit must also be G-invariant and have the same moments s, all such limits must be
equal to each other by the uniqueness hypothesis of the Theorem. We take P to be
the common value of those limits and finish the proof by invoking the well-known fact
[3] that a tight sequence whose all (weak) subsequential limits are equal, converges

weakly to that common measure. o

We next introduce notation to describe G-invariant models based on the Entropy
Maximization Principle. Let a probability measure P be absolutely continuous with
respect to some positive o-finite reference measure u, P < pu, and let p be a den-
sity dP/du. Let H,( — [ p(x)log p(z)dpu(z) be the entropy of P relative to
p (for P discrete, a natural choice for p is the counting measure on €2, the sup-
port of P: H(P) = — ) o p(x)logp(z) (the Shannon’s entropy), and for P contin-
uous - the Lebesgue measure on Q: H(P) = — [, p(z)logp(x)dz). In the absence
of ambiguity, we will suppress the reference measure in the subscript. Thus, let

D(P||Q) = [, p(x)log(p(x)/q(x))dp(zx) stand for the Kullback-Leibler divergence

between two probability measures P and () with densities p and ¢ relative to pu.

Proposition 25 Let P have a density p relative to . Then
H(P) < H(R*(P)) < H(P) + log|G.

The equality in place of the first inequality occurs if and only if P is G-invariant.

14



(See §C for a proof.) Let F be a finite set of (measurable) real-valued functions on
(G-invariant) €, and {v,; € R}ser. Let
Pr, = arg max H(P'), (12)

P/:]EP, ¢:u¢
VoEF

a mazimum entropy distribution relative to the above constraints. Since we are going
to work with (invariant) moment constraints (on P’) of the form Ep f* = Epf*, o €
A C NV, for some fixed measure P, we will be writing P4 for the maximum entropy
distribution.

Theorem 26 Let P be a probability measure on W supported on G-invariant 2 and
having a density relative to some p. Assume that H,(P) > —oo and that R*(P) is
G-determinate. (Note that G-invariance of € implies that R*(P) is also a probability
measure on §2.) Let fi,..., fn be a minimal generating set for RIW|%. Let A; C
Ay C ... be such that U A; = NV and that the corresponding maximum entropy
problems (12) with vie =Epf® o € A; have solutions P, = P4,. Then P, = R*(P).

Proof. First, note that for any (measurable) G-invariant function ¢, Ep¢ = EpR(¢) =
Er+py¢ (Proposition 10). Second, note that if P exists, then it is necessarily G-
invariant (Proposition 25). This can also be seen from the exponential form of p;(z),

the density of the maximum entropy distribution:

p(x) = exp (Z Aaf(x) — ww) (13)

OCEAZ
v = log [ exp (Z Aafa<x>> du(x) (14)
Q OCEAZ
A= ()\O‘l"”’)\a\Azl) IEplfa :Epfa; OZEAZ (15)
Finally, Theorem 24 applies to finish the proof. o

The above Theorem in its present form is too abstract to be immediately applied in
practice. In general, the existence of a solution to the maximum entropy problem
cannot be taken for granted as can be seen from the following well-known example
[4], [6], [20]: There is no solution to the maximum entropy problem on R constraining
only the mean. However, constraining additionally the second moment gives a unique
maximum entropy distribution that is the normal distribution with the given first two

moments. Thus, in order to produce feasible sets A; as above, one may need to make
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more assumptions. For example, one sufficient condition for the well-posedness of the
maximum entropy problems with moment constraints is given in [20] for © open but
otherwise arbitrary. Using our notation, let A(A4;) = {\ € R4 ()\) < oo}, where
¥(A) is as in (14) and the reference measure is the Lebesgue one. The condition then
is that A(A;) be open, i.e. A(A;) NIOA(A;) = (). Also, it is often a mild restriction
in practice to assume compactness of €2. In this case, first of all, the conclusion of
Theorem 24 always holds (provided that {F}7°, are all supported on the same §2)
due to the uniform approximation of compactly-supported continuous functions by
polynomials. Secondly, it can be seen that if one additionally required that p®, the
density of R*(P) with respect to the Lebesgue measure on 2, be non-zero almost
everywhere on ) and have finite entropy, then all subsets A € NV would give rise to
well-posed maximum entropy problems with exponential solutions (13).
Alternatively, it is noted and used in [39] that all empirical distributions P on [0, 1]
give rise to well-posed maximum entropy problems with constraints on any set of first
J moments (in order to keep all such constraints active, the sample data may not
be identically equal to 1). Based on the multidimensional version of the Hausdorff’s
moment problem (see, for example, [23]) it appears that these latter one-dimensional
results (Theorem 1 of [30] and Lemma 1 of [39]) also generalize to higher dimensions,
in which case Theorem 28 below generalizes appropriately to include the case of
empirical moment constraints. However, since in practice the use of the computer
often requires discretization of originally continuous 2, we leave aside the discussion
of the well-posedness of the maximum entropy problem in the continuous case. Also,
in our motivating example (§7) 2 is finite, and we therefore focus on this case in §5.
We next present a modification of Theorem 26 on accelerated convergence toward
the target distribution. For completeness, we present the continuous version of this
result before an appropriate algorithm for the finite case. We need the following
notation: Let < be a total well-ordering of NV such that o, 3, v € NV and o < 8

imply ao+v < B+~ ([7)).
Definition 27 A monomial ordering on {f}aenn is any relation < on NV as above.

For o € NV and for nonempty A C NV define also

da(@,8) = |3 €N¥: min.(a,f) <7 < maxa(a )],
d<(Oé,A) = d<(A,Oé):gl€i}41d<<Oé,ﬁ),
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discrete distances relative to <, and for d € N, define discrete d-"balls” around A as
BL(A,d) = {a e NV : d (A a) <d}.

Theorem 28 Let P be a probability measure supported on compact and G-invariant
Q. Assume p is a density of P relative to some p and that H,(P) > —oo and
p® > 0 (u—) almost everywhere on Q. Fix a monomial ordering < (Definition 27)
and a positive integer parameter v, and let 0 = (0,...,0) € N¥. Define P, = Py, in
accordance with (12) and the scheme below:

Ay = {aj} where o] = arg m(l{n} D(P||Py)

0
A = A U{a)} forl=2,3,..., where o] = ar%mkn D (P[P, u{a})-
-1, 7”

Then P, = R*(P).

Note that the minima of D always exist since D is minimized over a finite set. Po-
tential ties in the minimization can in principle be broken arbitrarily, but the choice
of o being the minimum (with respect to <) appears to be sensible.

Proof. Based on the above discussion of well-posedness of the maximum entropy

problem, the conditions of the Theorem guarantee the existence and uniqueness of
maximum entropy distributions for all finite subsets A and in particular for A;,
[ =1,2,... as above. Compactness of  results in G-determinacy of R*(P), and
application of Theorem 26 completes the proof. o

Remark 29 If P # R*(P), D(P||Q) need not in general equal D(R*(P)||Q) even if
Q = R*(Q). However, one should not worry about replacing the target distribution P
by its symmetrized version thanks to the additivity of D on nested exponential models
My C My C My: D(Py|PRy) = D(P|P) + D(P|Ry) (P € M;, i =0,1,2), which in
our case gives:

D(P|[Pa) = D(P|R*(P)) + D(R*(P)||Pa). (16)

Hence, minimizing D(P||Pa, ,uia}) 15 equivalent to minimizing D(R*(P)||Pa, ,u{a})-

(See §C for additional comments.)
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5 Adaptive minimax learning of symmetric distributions on
finite ()

We now specialize this modeling scheme to € finite, which is often the case in practice.
Fix an enumeration k() : Q = {w1,...,wx} — Zk. Relative to this enumeration,
identify f* with K-dimensional vectors (f*(w;),..., f*(wk)) € (R®)C.

