
Convex Analysis in QIT

Koenraad M.R. Audenaert

University of Wales Bangor

May 20, 2003



Convex Analysis

• Convex Sets

• Convex Hulls

• Convex Functions

• Convex Closures

• An Application in QIT
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Convex Sets and Convex Hulls

• A setS is convexif and only if

∀p, q ∈ S : pq ∈ S

wherepq is the line segment joiningp andq

• Dually, a convex set S equals the intersection of all halfplanes containingS

• TheConvex Hull is a kind of completion of sets in this sense

• The convex hullConv(S) of a setS is theunionof all line segmentspq where
p, q ∈ S

• Dually, the convex hull ofS is theintersectionof all halfplanes containingS
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Convex Functions

•Whatever one can say about sets, one can say about functions

• TheGraph of a functiony = f (x) is the set of points{(x, y) : y = f (x)}
• TheEpigraph of a functiony = f (x) is the set of points

Epi(f ) := {(x, y) : y ≥ f (x)}
• A function is convex if and only if its epigraph is a convex set

• A functionf is concaveif −f is convex
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Testing Convexity of Functions

• Functionally, checking convexity off can be based onconvex combinations∑
i aif (xi), whereai ≥ 0 and

∑
i ai = 1

• The functionf is convex if and only if

∀{(ai, xi)} : f (
∑

i

aixi) ≤
∑

aif (xi)

• Dually, f is convex if and only if
f equals the pointwise supremum of all affine functions majorised byf

∀x : f (x) = sup
a,b
{aTx + b : (∀y : aTy + b ≤ f (y))}
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Convex Closures

• The convex closurêf of a functionf is defined by

Epi(f̂ ) = Conv(Epi(f ))

• Functionally, the convex closure off can also based on taking convex combina-
tions

f̂ (x) = min
{(ai,xi)}

{
∑

i

aif (xi) :
∑

i

aixi = x}

• And, dually, the convex closure off is
the pointwise supremum of all affine functions majorised byf

f̂ (x) = sup
a,b
{aTx + b : (∀y : aTy + b ≤ f (y))}
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Application to Entanglement Cost

• One of the Big Open Problems of QIT: how to calculateEC?

• EC defined in an operational way, nearly impossible to calculate

• First theoretical breakthrough (Hayden, Horodecki and Terhal):

EC is equal to theregularisationof EF , the entanglement of formation (EoF):

EC(ρ) = lim
n→∞

EF (ρ⊗n)/n.

• EoF defined in a mathematical and non-operational way (see below)

•Much more amenable to calculation thanEC

• For 2-qubit mixed states, a closed formula forEF exists (Wootters).

• EC still requires calculations over infinite-dimensional states.
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Is EoF additive?

• The regularisationρ 7→ ρ⊗n is about calculating potential “wholesale discounts”

•We would love it if there were no such discounts

•We wantAdditivity ...

EF (ρ1 ⊗ ρ2) =? EF (ρ1) + EF (ρ2)

• ... because thenEC = EF

• Additivity has been proven in specific instances.

• Some of these additivity results are sufficiently powerful to allow calculatingEC

for certain classes of mixed states.

• The much sought-after general proof, however, remains elusive for the time be-
ing and, in fact, general additivity is still a conjecture.
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Strong Superadditivity of EoF?

• It is very easy to show that the EoF issubadditive:

EF (ρ1 ⊗ ρ2) ≤ EF (ρ1) + EF (ρ2).

• Additivity would then follow fromsuperadditivity ,

EF (ρ1 ⊗ ρ2) ≥? EF (ρ1) + EF (ρ2).

• Vollbrecht and Werner conjectured a stronger property implying superadditivity:

Strong Superadditivity

EF (ρ) ≥? EF (ρI) + EF (ρII)

Hereρ is a general state over a duplicated Hilbert space andρI andρII are its
reductions to the different copies of that space.
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Entanglement of Formation Defined

• Any stateρ can be realised by anensembleof pure states

• An ensemble is specified by a set of pairs{(pi, ψi)}N
i=1

– of N state vectorsψi and statistical weightspi

– with pi ≥ 0 and
∑

i pi = 1

• The entanglement of formation (EoF) of a bipartite stateρ (over the bi-partite
Hilbert spaceHA ⊗HB), is

EF (ρ) = min
{(pi,ψi)}

{
∑

i

piS(TrA Ψi) :
∑

i

piΨi = ρ}.
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EoF is a Convex Closure

• Observation 1: The definition of the EoF really means that
the EoF is theconvex closureof the pure state entanglement function

E(Ψ) = S(TrA Ψ)

• Consider bounded functionsf whose domain is the set of statesS(H)

•We can apply real convex analysis because
B(H) with 〈A,B〉 = Tr[AB] is a real vector space

• Definition 1: The convex closure off is

f̂ (ρ) = min
{(pi,ρi)}

{
∑

i

pif (ρi) :
∑

i

piρi = ρ}
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EoF is a Convex Closure

• Observation 2: The second, dual, formulation of the convex closure looks easier

• Definition 2: The convex closure of a functionf is
the pointwise supremum of all affine functions onS(H) majorised byf

f̂ (ρ) = sup
X∈B(H)

{Tr[ρX ] : (∀σ ∈ S(H) : Tr[σX ] ≤ f (σ))}

•Moreover, this definition can be pulled apart into two identical parts, based on
the concept of theconjugate function
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Conjugate function

• Define theconjugate functionf ∗:

f ∗(X) = max
ρ∈S(H)

Tr[ρX ]− f (ρ)

• If f is continuous this is called theLegendre transform of f .

