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Graphs

• Graph Theoryis that branch of Mathematics that has found its way into Kinder-
garten.
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Graphs

• Graph theory has many applications, in many areas of science.

– Computer Science: representation of networks, relations,...

– Chemistry: representation of chemical compounds

– Printing Industry: 4-colour problem

– Quantum Information: graph states (cf D. Gross’ talk this morning)

– Present talk has nothing to do whatsoever with graph states
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Graph Terminology
• A Graphis a collection ofverticesV (dots), connected byedgesE (lines). Ver-

tices are commonly labelled1, 2, . . . v.

• In a simplegraph, no vertex is connected with itself (no loops), and any two
vertices are connected by at most one edge.

• Vertices that are connected are calledadjacent; notation:a ∼ b

• If a ∼ b we callb aneighbourof a (anda of b)

• Vertexdegree= number of neighbours of a vertex
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Graph Isomorphism (GI)

• Two graphs areisomorphicif they are identical up to relabelling of the vertices.
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Graph Isomorphism (GI)

• Determination of graph isomorphism has been annoying computer scientists for
ages.

• Easy as it looks, its complexity class is unknown.

• Not believed to be NP complete.

• Polynomial for typical graphs. Efficient for, e.g. trees.

• General case is very hard: no known polynomial algorithm.

• Best existing upper bound:exp
√

cv log v

• Graph Isomorphism problem: is GI in P?
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Overview

• There are various approaches to graph theory, and to GI in particular

• Purpose of this talk: Present a physically inspired approach to GI

– “Hard-core Bosons on a Graph”

– Implementable on a Quantum Computer

– Strong interplay with the algebraic approach (in both directions)

– new graph operation: Symmetric Power

– new graph invariants: spectrum of symmetric power

• First: algebraic approach
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Algebraic Approach

• Graph theory has an algebraic counterpart: Algebraic graph theory

• Represent graph by a matrix

• For G a graph withv vertices, itsAdjacency matrixA(G) is av × v symmetric
matrix

• Aij = 1 if verticesi andj are neighbours, 0 if not.

• Example:

A =




0 0 1
0 0 1
1 1 0



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Algebraic Approach to GI

• GraphsG1 andG2 are isomorphic iff there exists a permutation matrixP such
thatA(G1) = P A(G2) P T .

• Permutation matrices are orthogonal:PP T = P TP = I

• The adjacency matrices of isomorphic graphs are thus orthogonally equivalent,
and therefore have the same eigenvalues: such graphs are calledcospectral

• GI algorithm #1: check spectra of adjacency matrices.
If the spectra are different, the graphs cannot be isomorphic.

•Works fine for generic graphs.
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Algebraic Approach to GI

• If the spectra are equal, we can’t say anything

• Happens for specific classes of graphs: one can find cospectral non-isomorphic
graphs.

• Example: box5 and star5 both have eigenvalues−2, 0, 0, 0, 2.

• Strongly regular graphsare notorious counterexamples, and hence form a good
testbed for any GI algorithm.
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Regular Graphs

• A Regulargraph is one in which all vertices have the same degreek.

• Algebraic criterion: let

J =




1 1 . . . 1
1 1 . . . 1
... ... ... ...
1 1 . . . 1


 ,

thenG is regular iffA(G) commutes withJ .
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Strongly Regular Graphs

• A degree-k regular graph isstronglyregular with parametersa andc iff

– any pair of adjacent vertices havea common neighbours

– any pair of non-adjacent vertices havec common neighbours

• Smallest regular graph that is not strongly regular: cycle6

• Algebraic criterion:A2 − (a− c)A− (k − c)I = cJ .
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A Quantum-Physical Approach to GI

• One can tailor quantum systems such that the interaction Hamiltonian is the
adjacency matrix of a graph

• Exchange Hamiltonian of system withv sites:Hint = g
∑

i<j AijS
ij,

whereSij = |i〉〈j| + |j〉〈i| flips particle position between sitesi andj

•We use a position basis:〈x|i〉 is amplitude that particle is in sitei;
with |i〉 = ei, Hint = gA

• The spectrum of the system yields the eigenvalues ofA

– Two-level atoms in a molecule with dipole-dipole interaction

– Spins on a lattice with XY interaction

– Boson hopping around a lattice (Bose-Hubbard model)

15



Multiple particles

• As we already know, just looking at the spectrum does not work in general

• New Idea: look at spectrum of amulti-particlesystem

•Motto: more complex system, hence more complex behaviour, and, hopefully,
more information

• Specifically: Bose-Hubbard hopping model forN particles.