Proposition 30 Let M = |Sq|. There ezist o, ..., apn € NV such that {fo*}L, is
a basis for (R?)Y.

Proof. Clearly, (R®)¢ has a basis in terms of G-invariant polynomials. One such
basis, for example, is given by {Io}oecs,,, the set of all the orbit indicators computed,
for example, as follows:

_ ho(x)
Io(x) = ho(O)’ where (17)
ho(z) = T Y. [fila) = RO, ho0)= ] 3. [fi(0) - fi(O)]%,
0'eSq =1 O'eSg i=1
O'#0 O'#0

and f([w]) = f(w) Yw € Q is well-defined (with [w] € Sq, Proposition 15). Since
ho(z) € RIW]® and M < oo, the set of all f%(z)’s participating in the above poly-
nomial expansions of he is finite. Evidently the corresponding set of K-dimensional

vectors f* spans (R®)¢ and therefore contains a desired basis with M elements. o

We introduce more notation: With 3 € NV, 3 1L A refers to {f “}augsy being linearly

independent.

Definition 31 Let A C NV be nonempty and d,r € N, and let < be a monomial
order. Define BX(A,d) = {a € B<(A,d) : o L A}, and for any A such that
dim (span{f®: a € A}) < M define

dar =min{d € N: |BX(A,d)| >r}, C(A;r)=DBZ(A da,).
Note that d, is the depth of the smallest "shell” around A that includes at least
r monomial vectors f? each of which being linearly independent of {f“}a. Since
0 = BX(A,0) C BL(A,1) C ---, and by Proposition 30, d4, is well-defined. Thus,

C*(A,r) is a set of at least r candidate indices each of which gives rise to a linearly

independent expansion of {f*}4.
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Adaptive minimax learning of G-invariant distributions

AOZ{O}, Al = Al_1U{Oézk} for [ = 1,2,...,M—1
where of = min{a': D(P||Ps, ,u{a}) = ecy(lixn ‘)D(P”PAZ—IU{O‘})}(]‘g)
« = 1—1,7
Then Py = R*(P).
Remark 32

1.) The ground step is special as it enforces the normalization constraint with Py being

the uniform distribution on 2.

2.) Suppose that P is an empirical distribution based on an i.i.d. sample. It can then
be easily verified ([24]) that P, gives the mazimum likelihood estimate (of the data
generating distribution) relative to the parametric family (13) (parametrized by
A). In particular, R*(P) gives the maximum likelihood estimate relative to PC.

3.) At each step l = 1,2,..., M —1 the procedure “explores” at least r new directions,
or predictors, each of which is linearly independent of Span{f® : o € A}, the span
of the current model predictors. A direction that promises the fastest approach
toward R*(P) (or, equivalently, toward P), is chosen and the current model is
augmented accordingly.

4.) Instead of taking a* to be the minimum, potential ties could in principle be broken

arbitrarily.

5.) Let D, = D(P||P,), and H, = H(P), forl = 0,...,M — 1. It can be easily
seen that {D,} and {H;} are strictly decreasing and Dy;—1 = D(P||R*(P)) and
Hy—y = H(R*(P)). Clearly, if o L Ay, then Dy = D(P||Pauiay), i-e. adding a
linearly dependent predictor does not change the model and is therefore avoided

by the minimization phase of the procedure.

Even if R*(P) is accepted as a working model of P, the utility of the above procedure
would still be limited to simply finding p“(f(x)), an analytic form for R(p). In fact,
computing and working with R(p) (see §6.2) as the K-dimensional vector may also be
acceptable depending on the application. Recall §1 that we have outlined the above
procedure mainly as an example to complete our exposition, emphasizing that avail-

ability of the generators f in their analytic form allows us to enforce G-invariance,
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in principle, using an arbitrary model construction-selection approach. Thus, for in-
stance, the cross-validation and bootstrap methods [18] can be applied directly to
suggest an optimal G-invariant model for P given a fixed data set. Specifically, the
“adaptive minimax learning” above can be halted, say, once the cross-validation es-
timate of the log-likelihood (cross-entropy) loss [18] starts to increase.

6 Computational issues

6.1 Computing minimal generating sets

In Appendix F we compute f “by hand” for our example in §7. However, algorithms
exist to compute such generating sets in a systematic fashion (see, for example, [9], [35]
and [37]) and there are also computer algebra tools implementing those algorithms:
Gap [14], INVAR [22], Macaulay2 [17], Magma [5], to name a few.

6.2 Computing R and Sg

The operator defined in (6) and used throughout this work admits a natural decom-
position

R = 7o O 7, (19)

where 7, : R® — RS2 surjectively and 75 : RS — R® injectively as follows:

. 1

(ma(h))(w) = h([w)- (21)

Simply speaking, this operator averages a function h over the G-invariant orbits, in
particular it computes the maximum likelihood estimate relative to P based on an
i.i.d. sample (Remark 32). Thus, to implement this averaging with the computer, one
needs to index the orbits of Sg. We briefly comment on two types of such indexings.
The first type is based on a naive generation-elimination via p : G — GL(W), the
matrix representation of G (for a concrete example, see (31)). Below is a sketch of a
naive algorithm that computes x : Zx — Zy, (M = |Sq|), an orbit indexing map,
assuming some ordering k(-) of Q (§5):
x(m)<=0,m=1,... K
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[=0,m=0

R={m' :m<m <K, x(m')=0}

while R # () do
m<minR, < [+1

for g € G do
X (k (p(g) - wm)) =1
end for
R={m':m<m <K, x(m')=0}
end while

The second approach to calculating S is more algebraic. Recall that Ip, O € S can
be computed using minimal generators f asin (17). Next note that writing I and h as
K-dimensional column vectors, we have (7;())(O) = 1% x h/+/]O]. Thus, 7,(h) can
be computed as m; X h, where, abusing the notation, m; becomes the matrix whose
rows are [, the transposed orbit indicator vectors renormalized by the square root
of the orbit size. It can easily be seen that in this matrix formulation, my = 7i",
which means that the corresponding linear operators are adjoint. Thus, we obtain
the matrix representation of R = 7i" x m;. Since R is a projection operator, it is
idempotent. The multiplicity of its eigenvalue A = 1 is M with the corresponding
eigenspace spanned by the orbit indicators. The orthogonal complement (of dimension
K — M), corresponding to A = 0, can be easily analyzed via an orthogonal basis of
M groups of basis vectors. For one example, within group m < M, j-th basis vector
would have only two non zero components, 1 and -1 in the positions of the “first”
and “j 4+ 1-st” elements of orbit O,,, respectively. Note that this type of orthogonal
decomposition is a key component in the analysis of variance ([38]) if we switch to

the context of linear models with G-invariant predictors.