• The conjugate is convex inX: pointwise maximum of affine functions

• The conjugate and convex closure determine each other completely

f
∗−→ f∗ ∗←→ f̂

– The convex closure off is the conjugate of the conjugate off : f̂ = f ∗∗

– The conjugate of the convex closure off is the conjugate off : f̂ ∗ = f ∗
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Central Lemma

Lemma 1For any bounded functionf defined onS(H)

strong superadditivity (SSA) of̂f

f̂ (ρ) ≥? f̂ (ρI) + f̂ (ρII),

is equivalent to subadditivity (sA) of the conjugatef ∗

with respect to the Kronecker sum:

f ∗(X1 ⊗ I + I⊗X2) ≤? f ∗(X1) + f ∗(X2).
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Proof of Lemma (I)

SetZ = X1 ⊗ I + I⊗X2. Assuming sA off ∗ yields

f̂ (ρ) = sup
X

Tr[ρX ]− f ∗(X)

≥ sup
X1,X2

Tr[ρZ]− f ∗(Z)

≥ sup
X1,X2

Tr[ρIX1 + ρIIX2]− f ∗(X1)− f ∗(X2)

= f̂ (ρI) + f̂ (ρII),

which is SSA off̂ .
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Proof of Lemma (II)

Conversely, assuming SSA of̂f yields

f ∗(Z) = max
ρ

Tr[ρZ]− f̂ (ρ)

≤ max
ρ

Tr[ρIX1 + ρIIX2]− f̂ (ρI)− f̂ (ρII)

= max
ρ1,ρ2

Tr[ρ1X1 + ρ2X2]− f̂ (ρ1)− f̂ (ρ2)

= f ∗(X) + f ∗(Y ),

which is sA off ∗. ¤

15



Getting Rid of the Kronecker Sum

The appearance of the Kronecker sum in Lemma 1 suggests that the consideration
of the functionf ∗ ◦ log is a more natural setting for studying additivity.

By settingg = f ∗ ◦ log andXi = log Ai

sA of f ∗ turns into

g(A1 ⊗ A2) ≤? g(A1) + g(A2)

and the conjugate and convex closure turn into

g(A) = max
ρ∈S(H)

Tr[ρ log(A)]− f (ρ)

f̂ (ρ) = max
A∈B+(H)

Tr[ρ log(A)]− g(A)

16



Main Result

Theorem 1For any functionf defined onS(H), and withg defined onB+(H) by

g(A) = max
ρ∈S(H)

Tr[ρ log(A)]− f (ρ)

strong superadditivity of the convex closuref̂ ,

f̂ (ρ) ≥? f̂ (ρI) + f̂ (ρII),

is equivalent to subadditivity ofg,

g(A1 ⊗ A2) ≤? g(A1) + g(A2).
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Applied to the EoF

SinceE is concave, the optimalρ in the definition ofE∗ must be an extreme point
of the feasible set, i.e. a pure state

Corollary 1 Withg defined onB+(H) by

g(A) = max
ψ∈H

Tr[Ψ log(A)]− E(Ψ)

strong superadditivity of the EoF,

EF (ρ) ≥? EF (ρI) + EF (ρII),

is equivalent to subadditivity ofg,

g(A1 ⊗ A2) ≤? g(A1) + g(A2).
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Relation to quantum channels

Let ||.||q be the Schattenq-norm

||X||q = Tr[|X|q]1/q

Define MOP =Maximal Output Purity (Amosov, Holevo and Werner) of a quan-
tum channelΛ:

νq(Λ) = max
φ
||Λ(Φ)||q

Theorem 2If νq(Λ) is multiplicative forq ↓ 1 and for all non-trace-preserving
channels, then the entanglement of formation is strongly superadditive.
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Multiplicativity of the MOP

•Multiplicativity of νq conjectured by AHW for trace preserving channels.

• Proven by King for

– entanglement breaking channels

– unital qubit maps

– depolarising channels

• Refuted for values ofq > 4.79 (Holevo and Werner)

• Nevertheless, hopefully it still holds forq ↓ 1

20



Conclusion

• Thanks to a simple convex analytical trick, we have:

– A dual, easier, formulation for the EoF

– EoF is strongly superadditiveif and only if E∗ ◦ log is subadditive

– EoF is strongly superadditiveif νq is multiplicative forq ↓ 1

• This might convince you that convex analysis is a useful tool in QIT

• Read the preprint:

http://arXiv.org : quant-ph/0303045
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