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A basic component in linear-optics

quantum computing

®* One of the promising routes to implementing small-scale quantum net-
works is by using linear-optical networks.

* Certain two-mode gates (e.g. controlled-o,) can be generated by acting sep-
arately on both modes within a Mach—Zehnder interferometric setup.

* In that way the complexity of a two-mode gate is reduced to a single-mode
gate: the nonlinear sign-shift gate

col0) + c1l1) +¢2l2) — ¢ol0) + c1]1) — c2l2)

* A number of theoretical works (Ralph, Scheel, Lapaire, KLM, Lufthansa)
give a variety of networks capable of implementing this gate.
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Subject of the talk

* The crucial question for the ability to concatenate linear-optical gates are
their probabilities of success.

* In these works we studied the question how the probability of success
scales as the signal state becomes higher-dimensional, thereby giving a
hint on the possible scaling law for multi-mode quantum gates.

* We considered the N + 1-dimensional sign-shift gate
colO)+...+cey_1IN—1)+cny|IN)— colO)+...+cny_1IN — 1) —cn|N).

* We limit ourselves to single-shot implementations without conditional feed-
forward.

* We consider an abstract three-stage type of network that includes all pos-
sible networks.




Basic Circuit

* A: active beam splitter

* P: ancilla preparation

* D: ancilla project
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Basic Circuit

* The generality of this abstraction follows from the observation that each
U(NN) network can be decomposed into a triangle-shaped network of at most

N(N —1)/2 beam splitters (and some additional phase shifters) [Reck et al,
94].

* Then, the signal mode can be chosen to impinge only on a single beam
splitter ‘A’, with the rest of the network divided into the ancilla preparation
and detection stages ‘P’ and ‘D’ [Scheel and Liitkenhaus, 04].

* The ‘D’ stage is a two-outcome POVM:
— outcome ‘1’ = “accept’;
— outcome ‘0’ = “bad luck; try again”

* We can show that having just one “accept” outcome is optimal.



Basic Circuit

e A: active beam splitter, U, transmittivity T, reflectivity R; |T|2+ |R|%2 =1
* P: ancilla preparation, [¢) =37, v |1D)In—1)

* D: ancilla projection on |y) =3, a; |[)|n—1)

* The vectors a and y are, of course, normalised.

* The states |n — ) can be multimode, and play no further role.

e The matrix elements of U in the n-photon sector are

R 1 TE RE
(mi,mo|Ul|nqi,n9) = Per R*El’nl T*Eml’nz :
\/mllmz!nl!ng! a mag,ny ma,ng

with mi+mg =n;+ng=n, and E;; denotes a j x £ matrix all of whose
entries are 1.




Basic Circuit Behaviour

* Let the input state be the basis vector |&).

* By orthogonality of the states |n —[), the post-measurement state |y;) is

N

wry =YY ary; G,UUIR, L) ).

j=01=0

* Since a lossless beam splitter is photon-number preserving, there are only
contributions from the term j = %.

e Denote ay; := (k,l|U|k,1), then

ey = aryiar) k).
1=0

* As the states |n —[) have left the picture, we can henceforth let n be as
large as imaginable, say oo.



A Formula for the Success Probability

* Let A be the matrix with entries a;z, j=0...IN and &£ = 0...c0.

® Theorem [Scheel and Audenaert]: The maximal success probability for ob-
taining from A the non-linear gate c; — yicp, for £k =0...N, is given by

1
PmaX:maX{—Z:szy}

x| |xlg

® |.|1 1s the ¢ vector norm.

(0. @)

* The minimisation is over all infinite-dimensional complex vectors x = (x;)%2,.



Proof

* The transformation realised using ancilla y; and measurement «a; is

Cp— y;gck (k =0.. N), with y}e = Zakl(cm/l).
[=0

N ©O9°

* More concisely, I write this as y' = A(ay), where A =(a;);_, o

* The target transformation is realised, with probability P, if and only if
y' =VPy.

* To find a realisation with maximal P, first fix a vector x s.t. y = Ax.

* Find normalised a and y s.t. @y = v/Px and P is as large as possible.



