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I. REPRESENTATION THEORY OF THE SYMMETRIC Clearly, one has the relations

GROUP n
dOA =1\
In these notes | try to give an introduction to a number of i=1
(more or less) basic facts about symmetric functions and their no
relation to representations of the symmetric group. Most of Zz’X’ = |\ =n.
the material is taken from Chapter | of [7] and from [6]. Omis- i=1
sions are intentional. Mistakes obviously not, and comments \when dealing with numerical calculations it is necessary
would bemostwelcome! to impose an ordering on the set of partitions. We will ad-
here here to theeverse lexicographic orderingn which A
precedes:, denoted\ > y, if and only if the first non-zero

A. Partitions difference); — p; is positive.

A partition is a sequence Example 1 Under this convention the partitions of 5 are or-

dered
A= (A2, A ) (5). (41), (32), (31%), (221), (21°), (1°).
of non-negative integers in non-increasing order
M>A>. . >\ >, .. B. Young frames and Young tableaux

and containing finitely many non-zero terms. The non-zero pgrtitions can be graphically representedvioying frames
terms_/\i are called theparts of \. Thelengthof A, denoted  \ynich are Young tableaux with empty boxes. Theh part
[(A), is the number of parts of. Theweightof A, denoted ). corresponds to theth row of the frame, consisting of

|Al, is the sum of the parts: \; boxes. Conversely, the Young framesroboxes can be
uniquely labelled by a partitio. - n. We will therefore
Al = Z Ai- identify a Young frame with the partition labelling it.

A Young tableafYT) of N objects and of shapetF n is
A partition A with weight |\| = = is also called a partition & Young frame\ in which the boxes are labelled by numbers

of n, and this is denoted - n. We will also use the non- (1,...,N).
standard notation + n;r, combining\ F n andl(\) < r in A standard Young tablea(8YT) of shape\ - n is a Young
one statement. tableau ofN = n objects such that the labels appewreas-
For \ - n, we use the shorthand ing in every row from left to right, andncreasingin every
_ column downwards; hence every number occurs exactly once.
A= A/n. A Semistandard Young tableg8SYT) of shape\ - n is

a Young tableau such that the labels appear-decreasinin

Fori > 1, thei-th element o\ is denoted by;. This el- every row from left to right, andhcreasingin every column
ement is a part it < I(\), otherwise itis 0. It is frequently downwards

conven_lent to use a dlfferent notation that indicates the num- The number of SSYTs o objects and of shaps F n
ber of times each integér= 1,2,. .., |\| occurs as a part, the

: . o < N)is g NN
so-calledmultiplicity 1, of - (imposing the conditioi()\) < N) is given bys,(1*%); see

below for an explanation.

A= (1mome e ). The numberf* of SYTs of shape\ - n;r is ([6] p. 119)
As a shorthand we shall use a superscripted index: = n!M, r=1\), 1)
Vil Upt
A" =mi(A). whereA(zq,zo, ..., z,) denotes thelifference producbf a

non-increasing sequence

A(z1,29,. .., &) := H(xl —xj),
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and the numbers; = v;(\) are defined by o amounts simply to a relabelling of the objects in the cycle
. ‘ description. The relation “is conjugate to” is an equivalence
vi(A) ==X +1(A) — i, fori=1,2,...,1(}). relation, the induced equivalence classes are called the conju-

gacy classes dof,,, and they are, indeed, labelled by the cycle
type p of their elements.
With a minor abuse of notation, we shall identify the con-

Since the numbers; always form a strictly decreasing se-
guence, theA factor is larger or equal to 1, giving a lower

bound jugacy classes with their cycle type, and even write p for
N nl a permutationr with cycle typep.
Pz (2) The number of elements in a conjugacy classf S,,, de-
pee notedh,,, is given by
There exists an alternative formula f6t by Frame, Robin- b= plsl 5
son and Thrall ([6], p.211): p=mlz, " ®)
wherez, is the integer
P=nt/ I s @A) L, .
(i.7)EX z, = p'!1”? P12 ptinf” (6)