6.3 Entropy maximization. Sequential approach and dimensionality re-
duction.

To solve for A\, numerical and stochastic methods are used and require an initial
guess. A certain computational saving can be expected and indeed has been noticed
(e.g. [24], [39]) handling nested maximum entropy models with moment constraints.
Namely, suppose A = (/\gl), ey )\l(l)) have been found at step [, i.e. the distribution
P, is computed, and suppose an [ + 1-st constraint f¢ is added. One then seeks
A — (ASIH), ce )\l(fll)). It then often turns out in practice that (Agl), ce Al(l), 0)

21



is a good initial guess for A*1). It is also noticed in [24] that the minimization step
contributes significantly to the observed continuity in A, i.e. when the “most infor-
mative” moments are added first, then the contribution of subsequent steps decreases
rapidly. Thus, to achieve the same precision as with the baseline procedure without
the greedy selection, the overall amount of computations of the “adaptive minimax”
algorithm is comparable to the amount of computations of the baseline procedure:
Specifically, on one hand, each step of the minimization requires computing r or more
models instead of only one, but on the other hand, such computations require pro-
gressively less time.

The next computational aspect has a more analytic nature. Namely, we now show
how the G-invariance allows us to translate the entropy maximization problem on the
original space 2 C R™ to the quotient space S, which for nontrivial G is “smaller”
than €. We also show that in the most important in practice case of € finite, the
dimension of the optimization problem indeed reduces from || to |Sq.

Let

B ={B C Sw|Upep O € B}, (22)

which can be seen to be a o-algebra on Sy,. Let M be the image of the following
operator:

M — M via 7(P)(B) = P(Upep)- (23)

Note that 77 maps P, the probability measures on B, to P, the probability measures

on B. 7 is also surjective since 7F o w5 = id, where
- - BnNO| -
T M—M via 7 (P)(B)= / %dp((’)). (24)
s

The right hand side of (24) is well-defined as can be seen from the following:

Proposition 33 Let hp(O) = |B|8?‘. Then hg : Sw — R is B-measurable, and

hgo[w]: W — R is B-measurable.
We now observe the following:

Proposition 34

R*=myont, and 77 : M® — M and 7} : M — M are bijective.
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Next, we define the adjoints of 7rf and 73:

m f(O |O| Y fw)  mf(w) = f(lw]), (25)

weO

and notice:

Proposition 35 m and my are indeed adjoints of ™7 and 75, respectively, and
R = m; o ms.

The last two ingredients needed to state the main result of this section are as follows:

rutB) = [ lauw) 10 = X s(w), (26)

[w]

Theorem 36 Let V : R™ — R’ be measurable and G-invariant. Then

argge&i] = m |arg max ) [HT*M(Q) + Eg(log(]O))
]EQV EpV ]EQTFQV E TPWQV

Proof.

by Propositions 10, 25

argmaxH,(Q) arg max H,(R"Q)

EP Q<Kp QePG Q<<M
EQV=EpV EQV=EpV
by Proposition 34
= arg max  H,(m oniQ)
QePC Q<

]E‘/r*o-/r*QVZ]EWSOﬂ-TPV

(

by Propositions 34, 35

= m3{ arg max H,(m3Q)
QeP Q<*p
L thﬂ'QV K TPWQV

¢

- mdag  max = [ ow)logtr(w)ds
YeP O« r* — i)
s
(
by Proposition 11 L are / T log (T ‘7[21[;](;])) dy
QEP Q<Kr*p v: ,1“ W

[EQWQV =E *Pﬂ'QV
\
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= Ty ¢ arg  max T/TW(O)log(Ty((’)))dT*u (27)
-~ " 7d7‘r*Q
Qi;if;mifl—mé Sw

T / () log(|0])dr* 1

Sw

= Ty { arg max [HTW(Q) +Eg(og(|O])] ¢ - (28)
QEP QL™
]EQTFZV:]ET(TPWZV

It follows from (26) that

[ Fovie = | I g,

J Tl

hence (27). Also, 7 maps probability densities on W relative to p to probability
densities on Sy relative to 7%y, and 7y = dQ/dr* 11, hence (28). Note, that myy =
d@/ dmip is not a probability density. This fact and also the fact that 7* preserves
uniformity of the reference measure (e.g. counting measures on discrete 2 C W are
transformed into counting measures on Sq) are the reasons to use the 7 transforms
despite the extra term in (28). o

Corollary 37 Let || = K and |Sq| = M. Let p be the distribution on Sq defined
via p({0}) = |O|/K. Let p be the counting measure on 2, and let P be some fized
probability distribution on Q. Let V : Q — R’ be G-invariant. Then

argmaxf (Q) = w3 arg min  D(Q|p)
QeP QeP

EQV=EpV ]EQWQV:]EWIPﬂ-QV

Proof. Rewrite (27) in the proof of the Theorem as follows:

T, 4 arg min Z 7v(O) log(

J dﬂ';Q
QEP v=—g, 0SSy

ExmV=E x prmaV
Q2 7r1P2

T’Y(O)K)
O|K
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= 7 qarg min  D(Q|p) —log(K) p =73 { arg min  D(Q||p)
QEP QEeEP

ExsmoV=E_x pmoV ExmoV=E_x pmoV
Q ]P Q ]P

Unlike Theorem 36 that is very general, Corollary 37 emphasizes the practical signif-
icance of the main result, i.e. reduction of dimensionality of the original optimization
problem. Note that the orbit sizes (or the distribution p) become available once the
partition So has been computed. Thus, if the original problem is solvable with all
|A;| < oo, one can manipulate the solution to the original problem given by (29) in
order to obtain (30), the corresponding solution on Sg.

Y(w) = exp (ZM‘G(’UJ)-MM)
P(A) = log ) exp (Zw ) (29)

we

)\ = ()\1,,/\J)EQ()\)V}—EPV}, jzl,...,J,

where we assumed linear independence of f, Vi,...,V; as K-dimensional real vectors.
Thus, except for computing the orbits, the computations required to solve the problem
on S are essentially identical to those of entropy maximization: Solving (numerically
or by simulation) a system of exponential equations to find the Lagrange multipliers
A. The only difference is therefore the reweighting of the summands of the equations

according to the orbit sizes:

™(0) = |O]exp (ZAJVJ-(@)—MA))
Y(A) = log Y [Oexp (Z ) (30)
N

O€eSq
A= ()\1,...,)\) ]E

EpVi j=1,...,J,

where we used V = m,V, P = P.
Note finally that in the case of € finite, the assumption 2 C R™ and G < GL(m,R)
is not necessary for the above reduction of dimensionality. Thus, in general {2 can be

any finite set with an arbitrary partition &, in which case GG can always be recovered
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from S as a subgroup of the permutation group Sig|. &, on the other hand, may
emerge as the set of constancy classes of V :  — R’ as one usually defines models

in terms of V and not S.

6.4 Construction of C*(A,r) from Definition 31

Note that the algorithm (18) refers to the sets C%(A;_1,r) that contain r or more can-
didate terms f for model refinement. It would therefore help analyze the algorithm
if we could, at least for some orders <, bound (from above) S(A;_1,7), the number of
steps required to generate C*(A;_1, 7). For example, < can be the Graded Lex Order:

Q> e O if deg(a) = ij:l a, > deg(f), or deg(a) = deg() and o >, .