• Sum of one-particle hops

HN =

N∑

k=1

Hk =

N∑

k=1

I⊗k−1 ⊗H ⊗ I⊗N−k.

• Here, thek-th tensor factorHk operates on thek-th particle.
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Multiple particles

• That’s for distinguishable particles only. To be “symmetrised” for indistinguish-
able particles.

•We keep working in the position basis; no creation/annihilation operators

• I will first consider the case of ordinary bosons or fermions, and explain why
increasingN gives no further information on the underlying graph.

• To make the idea work we will useN hard-core bosons: by including a strong
repulsive (Coulomb) force, at most one boson can occupy a site.
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Multiple particles

• All three cases (Bosons, Fermions, Hard-Core Bosons) will be treated in the
same way:

– Start from single-particle states in position basisx ∈ Cv (amplitudes of being
in vertex1, 2, . . . , v)

– FormN -particle states by taking the tensor productx1 ⊗ . . .⊗ xN

– Symmetrise by projecting on appropriate subspace of(Cv)⊗N
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Bosonic States

• The quantum state ofN v-level bosons “lives” in thetotally symmetric subspace
of (Cv)⊗N : interchanging two bosons should not change the state.

• This subspace,(Cv)∨N , is the linear span of all symmetric tensor products

• ForN = 2, these arex1 ∨ x2 := 1√
2!

(x1 ⊗ x2 + x2 ⊗ x1).

• For generalN ,

x1 ∨ . . . ∨ xN :=
1√
N !

∑
π

xπ(1) ⊗ . . .⊗ xπ(N),

whereπ runs over all index permutations,xk vectors inCv.

• Basis states are|i1〉 ∨ . . . ∨ |iN〉/
√

m1! . . . mv!, for 1 ≤ i1 ≤ i2 ≤ . . . ≤ iN ≤ v,
wheremj is the number of indices having valuej.
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Bosonic States

• Bosons: project tensor product of single-particle states onto(Cv)∨N .

• Define projectorP∨ : (Cv)⊗N 7→ (Cv)∨N :

P∨(x1 ⊗ . . .⊗ xN) =
1√
N !

x1 ∨ . . . ∨ xN

• Corresponding inclusion map from(Cv)∨N into (Cv)⊗N : Q∨ = P †
∨.

• Columns ofQ∨ are coordinates of basis vectors of(Cv)∨N in (Cv)⊗N .

• Example:v = 2, N = 2, basis states(1, 1), (1, 2), and(2, 2).

P∨ =




1 0 0 0
0 1/

√
2 1/

√
2 0

0 0 0 1



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Fermionic States

• Fermions: project on totallyantisymmetric subspace(Cv)∧N .

• Antisymmetric tensor product:

x1 ∧ . . . ∧ xN :=
1√
N !

∑
π

επxπ(1) ⊗ . . .⊗ xπ(N),

whereεπ = ±1 is the signature ofπ.

• Basis states:|i1〉 ∧ . . . ∧ |iN〉, for 1 ≤ i1 < i2 < . . . < iN ≤ v.
This is only possible forN ≤ v.

21



Fermionic States

• ProjectorP∧ : (Cv)⊗N 7→ (Cv)∧N :

P∧(x1 ⊗ . . .⊗ xN) =
1√
N !

x1 ∧ . . . ∧ xN

• Example:v = 3, N = 2, basis states:(1, 2), (1, 3), and(2, 3).

P∧ =
1√
2




0 1 0 −1 0 0 0 0 0
0 0 1 0 0 0 −1 0 0
0 0 0 0 0 1 0 −1 0


 .
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Bosonic Hopping

•We now combine the Hopping Hamiltonian for distinguishable particles with the
bosonic symmetriser, yielding the bosonic hopping Hamiltonian:

Hboson,N = P∨HN P †
∨

= P∨

(
N∑

k=1

I⊗k−1 ⊗H ⊗ I⊗N−k

)
P †
∨

= N P∨ (H ⊗ I⊗N−1) P †
∨.

• Burning question: does spectrum ofHboson,N yield more information thanH?

• Alas, no!
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Bosonic Hopping

• Alternative expression:

Hboson,N = P∨

(
N∑

k=1

I⊗k−1 ⊗H ⊗ I⊗N−k

)
P †
∨

=
∂

∂t

∣∣∣∣
t=0

P∨(I + tH)⊗NP †
∨.