Proof

* F'ind normalised a and y s.t. ay = vPx and P is as large as possible.
* Fix y. Then a = vPx/y. Since |aly must be 1, this fixes P = 1/|x/y|2.
* Now maximise this P by varying over all normalised 7.
* We find min, {|lx/y|2: [yle = 1} = |x];.
Proof: using Cauchy-Schwarzy
x/yl2 yl2 = Xz: ety Dyl = |xly,

and noting that equality can be obtained (with |y;|* = c|x;]).
* Hence the maximum P for given x (s.t. Ax = y) is P = 1/|x|%.

* Finally, we maximise this by varying over all x s.t. Ax = y.

10



A Formula for the Success Probability

* Corollary [Scheel and Audenaert]: The maximal success probability for ob-
taining from A the non-linear gate c; — y,c;, for £ =0...N, is given by

1
Ppax =max{ — :Ax =y
* | xlg

where the x can be restricted to those that have at most N + 1 non-zero
entries.

* Geometrical proof

11
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Numerical method

* Corollary reduces the optimisation over C* to an optimisation over NV *1.

* We can replace x by a list of N +1 positions, 0 <n;<ns<...<n;, and
corresponding values x;.

* The optimisation over x; can be solved directly by matrix inversion: only
one x is feasible, namely x°:= A~1y. Here, A is an (N + 1) x (N + 1) matrix
containing the N + 1 columns of A designated by the positions n;.

* While this observation dramatically simplifies numerical approaches, the
remaining optimisation over the n; still makes for tedious business if we
are after analytical results.

* For that reason we will consider an alternate expression for the maximal
success probability, first obtained by Jens Eisert.

12



Upper bound on Success Probability

* Let A again be the matrix with entries az, j =0...N and £ =0...00,

* Theorem [Eisert]: The maximal success probability for obtaining from A
the non-linear phase-shift gate c, — yicp, with |y,| =1, for £ = 0...N, is
upper bounded by

|A*(ys>|oo)2

P .x <min
= N
5 |Zj=03j|

® |.| 1s the ¢, vector norm,

* The minimisation is over all (/N + 1)-dimensional (finite!) complex vectors

(< N
s =(s;): -
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Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-
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Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

* In our case: put a =x and b = A(ys)

IAT(ys)loo 1211 = 12T AT(ys)|

15



Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

* In our case: Ax =y

IAT(y8)]oo 1x]1 = [xTAT(ys)| = [y (ys)]

16



Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

¢ In our case:

AT (Y8)loo 1211 = 12T AT(ys) = 1y () = 1) 5,117
J
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Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

* In our case: |y;[=1

AT (Y8)|oo 1211 = [xTAT(ys) = [y () = 1D s,lyi1* = 1) s}l
J J
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Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

¢ In our case:

IAT(8)|oo 1211 = 1T AT(ys) = Iy (y9) = 1) s;lyi1* 1 =1 sl
J J

® Thus, for all s and for all x satisfying Ax = y:
|AT(yS)|oo 1

)
X208l |x|1
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Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

* In our case:
AT (Y8)|oo 1211 = 1T AT(ys) = 1y (y9) = 1) s,ly;121 =1 sl
J J

® Thus, for all s and for all x satisfying Ax = y:
|AT(y3)|oo 1

)
X208l |x|1

* Minimise LHS over all s, and maximise RHS over all x s.t. Ax =y:

|AT(yS)|oo 1
min max ——
T Y w ey

20



Proof

e Holder’s inequality for vectors: [{(a|b)| <|al|1|b|so-

¢ In our case:
AT (8)loo 1211 = 1T AT(ys) = 1y (y9) = 1) s,ly;121 =1 sl
J J

® Thus, for all s and for all x satisfying Ax = y:
AT (ys)leo _ 1
XN o8l lxld’
e Minimise LHS over all s, and maximise RHS over all x s.t. Ax =y:

AT(y8)|oo 1
min| (ys) > max — = \/ Pax.

N T A
S |Zj=0 Sjl x:Ax=y |.’X§|1
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Maximal Success Probability

* We have seen that the expression for the a;, depends on the transmittivity

T, which is also a tunable parameter for maximising P. Hence we write
A =A(T).

® The claim is that the phase-shift gate c¢; — yicp, with y, =1, for £ =0...N —
1, and yy = —1, can be obtained with probability at most P,,.x = 1/N2.

* This can be proven using the Eisert bound.

¢ Need to find s(7") such that

AT (y5(T))loo
| 230 s(T);

=1/N.