7 Microimage Distributions

We consider an example from the area of natural image statistics which, in its broad
formulation, studies various statistics defined on digital (or, digitized) images of suf-
ficiently complex scenes and environments. For example, we qualify photographs of a
landscape or an urban scene as complex, or natural, as opposed to a photograph of an
artificially arranged scene of an isolated chair in an otherwise empty room. Statistics
of interest are usually local, i.e. defined on very small, relative to the image size,
regular (e.g. square) subimages, or, microimages. Suppose that images and microim-
ages are identified with I x I and n x n matrices (n < I), respectively, with entries
from C;, = {0,...,L — 1} (e.g. L = 256). We denote the set of microimages by QZ.
Typical studies are based on large collections of digital grey scale images of a partic-
ular origin (e.g. optical or range imaging) and a particular domain (e.g. landscapes,
terrains) followed by a comparative analysis of findings (e.g. topological and geomet-
rical properties of percentile manifolds). Distributional properties of such statistics
are functions of P, the underlying microimage distributions on Qﬁ Defining P is,
however, application dependent and can be quite non obvious as one usually starts
with fixing a microimage sampling scheme without worrying about a corresponding
microimage population. The microimage sampling mechanism then also depends on a
number of application-specific factors, and varies from low-density random sampling
within the entire image [24] to high-density sampling within certain globally defined
regions of interests, or from sampling at regular grid nodes [24] to conditional sam-
pling at high contrast regions [15], [27], and [33]. In principle, every distinct sampling
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scheme leads to its own definition of the microimage population or, equivalently, P.
Remarkably ([24]), certain properties of microimage samples appear stable regardless
of the particular sampling scheme and the imaging domain. This, to a certain extent,
allows one to think of the microimage distribution P. It is this “universal” P whose
properties we discuss next.

7.1 The group G of Microimage Symmetries

There has been found ample evidence of P respecting the geometric symmetries of
Qf; (n is typically 2 or 3 and I = 100, ..., 1500. Qﬁ is identified with the square-
based parallelepiped whose bases correspond to the “all-dark” (0) and “all-bright”
(L — 1) configurations. This evidence includes visual inspection of graphs of various
multidimensional local statistics [19], point estimates of probabilities of high contrast
patches [15], [27], and P-values of statistical tests [24]. Some symmetries, such as
“left-right” and “up-down”, are more pronounced than the others, such as, for exam-
ple, the intensity inversion one. Nonetheless, here we will consider the entire group
G of the corresponding transformations, and one can easily specialize the discussion
to the subgroups of G.

Thus, we define GG via its three generators, r, s, and i: Let r represent the counter-
clockwise rotation of the square by /2, and let s stand for the reflection of the square
through its secondary diagonal. The resulting subgroup of G is isomorphic to Dg!, the
dihedral group of order 8, with the following presentation (r, s|r* = s? = 1,7s = sr3).
Recall that composite actions propagate right to left; for example, rsw acts on w by
the diagonal reflection s followed by the rotation 7.

The last symmetry required to generate G is that with respect to the photometric
inversion, denoted here by i: i(w) = L —w, w € Qfl Finally, the group G generated

2 =42 =1,si =is,ri =

by all the above symmetries has presentation (r,s,i|r* = s
ir,rs = sr3). Therefore, G = Dg x Cy, where Cy & Zy = (i) is the cyclic group of
order two.

In order to simplify computations (including establishing a group isomorphism
between G and the corresponding subgroup of GL(n? R)), we standardize intensity
ranges Cr: %, %, . %}, embedding them in [—0.5,0.5] via ¢ %, cE
Cr. The corresponding state spaces are consequently embedded in €2, o [—0.5, 0.5}"2

'We follow the notation of [10] in which D2, stands for the group of all symmetries of a regular n-gon. Another

popular notation for this group is D,.
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2w—(L—1)
2L

(quantizing) €2, uniformly as below

in the same manner (w +— ), and will be written as QZ. Thus, by partitioning

(L 120 oL 1g2ely oL 12 (o) —L 14201 "’
2L 2L 2L 2L 2L 2L " 2L 2L
one can think of w = (w1 1,...,Wnn) € Qﬁ as the central point of (wy; — ﬁ,wl,l +

57 X+ X (Wnm — 57, Wan + 57, the corresponding n?-dimensional partition cell.
We now assume n = 2. With the standard basis for R*, the matrix representation
of G is generated by

0 0 01 1 0 0 0 -1 0 0 0

p 1 0 0 O p |0 0 0 1 ) 0 -1 0 0
T 5 = T (31)

01 00 0010 0 0O -1 0

0O 010 01 00 0 0 0o -1

As explained in §6, knowing Sg is important for understanding the complexity of
PE, for obtaining the Reynolds operator R in its matrix form §6.2, and for efficient

computation of the invariant models §6.3.

Proposition 38 Let L be even. Then |SQ2L| — LA2LP46LP AL - There gre L orbits of

16
2L3+4+3L2—10L —2L3—4L>%+8L
8

. 12 . . . . . LA
size two, = orbits of size four, orbits of size eight, and 5

1
orbits of size 16.

This proposition and its proof (§E) suggest the following asymptotic result for any

finite subgroup G < GL(n? R) acting on QL for any n and L: The leading term of

|Sqr | is %, ie., |‘7§|L||G‘ — las L — oo. In particular, not surprisingly the complexity

of the corresponding models P grows as L™ (= |Q%|). However, one needs to recall
the technical issues of computing invariant distributions (30) in order to appreciate
this reduction of model dimensionality. Thus, for example, L. = 16 and n = 2 give
|©2] = 65536 and |Sq| = 4708, almost 14-fold reduction that is surely appreciated by
any computational method of parameter estimation.

7.2 A minimal set of generators of R[R*|“.

Before we propose a particular set of invariant generators for R[xy, 2o, 73, 74]¢, let
us recall that, according to (31) and (5), the G action on R[zy,xe,x3,24] can be

concisely expressed via the action of r, s, i, generators of G, on x1, x9, x4, x4, canonical
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generators of Rx]:

TT1 = T2, TTo = I3; TIT3 = Ty; TTy = T1;
ST1 = X1, STy = T4; ST3 = X3; STy = Tg;
ifL‘k = —Tg, k= 1,2,3,4 (32)

Theorem 39 The following set of polynomials is a minimal set of generators of

R[l’l, X2, T3, x4]G

file) = (x1 4 x3)(22 + 4),
fo(z) = @133+ 2274,
fa(z) = 23+ a3+ a3+ 2], (33)
fa(x) = mimpxswy,
fs(@) = (a1 +x5)(as + 7).
Also,
R[zy, T2, T3, 4] (flng) Rwy, wa, w3, wy, ws|/Jp, where (34)

Jr = {h S R[wl,w27w3,w47ws] : h’(fh f27f3; f4,f5) =0¢ R[$1,$2,$3,l’4]} -
(q), and q(wy, we, w3, wy, ws) = dwiws + Swiwows + 2w w3ws — 2wWiwWI W5+

16w3 — 8wowsz — 8waw? + 4wyw? + w3 — 2wsw? + wji

A proof of the theorem is given in Appendix F. We base our proof on a very intuitive

approach, which, in particular, does not require familiarity with algebraic geometry or
m+|G |)
Gl 7

In our case the above upper bound is (4;;6) = 4845. This might be too large for a

direct manual execution of the corresponding algorithm to find such generators. Our

invariant theory (§6.1). One classical upper bound due to Noether gives N < (

case turns out to be special, however, in that we nearly achieve the lower bound
(m < N) determined by dimR* = 4. This small number of generators encourages
one to use them in practice for orbit-indexing (§6.2).

8 Conclusion

In this paper, we introduce the notion of invariance under a finite group of linear

transformations of a Euclidean space into probabilistic and statistical modeling in
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general, and into the uniqueness part of the problem of moments, in particular. Fur-
thermore, we illustrate significance of this notion by providing a concrete example
of such invariances encountered in natural image statistics. We also discuss several
computational issues arising from the presence of such invariances, or symmetries, in
probabilistic and statistical models. In particular, we attempt to increase awareness
of availability of algebraic software tools for statistical modeling in the presence of
such invariances. Deriving performance bounds for, and advancing the algorithms to
compute such invariant statistical models in practice presents a direction for future
work.