• P∨(I + tH)⊗NP †
∨ is the totally symmetric irreducible representation (irrep) of

I + tH onN copies ofCv.

• Eigenvalues of an irrep of a matrixA depend only on the eigenvalues ofA itself.

• Therefore, spectrum ofHboson,N depends on the spectrum ofH only.

• A similar reasoning applies when using fermions (P∧ instead ofP∨).
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Hard-Core Bosons: a marriage of reason

• By including a strong repulsive force in the Hamiltonian, we enforce that at most
one boson can occupy a site.

•Most easily described by a symmetriser that is a hybrid of the bosonic and
fermionic symmetrisers.

•We take the totally symmetric subspace but drop any basis state in which more
than one boson occupies the same site.

•We get basis|i1〉 ∨ . . . ∨ |iN〉, but with 1 ≤ i1 < i2 < . . . < iN ≤ v. Again
N ≤ v.

• Named, in jest, the “Fermi-Bose” subspace

• ProjectorPFB is elementwise absolute value of fermionic projectorP∧.
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Hard-Core Bosons: a marriage of reason

• Example:v = 3, N = 2, basis states:(1, 2), (1, 3), and(2, 3).

PFB =
1√
2




0 1 0 1 0 0 0 0 0
0 0 1 0 0 0 1 0 0
0 0 0 0 0 1 0 1 0


 .

• Corresponding Hamiltonian:

HFB,N = N PFB (H ⊗ I⊗N−1) P †
FB.

• This has nothing to do with irreps anymore, and typically “screws up”H so
much that the spectrum ofHFB is no longer completely determined by the spec-
trum ofH.

•Which is what we need!
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Symmetric Powers of Graphs

• “Fermi-Bose” symmetrisation can be translated into a graph-theoretical notion.

•We define thesymmetricN -th powerof a graphG (with HamiltonianH), de-
notedG{N}, as the graph for which the exchange Hamiltonian is

HFB,N = N PFB (H ⊗ I⊗N−1) P †
FB.

• This can be defined in purely graph-theoretical terms.

• Classical trajectory of a particle corresponds to awalk on the graph.

• Define anN -walk onG as a walk ofN particles, each occupying a different site,
where at every step a single particle moves to an unoccupied adjacent site.

• Vertices ofG{N}: the different configurations ofN particles onG.

• Edges ofG{N}: N -walk onG = simple walk onG{N}.
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Symmetric Powers of Graphs

• Constructive definition of symmetric square ofG

• CreateCartesian ProductG ¤ G:

– Vertices are pairs(x, y) wherex andy are vertices ofG

– (x, y) ∼ (x′, y′) if eitherx ∼ x′ andy = y′ or x = x′ andy ∼ y′. Thus

A(G ¤ G) = A(G)⊗ I + I⊗ A(G)

• Remove “diagonal”: all vertices(x, x), and all edges incident with them

• Quotienting: identify vertices(x, y) and(y, x).
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Main Results of the Paper

• Introduction of Symmetric Power concept
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Main Results of the Paper

• Introduction of Symmetric Power concept

• There are examples whereX andY are cospectral, butX{2} andY {2} are not.

• Graphs up to 10 vertices are determined by the spectrum of their symmetric
squares

• Alas, we have a negative result for SRG’s: if two SRG’s are cospectral, then so
are their symmetric squares.

• This means we need at least 3 particles: SymmetricCubes

• Numerical study, including all SRG’s on up to 30 vertices: in all cases, symmet-
ric cube determines original graph.

• Algebraic study of relation between spectra ofA andA{2} for HermitianA.
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Conclusion

• If it were true for some fixedk that any two graphsX andY are isomorphic if
and only if theirk-th symmetric powers are cospectral, then GI in P.
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Conclusion

• If it were true for some fixedk that any two graphsX andY are isomorphic if
and only if theirk-th symmetric powers are cospectral, then GI in P.

• For a pessimist this suggests that, for each fixedk, there should be infinitely
many pairs of non-isomorphic graphsX and Y such thatX{k} and Y {k} are
cospectral.

• Classical tractability requiresk = O(1).

• On a quantum computer, tractability only requiresk = O(v). An efficient quan-
tum circuit simulating evolution underHint is guaranteed to exist by various
standard results in the theory of quantum computation.

• Fruitful interplay: graph theory + algebra + physics
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