22



Maximal Success Probability

* For N =2, and restricting to real T', the following s does the trick:

; 1/(1-T), 0, ifTel-1,1-v2),
31,32=§< 0, 1/(1+T?), ifTe[1-v2,0),
1, 1/2, if T €[0,1),

and So = 1—81—82.
* For general N, similar choices can most likely be found (To Do!)

e On the next page I plot the first 7 entries of A(T)'(ys(T")), showing that
they are all bounded by 1/2, which suggests that P is bounded by 1/4.

* A real proof is of course needed that this is true for all entries (Need More
Chocolate!)

23



Maximal Success Probability

First 7 entries of AT(ys) versus T

24
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Is this bound achievable?

* To prove that the upper bound P < 1/N? is achievable, consider the original
problem formulation (modified with an additional maximisation over T')

1
Ppax = maxmax{ —s A(T)x =y
T X |x|1

e Claim (a): Pyax = 1/N? is achieved for 7=1-2"" and x = An(T) 1y
where Ay 1s the leftmost (V. + 1) x (N + 1) submatrix of A.
e Claim (b): for this x, x; =0,/ = N.

e We already knew that N + 1 non-zero entries were enough; now this says
that N non-zero entries suffice. Moreover, its the entries with lowest pho-
ton number.

* Hence, maximum P is achieved with the lowest possible ancilla dimension!

25



Entries of A and its Properties

* Some preliminaries...
* First we need an explicit formula for the a ;.

* The permanents can be calculated explicitly, using the Lagrange expansion
formula for the permanent. After a long calculation we find

ER\[l+m
—(T* -k pm ,
ap =(T") mZO(m)( . )
where t = |T|? - 1.
* This expression does not explicitly contain N. This means that the (N +1) x

oo matrix A is just a submatrix of the infinite-dimensional </ :=(az;)?_,-

26



Entries of A and its Properties

* This matrix </ can be decomposed as a product of a number of matrices
with a very simple structure.

¢ Define the matrices

D(x) := diag(1,x,x%,...,x>)

k o0
A= ((Z) k,1=0°

A is a representation of Pascal’s triangle by a lower triangular matrix.

* A straightforward calculation leads to the decomposition

|T|?

o =D(T*) A D( )y AT D(T).

T|?

27



Entries of A and its Properties

* We will also need the matrix A, which is the upper left (N +1) x (N + 1)
submatrix of <. Define Dy (x) and Ay accordingly.

e Since det(Ay) = 1, det(Ay) = det(Dy(2)) = YV +D2 Thus Ay is invertible
provided ¢ #0, i.e. |T| < 1.

* The inverse of Ay is Ay itself, but with additional negative signs arranged
in a checkerboard pattern:

N
. E-m|P k
Sl

* This easily gives the inverse of Ay as

. caeie VX (PP
e SIS

=0 p=0

8 pm.
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Equations: buy one, get one free

* We're claiming that x with x; =0 for [ > N are optimal.
e The only such x that satisfies Ax =y isx = A y.
e With ¢t =|T|> -1,

N N
xj = Y (A)ye =) (A —2(A)Nn
k=0 k=0

]

p=0

= (=T")7

)

29



Equations: buy one, get one free

* In T =1-2"N x; simplifies to

1 NZHN
=(=1Y T,
x;=(-1) (T D1 12:(:) (l

® Thus, clearly, x5 = 0 in that point: claim (b).

e For T'=1-2"VN the sum over [ always yields positive values. Thus

1 NN
| = T'.
=T & (z

30



Equations: buy one, get one free

* Summing over all j finally yields

N-1 1 N-1N—j-1 N Tl
;O'xf' " Ty & |

Jj=0 [=0
LY w-p|N|r
(T +1)N-1 ;(N_ i

* Thus, for the success probability we obtain claim (a):

1
P:ﬁ.

31
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Conclusion

* We have proven that the N +1 dimensional phase-gate can be implemented
using a P-A-D circuit with success probability 1/N?2.

e We have shown that, for N = 2, this is the maximum.

¢ It remains to find trial functions s{(7),...,sy(T) to show that this is the

maximum for any N > 2.

* We have shown that this success probability, taken as a function of the
chosen ancilla photon numbers, can be obtained if the ancilla contains as
few photons as possible (namely N —1).

* This is fortunate because in this case the least quantum-state engineering
is needed to generate the ancilla in the preparation stage ‘P’ and, further-
more, decoherence affects the ancilla only minimally.
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