A Algebraic Supplements

This section presents proofs and remarks on the notions from §2.
Proposition 4 The following actions are well-defined.

1.) The (restricted) action of G on an invariant Q2 C W.

2.) The G action on B, the Borel o-algebra on 2:
(3)gB ={gw: w € B}. (35)
3.) The G action on M, the set of (positive) measures on B:
(4)(9P)(B) = P(g7'B), BeB, Pec M. (36)
4.) The G action on R[W], the set of real polynomials in m indeterminates:

(5)(9f)(v) = f(g"'v), where g€ G and f € RIW]andv e W.  (37)

Proof.
1.) Straightforward verification.

2.) Clearly, VB € B and Vg € G gB € B (any g maps an open ball in 2 to an open set
in ), and (g192) B = ¢g192 B immediately follows from its pointwise counterpart.

3.) Let g and P be arbitrary elements of G and M, respectively. Clearly, VB €
B ¢g7'B € B, hence gP is defined on the entire B. It is also obvious that
gP(0) = P(g7'0) = P(g0) = 0. Note that this action is also preserved if M is
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restricted to the set of probability measures, since in that case 0 < gP(B) < 1 and
gP(Q) = P(g7'Q) = P(Q) = 1 hold (all transformations g € G map 2 onto itself).
Finally, for any collection { B, }°2, of disjoint Borel sets, the Borel sets {g~' B, }°2,
are clearly also disjoint (all transformations g € G are one-to-one), and thus:

GP(U Ba) = Plg™ U2y Ba) = P(UT,07'B,) = 3 Pla™B) = 3 P(By)

4.) Straightforward verification.

Proposition 9
M*={Pec M :Ep||X||? < oo Vd>0}

Proof. Let P € M*, and let d > 0 be arbitrary. Then, Ep|X||¢ < P(B(0,1)) +
Ep|| X, where B(0,1) is the unit ball, D is even and D > d. The first term is finite

as a = 0 is included in the definition of M* and the second term breaks down into
a finite sum of “even” mixed moments, each of which is again finite by the definition
of M*. To see the reverse inclusion, assume Ep|| X || < oo Vd > 0 and let o € N™ be

arbitrary. Then,
(Ep|X|*)™ < Ep| X1 Ep| Xy P Ep|X5|* - - - Ep| X, ™

follows from Holder’s inequality. At the same time, every factor of the righthand side
is finite as can be seen, for example, from the following:

Ep| X" < P([=1,1] x R™7) + Ep| X, [ < Ep|| X[+ Ep|| X[ < 0.

More on Reynolds operator defined in (6).

In polynomial algebra, this “averaging” map is called the Reynolds Operator. The
orbit-averaging feature of this operator is apparent from its definition and the fol-
lowing property further underlines the correspondence with probabilistic averaging:
Vf e R% and Vh € (R®)Y R(hf) = hR(f). The probabilistic interpretation is that a
random variable which is measurable relative to the o-algebra on which conditioning
is performed can almost surely be factorized through the conditional expectation.
Proposition 10

Consider R mapping the space of measurable functions on W onto (R")% and the

linear functionals f — [, f(z)dP(x) defined by P € M. Then R and R* are adjoint.
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Proof. First show that for simple functions ¢, [;, R(¢(x))dP(x) is indeed equal to
Jiw @()d(R*(P))(z) and then use the definition of the Lebesgue integral to extend
this equality to all the measurable functions. o

Proposition 11

1.) Let P € M have a density p relative to some reference measure p. Then R(p) is
a density of R*(P) relative to p.

2.) Let p be a density of a G-invariant measure P relative to pu, then p is p-a.e.

G-invariant.

Proof. The second statement follows immediately from the first one. To prove the
first, let B € B be arbitrary and note

R*P(B) - & X Plab) DD /

geG’gB

= % J p(gy)| det(g)|p(dy) /Rp
GB

| det(g)| = 1 follows from finiteness of G C GL(m,R). o

Remark 40 Despite being finite, minimal generating sets need not in general have

the same cardinality unless one explicitly requires the minimality of their cardinality.

Proposition 15 Let fi,..., fx generate R[W]% and let f = (fi,...,fx) : W —
RN Then the map f : Sy — RY mapping [w], the equivalence class of w € W, to
f(w), is well-defined and injective. Thus Sy = f(W), the image of f in RY.

Proof. The G-invariance of fi,..., fy means constancy of f on the orbits of Sy .

Thus [w] Loy (w) is indeed well-defined as a map from Sy onto f(W). Therefore,
we need only prove that, given any two distinct orbits Oy, Oy € Sy, f(O1) # f(O3).
We show this by exhibiting a G-invariant polynomial h that takes distinct values
on Op and O, and then conclude that the values assumed by at least one of the NV
generators on these orbits must be distinct since h can be expressed (as a polynomial)
in terms of the given generators.

The finite size of the orbits allows the following crude construction of h:

hol H Z T, — , w e O (38)

geG =1
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ho,(z) = R(h)(x). (39)
The definition (38) ensures that he,(v) = 0 (and consequently h(v) = 0) if and only
if v € O;. In (39), we average iL@l over all the G-orbits in order to guarantee G-
invariance. Note that hp, separates O; from the rest of the orbits, since for each
g € G the only roots of gﬁol are the points in O;. In particular, hp, assumes distinct
values on O and Os. o

B Invariant measures, moments, and determinacy

Proposition 17 Let fi,..., fy be a minimal generating set. Then MY = {P €
MY Ep|f*] < oo Va € NV}

Proof. The inclusion of MY into the right hand side is obvious. To show the other
inclusion, we take o* € NV arbitrary and P € RHS and otherwise arbitrary. Let ¥,
be the set of all k-subsets of {1,...,m}, and notice:

= > / |z

0<k<m
oceX

dP

|1j|21 Vj€o
|zj|<1 Vido

> [ Ilear
0<k<m €0

cESy |zj|21 Vj€o
|z |<1 Vjdo

> [Harar

0<k<mp i€o
aEZk

- ¥ /foade*P

0<k<mpn. i€o

IN

IN

[LASITR
2
- ¥ /nnw AP < oo
O<k<m 1€0
UEZk

In the above we used the fact R* and R are adjoint (Proposition 10). The last
inequality follows from that R(]],., #**") is G-invariant and hence is a polynomial
in f-generators: Y. a,f® but Epf® < Ep|f* < oo for all @ € NV, o

Definition 18 Let P € MY have s(P), its G-invariant moments, relative to some
minimal generating set. Then P is said to be G-determinate by s(P), or simply G-
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determinate, if no other measure in M% has the same set of moments s(P) relative
to the chosen generating set.

Let us prove that this notion is well-defined:

Proof. Let fi,..., fy and hq, ..., hr be two distinct minimal sets of generators, and

let sp(P) and s,(P) be the corresponding sets of G-invariant moments. Suppose
that P is the only measure in MY possessing s;(P), and suppose that there exists
Q € M such that Q # P and s;,(P) = 5,(Q). Then there must exist « € NV such
that Epf® # Eqf®. Since f® is G-invariant, it can be written as a polynomial in
h-generators: ), agh®, but then for each monomial we have Eph® = Egh”. This
clearly contradicts Ep f¢ # Eq f°. o
Lemma 20 The map f : M% — M via f(P)(B) = P(f~*(B)) for any B € B(RY),
is one-to-one.

Proof. Let P,Q € MY be distinct, and let B € B(Q) be such that P(B) > Q(B).
Now, define h(zx) = R(Ip(z)), the G-symmetrized indicator function of B. Next
note that P(B) = Eplg(X) = Eph(X), where the random vector X is distributed
according to P, and the second equality is a consequence of G-invariance of P. Also
note that similarly, Q(B) = Egh(X), and therefore Eph(X) > Egh(X).

Observe that the level sets h~!(x > ¢) for any ¢ € R are also G-invariant:

ght(x>c)= {gw: weW h(w)>c}= {w': g'w € Whig-'w') > c} =
{w: g'w' € Wgh(w') >c} = {w': g'w' € Wh(w') >c} =
= {w:weWhw)>ct= h'(z>c)

Now, Eph(X) = > cinw): wewy P(R(X) > ¢), where the summation has a finite
number of terms due to the special form of h. Hence, there must be at least one
term such that P(h(X) > ¢) > Q(h(X) > ¢), which gives us a G-invariant set
A = h7Y(z > ¢) (that is obviously also Borel) on which P and @ differ.

It now remains to prove that f(P) # f(Q). To this end we show that

F(P)(fA) = P(f'fA)
= P(f'fUoca O) (40)
= P(Uoca [ f(0))
= P(Uoca O) (41)
= P(A) (42)
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Proposition 5 gives A =Upca O used in (40) and (42), and Proposition 15 implies

(41).
Summarizing the above, we get f(P)(fA) > f(Q)(fA), finishing the proof of the
Lemma. o

C Sequential G-invariant modeling

Proposition 25 Let P have a density p relative to A\. Then
H(P) < H(R*P) < H(P) + log |G].
The equality in place of the first inequality occurs if and only if P is G-invariant.

Proof. To see the first inequality, first recall that D(P|Q) > 0 with the strict equality

if and only if P = @ (use logz < x — 1 with the strict equality only at z = 1). Then
notice that
0 < D(P|R*(P)) = —H(P) + Eplog(1/R(p(X))),

and by Proposition 10:
Eplog(1/R(p)(X)) = Er+(p)log(1/R(p)(X)) = H(R"(P)).
Finally, noticing that |O| < |G|,YO € Sw, gives:

* maxye[z]p(y) - ) loe [z " o
DR P < [ plo)tog Iy [ g [aduto) < gl

Summarizing the above: H(R*(P)) = H(P) + D(P|R*(P)) < H(P) + log|G/. o

Remark 29 continued. In order to see more directly that minimizing D(P|Pa, ,u{a})
is equivalent to minimizing D(R*(P)|Pa, ,u{a}) note that the minimization takes
place only within the term —Eplog(p/(X)), where p’ is a G-invariant density of
Pa, ,ufay (Proposition 11). Recalling (Proposition 10) that the operators R and
R* are adjoint and Proposition 11, establishes Eplog(p'(X)) = EpR(log(p'(X))) =
Er«p) log(p'(X)).

D Computational Issues

Proposition 33 Let B € Band hp(0) = ‘B[g'o'. Then hp : Sy — R is B-measurable,
and hp o [w] : W — R is B-measurable.

Proof. Let B € B, then
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s ([w]) = ﬁ S L (guw). (43)

geG
To see this, notice

ha(lw]) = m S (Gulls(hw)

hGw€G /Gy
1
= @ > |hGy[lp(hw) (44)
hGw€eG/Grw

_ ﬁ S Y Islew) (45)

hGwEG/Gu gERG
1
= @ Z I5(gw). (46)
geG

Equalities (44)-(46) follow from the isomorphism between the orbit [w] and G/G,,
the left cosets hGG,, of G, the stabilizer of [w]|. Evidently, Iz(gw) is measurable for
all g € G. o

Proposition 34
R*=myom

Proof. Let B € B, then

R(P)B) = 5> PloB) (47)
geG
= Ephg([]) by (43)
ol
= B (p) \(9’8’3\ (48)
= 5o (P)(B). (49)
Equality (47) is due to (4) and (7). Equalities (48) and (49) follow from the definitions
(23) and (24). o

E The structure of Sq:

Proposition 38 Let L be even. Then [Sp:| = LIR2L6LHAL - There are L orbits

16
L2 2L343L%-10L —2L3-4L%48L

. . . . . . 4
of size two, % orbits of size four, 5 orbits of size eight, and £ 6
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orbits of size 16.

Proof. Orbit counting can be organized by group elements following Burnside’s

Lemma ([10], [38]):

1
Sag) = gy 2 M € 0+ o=}l
geG
Since we are interested in orbit size distribution and since the number of possible
orbit sizes is much less than 16 (the order of the group), we organize the counting by
the orbit size.

The n =1 case is special but trivial. There are two orbits of size two:

(.
D[ D=
[
N[ D=
[SIEYNIES
[NIEANIES
W—/
—
[NIES |
=
‘ N|=
N[
‘ N |=
[NIES
[SIE |
N|=
W—/

one orbit of size four:

1 _1 1 _1 1 1 _11

{2 2 2 72 2 2 22}
1 151 15 1 15 1 1(
2 2 2 T2 2 72 2 2

and one orbit of size eight:

i _1 1 1 i1 11 _1 1 _1_1 _1_1 1 _1
{2 2 2 2 2 2 2 2 2 2 2 72 2 72 2 2}

i 1-,1 1, 11, 1 1, 1 1, 1 1, 1 1, 1 1

2 2 2 72 2 2 2 2 2 2 2 2 2 2 2 72

To prove the general case, one first recalls that VO,Vw € O, |O| = |G : G|, the
size of the orbit O equals the index of the stabilizer G,,,.

Since |G| = 16, |O| can only be 1,2,4,8,16. Clearly, there is no w with G, = G
because i(w) = w has no solution. For the same reason GG, can not contain 4, si, or
r?si among its generators. This leaves only two copies of Dg (i.e. (r,s|rt = s =
1,rs = sr3) and (ri, s|(ri)* = s*> = 1, (ri)s = s(r7)3)) as possible stabilizers of index
two. The first group gives rise to the two equations r(w) = w and s(w) = w with L
solutions of the form (3 %), € Cr, thus yielding L/2 orbits of size two. The second
choice implies that (ri)(w) = w and s(w) = w, resulting in the 2" patches of the
form (‘/\’\ _AA) , A € Cy, that are partitioned into L/2 size-two orbits. Hence, the total
number of size-two orbits becomes L.

We now count orbits of size four. The following subgroups are the only subgroups
of G of index four not containing i, si, or r2si: (r), (ri), (r*i), (r?,s), (r?,rs), (r*, rsi),
(r?i,rs), (r?i,rsi). Since all the w’s fixed by the rotation group are necessarily fixed by
the entire (r, 5|7"4 =s2=1,rs = sr3> group, the rotation group can not be a proper
stabilizer itself. Similarly, (ri)(w) = w = s(w) = w implies that (ri) is a proper

subgroup of a larger stabilizer, and for the same reason (r)(w) = w = s(w) = w
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makes it impossible for (r®i) to be a stabilizer. Now notice, (r? rs) can not be a
proper stabilizer since [(1?)(w) = w] A [(rs)(w) = w] = r(w) = w?; (r? rsi) can not
be a proper stabilizer because [(r?)(w) = w] A [(rsi)(w) = w] = (ri)(w) = w. Finally,
(rs,r®s) fails to be a stabilizer since [(rs)(w) = w] A [F*(w) = w] = r(w) = w.

Next, (r?, s) is a stabilizer for all elements of the form: (;\ 7\), where v, A\ € Cp,v #
A, v # —A. Since there are L(L — 2) such matrices, and the orbit of each of them
consists of matrices of the same form (up to renaming of A and ), they must form
exactly L(L — 2)/4 size-four orbits.

Matrices of the form (5} 5}), with A € Cy, are stabilized by (r?i,rs). In fact, these
will represent only L /2 distinct matrices as A runs effectively only through half of the
range Cr. Since no two distinct such matrices fall into the same orbit, we obtain L?/4
as the total number of size-four orbits. We also notice that the subgroup (r%,rsi) is
a stabilizer for the elements of the form (ﬁ :ﬁ ), which are rotationally equivalent to
the previous matrices, hence adding no new orbits.

The last task is to compute the number of orbits of size eight. First, we list all
the subgroups of index eight (thus, order two) not containing i, si, or r?si. These
are: (r?), (r?), (r?i), (s), (rs), (rs), (r*s), (rsi), and (r3si). (r*) immediately leaves
the list since it is a proper subgroup of a larger stabilizer (r*(w) = w = s(w) = w).
Matrices of the form (’7\ f\), where 6,7, A\ € Cp, v # 0, are stabilized by (s), whereas
rotationally equivalent to them matrices of the form (3 %) are stabilized by (r?%s).
Since size-eight orbits generated by these 2L%(L — 1) matrices are composed of these
matrices only, we arrive at L*(L — 1)/4 distinct orbits of size eight. Next, observe
that (rs) fixes L(L — 2) matrices of the form (3 3), with v, A € Cp, v # X\, v # —A,
whereas their L(L — 2) rotational equivalents (il) are fixed by (r®s). Since all
the matrices inside the corresponding orbits of size eight are of either of the two
forms, we add L(L — 2)/4 orbits of size eight. The same number of L(L — 2)/4 size-
eight orbits come from L(L — 2) matrices of the form ( 7) fixed by (r3si), with
Y, A € Cp, v# A, v # —A, and from their L(L — 2) rotational equivalents of the
form (3 Z]) fixed by (rst). The last source of size-eight orbits is matrices stabilized
by (r%). They are represented by (7 _,y’\ ), where v # A, 7 # —\. There are exactly
L(L — 2) such matrices, producing the last L(L — 2)/8 orbits of size eight.

Summing over orbits of sizes less than 16, we get 2 x L +4 x L?/4+8 x (L3/4 +

3L*/8 — 5L/4) as the total number of elements in these orbits. Hence, the number of

2We use “A” to denote the logical and.
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orbits of size 16 is (L* — 2L* — 4L? + 8L)/16 = n* — n® — n? + n. Finally, the total
LA4213+6L2+4L nt +nd + n(3n41)

EEre— &

number of orbits is T -

F Generators for R[z]¢

Theorem 39. The following set of polynomials is a minimal set of generators of

R[l‘l, T, T3, x4]G:

filr) = (x1 4+ x3)(z2 + 24),
fo(z) = x123 4 T224,
f3(z) = i+ 23+ 25 +27,(33)
fa(x) = xim91374,
fs(x) = (] +a5) (x5 +2i).
Also,
R[z1, T2, T3, 4] (ﬁéﬁ) Rlwy, wy, w3, wy, ws)/Jp, where (34)

Jrp = {h € Rlwy, wa, w3, wa, ws] : h(f1, fo, f3, fa, f5) = 0 € Rlzy, 29, 3, 24} =
(), and q(wy, wa, ws, wy, ws) = 4wiws + Swiwyws + 2w wsws — 2w wWiws+

16w3 — 8wows — waw? + 4wyw? + w3 — 2wsw? + wj

Proof. It is immediate to see that fi,..., f5 respect the action of r, s, i, generators of

G. Therefore, fi,..., f5 € Rlxy, x9, 13, 24]¢. To prove that they indeed generate the
entire ring, we consider a sequence of decompositions of the original G action, first

step of which is given by:

Spi = (R/G1) [ (G/G),
where Gy = (s,72|s? = (r?)? = 1,r’s = sr?) <G (50)

The equation above simply says that the original action of G on R* decomposes into
two actions as follows: First, Gy, a normal subgroup of G, acts on R*, producing
the orbit set R*/Gy, and then the quotient group G /G, acts on R*/Gy, resulting
in “the same” orbits Sps, just as if G acted on R* directly. Thus, we first aim to

G1

find yi(x),...,yx(z) for some k, generators for R[x]“*, and then will focus on the

polynomials (in those generators) that are invariant under G/G.
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Claim 41 R[z]% = Rlx; + 23, 2o + T4, 1173, ToTy].

Proof. It suffices to prove that R[z]""® = Rz, + x5, &, 7123, 24] and R[z]® =
Rlxy, g + 4, 3, Xox4], since R[xy + x5, 29 + x4, 123, Tox4] = Rz + 23, T2, 123, 4] N
R[z1, xo + x4, 73, x2x4). In fact, we only prove the first of these statements since the
second one proves along the same lines interchanging x; with x5 and x3 with z,. We
argue by induction on the degree function, deg = deg, + deg, + deg; + deg,, where
deg is the highest power of z; (k = 1,2,3,4) in a given polynomial. Let us begin
by noticing that the result holds for all polynomials of deg = 0 (i.e. constants.)
Assume now that the result is true for deg < N, N > 0 and show that it also
holds for deg = N + 1. A generic polynomial r(z1, x, 23, 24) € R**)[z] such that
deg(r) < N + 1 has the form:

1 2
Va - ~ 7\ ~
i J k. 1 _ ik N+1 N+1
E i j k)T TpT3Ty = § @i 0,k0T1T3 + AN 1100071+ GooNt10T3 -+ (1)
i,5,k,1>0 i,k>0
i kHI<N+1 itk<N
3 4
A\ N\
7 Y 7
i—1 k—1 7k gl
T3 E Qi koTy T3+ § E Qijrar) T3 | wpwy  (52)
i,k>0 §,1>0 i,k>0
itk=N+1 0<jHI<N+1 \ 0<ith<N+1—j—1

In order for the left hand side to be invariant under x; < x3, each of the terms 1 — 4
in (51)-52 must be invariant under the same action. By the induction argument,
terms of degree N and below are already in the desired form. Thus, the first sum and
all the sums labeled 4 belong to R[zy + x3, 22, x123, x4]. This implies that the entire
double sum of (52) is in R[x; + z3, 29, 2123, 24]. The cofactor of zz3 in the third
term of (52) is also invariant and has degree N, hence lies in R[zy + x3, xo, 2123, 24]
as well. The invariance of the second term of (51) forces any1,000 = @00 n+1,0. We
now notice that if N = 0, then

N+1 N+l _
AN+1,000%]  + QooN+1,0T5 = A1,000(T1 + T3) € R[z1 + X3, T, T1T3, T4]
For N > 1, on the other hand,
N+1 N+1 _ N N N-1 N-1
oy Tty T = (4 as)(a) Hay) —ras() T x5 ) € Rlry + a3, 20, 1123, T4)

by the induction argument. This shows that the left hand side of (51),(52) belongs
to Rlzy + x3, 29, 1123, 24]. o
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Thus, we have obtained a set of generators for R[z]%":
Y1 =12T1+ X3, Y2 = T2+ T4, Y3 = T3ly, Y4 = T2y, (53)

which are algebraically independent. We now want to find R/ [y, ys, y3, 4]. Recall
that
G/Gy ={1,7,7,77}

and that its action on the orbit set R*/G; translates into

Ty <> Y2, Y3 Ys

TIyr b =Y, Yoo Yo, Y3 o Y3, Ya o U

Continuing (50) to decompose the original G action, we write:

(RY/G1)/(G/Gy) = ((RY/Gy) /Gy) / (G/G1/Gy), where Gy = (3) SG/Gy  (54)

Claim 42 R[yi, y2, y3, ya)“> = R[y?, y3, Y192, Y3, Y4]

Proof. Using induction just as in the proof of Claim 41, we can simply imagine
replacing x; with vy, x3 with y, o with y3, and x4 with y,, which yields equations
essentially identical to (51),(52):

2

A

-
i 7 k1 i ] N+1 N+1
E YRy Yy = E ai00Y1Ys + ans1000Y1 L+ aoN+100Ys 4+ (55)

1,5,k,l>0 1,20
itj+hH<N+L i+j<N
i—1, j—1 i, k 1
Y1y2 E @ij00Y1 Yo T E E @i jkiY1Y2 | Y3Ys
i,7>0 k,1>0 i,7>0
i+j=N+1 0<k+I<N+1 0<i+j<N+1—-k—I

The only other difference from the previous proof is as follows: The new second

term 55 disappears if N +1 is odd, whereas even N 4+ 1 immediately yields the needed

form, i.e. yy " = (yi )N FV/2 o

)

Next, notice:

R[y%a ?Jg,ylyz; Y3, ya] = Rlz1, 20, 23, 24, Z5]/<2122 - 252,>7

under:
2 2
Yy — 21, Yg — 22, Y3 — 23, Y4 — Z4, Y1Y2 — Z5.
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We now show by induction that

(G/Gh) /G R|

(R[Zl, 22, 23, 24, 2’5]/<Z122—Z§>) 21+ 2o, 23 + 24, 2324, 2123 + 2224, 25), (56)

where (G/G1) / Gy = (7), and its action results in exchanging z; with 2o and z3
with z4. First, denote the right hand side of (56) by R and focus on the inductive
transition from deg < N to deg = N + 1. A generic polynomial of interest splits into
two sums, one with deg < N and the other - with deg = N + 1, each of which is
separately invariant under the action of 7. Since the first sum is in R by the induction
assumption, we continue on to decompose the second one as follows:

1

A\

7 Y
i 3. k1 i—1_7—1 _k—1_1-1
E (i j k121727324 = 21722324 E QijkiZ1 %y 23 24 +
1,7,k,1>0 i,7,k,1>0
i+j+k+I=N+1 i+j+k+I=N+1

(57)

2

21292 E

i—1_7—1_k i—1_7—1_1
@i jk,0%1 Ry 23t E @ijo,1%1 Ry 24|+

i,j,k>0 i,5,0>0
itjtk=N+1 itjtl=N+1
3
N\
7 N
i k—1_I1—1 Jk—1_1-1
Z3%4 E Qi0k1%1%3 24 T E  Qogki2ars A | F
i,k,01>0 Gk, U>0
i+k+l=N+1 J+k+l=N+1
4 5
7 7N Y ~ % -
i—1_7—1 k—1_[1-1
2129 E ;50,081 <2 + 2324 E @0,0,k,1% 2y +
i,j>0 k,01>0
i+j=N+1 k+l=N+1
6 7

A A
75 N N
ik gl i1 Jk
E G0k 02175 + E 0,5,0,1%2 %4 T E @3,0,0,1%1%4 + E o,j,k,0%2%3 +

i,k>0 J,1>0
i+k=N+1 jHI=N+1

8

A

i,1>0 4, k>0
i+l=N+1 j+k=N+1

9

A

Ve

Y 7 Y
N+1 N+1 N+1 N+1
AN+1,0,0,0%7 T Q0N+1,00% T Q00 N+1,0%3  + Q0,00,N+1%4

An immediate inspection of (57) combined with the symmetry of the coefficients
a; ikl = Qji1r reveals that each of the terms numbered one through nine is individ-

ually invariant under the the given action. By the inductive argument, terms one
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through five are already in R, and following the pattern of the second term of (51)
eventually shows that terms eight and nine are also in R. We now rewrite the sum
of terms six and seven as follows:

E , @,0,k,0 (le3 + 2224) + E @3,0,0,k (2124 + 2223)

i,k>0 i,k>0
i+k=N+1 i+k=N+1

Observe that for i, k > 0:

ik ik i1 k=1 | _i—1_k—1 i1, k-1 i1, k-1
2125 + 252y = (2123 + 2224) (2] 25+ 25 24 ) — 2] 2223 za— 2125 2325 (DY)

k—1

i—1 k=1 | _i—1_k—1 i—1_k—1 i—1
) — 212y 2y 2y — 2] 20%3%y

2k b2k = (gt ) (B T 2R
We conclude by considering the first of the two equations above and noticing that the
second equation can be treated similarly due to that z;z4 + 2923 equals (21 + 22)(z3 +
24) — (2123 + 2224), and thus lies in R. The following expression in conjunction with
the induction argument helps to see why the left hand side of (58) belongs to R:
(

2123+ 2924, if i1—1=k—-1=0

i —— zazy(2o2h 2 4 22 i i —1=0, k—1>0

-1, k-1 i—1
21 2923 24+ 2129 232y s i o
2129(2) “za+ 2y “z3), if i—1>0, k—1=0

\z1222324(zi_2z§_2 + 22 i i -1,k — 1> 0.
Summarizing the results proved to this point, we return to the initial x indeterminates:
R[z1, 72, 23, 74)¢ = R[(21 + 23)% + (23 + 24)2, 21703 + 1974, (59)
T1X9%3%y, (21 + 23) @123 + (22 + T4)2 @27y, (21 + x3) (22 + 24)]
These generators are not unique, and recognizing that
(11 + 23)% + (22 + 24)% = f3(2) + 2fo(2),
(21 + 23)°0123 + (22 + 24)° w224 = 3[f5(2) — f7(2)]+
fo(@) fa(x) + 25 (x) — 2fa(2),
with fi1, fa, f3, f1, f5 as in (33), makes it clear that
Rz, 29, x5, 24]" = R[f1(2), fo(), f5(2), fa(x), f5(2)].

A straightforward computation verifies that none of the above five generators can
be expressed as a real polynomial in the remaining four. We conclude by instantiating
a well-known fact (see, for example, [7]):

R[z1, 2, 23, 24]% = R[wy, wy, w3, wy, ws]/Jp, where (34)
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JF = {h € R[wla W2, W3, W4, 1,U5] : h(fla f27 f37 f47 f5) =0¢€ R[xh X2,T3, 5134]} =
(q), and q(wy, wa, w3, wy, ws) = dwiws + Swiwsws + 2wiwsws — 2w wWIws+
16w3 — 8wows — waw? + 4wyw? + w3 — 2wsw? + wj
In order to compute Jg, the syzygy ideal, one can use, for example, the elimination
method based on computation of a Grobner basis for the ideal Jp = (fo — w1, fy —

W, f5 — ws, fi — wa, f3 — w5) C Rlzq, 29, T3, 24, w1, w2, w3, wa, w5 [7]. The above
generator for Jr was computed analytically and also verified using Macaulay2 [17]. ©
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