Here the boxes in the Young framieare designated by their FOr €xamplefi,) = (n —1)! andh(;n) = 1. Obviously, we
coordinates, row and columnyj, thehookat box (i, j) is the ~ Need to have
set of boxegi’, j) € A with 22;1 -1

(' =ing' >7) Vv (i >inj =), prn
andh;; is thehook-lengthof the hook at box, j), which is
the number of boxes in the hook. In other wordls; equals
the number of boxes to the right of the corner o) plus
the number of boxes below it, plus 1 (the corner box itself).,

D. Symmetric functions

The symmetric grougs,, acts on the ring of polynomials

From this formula follows the upper bound, obtained by ig-IN 7 independent variables;, z5, ..., x, by permuting the
noring in every hook(i, j) the boxes below the corner box varlab!es, apd a polynomial &/mmetridf it is invariant un-
(i, 5): der this action. In.the theory of symmetric f_unctlon.s, it is
often more convenient to work with symmetric functions in
\ n! infinitely many variables. Because of the infinity of the num-
o< ML (4 perof variables, these functions cannot be called polynomials.

Symmetric polynomials are obtained by setting all but a finite
number of variables to O.
C. Permutations There are a lot of special types of symmetric functions:
the elementary symmetric functions are most widely known,
The symmetric grougs,, of ordern is the group of alla! ~ but there also exist monomial symmetric functions, complete
permutations ofr objects. We will denote an explicit per- Symmetric functions, power sum products, and Schur sym-
mutation as[r(1) 7(2) ... (n)], using square brackets to Metric functions. We will briefly describe the types that will
distinguish them from partitions with the same elements. Th&€ most relevant for the purpose of these notes and refer to [7]
unit permutatior{12 . .. n] will be denoted bye. Every per-  for a more thorough description.

mutation c Sn decomposes uniquely as a product of dis- In all the cases described beIOW, the SymmetriC functions
joint cycles ([6], p.28 ff). are labelled by a partition of n, and are homogeneous in

_ _ their variables of order. That is forA F n, f\(tz) =
Example 2 The permutatioril 3426 5] consists of the cycles " f, (z). In the important case whefkevariables assume the
1—-1,5—6—5and3 -4 — 2 — 3,oforder 1, 2and value 1 and all others are 0, we denote the argumentfy
3.

The orders of the cycles, sorted in non-increasing order, de- 1.
termine thecycle typeof the permutation. Evidently, the cycle
type of a permutatiomr € S, is a partition ofn. We will de-
note the cycle type of a permutatianc .S,, by p = p(7) F n.

It turns out that the cycle type labels tbenjugacy classes

. f : ;
of S,,. Two permutationsr,«’ € S,, are conjugates if and (1, ... ) = Zx?l Ll
«

Monomial Symmetric Functions

The monomial symmetric polynomiais,, in k variables,
with u - n; k, are given by:

only if there is a third permutatiom € S,, such that

T =ocr'c" L. where the sum is over aflistinct permutationsa of p =
(1,...,px). Recall that, forj > I(p), p; = 0.
It is immediately clear that two permutations are conjugate§he conditionk < [(x) must hold because otherwise
if and only if they have the same cycle type; the action ofm,(z,...,zx) = 0.
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Example 3 Example 4 For k£ = 2 the non-zero Schur polynomials are
m(271,1)(9«"1, To,13) = xfﬂfzﬂizz + Jill‘gﬂﬁ?) + l”ﬂizl‘g- s(0)(@,y) 1
. _ say(zy) = z+y
The value ofm,, atx = 1** gives the number of terms in s (@y) = 22 +ay+ ¢
this sum and is equal to the multinomial coefficient @\nY) = 2 yTy
saz)(z,y) = zy

——
/,Ll,...,,l,tn7k—l(,l,t> .

Any symmetric polynomialP(z) can be written in terms
of them_# b_y expandingP in its monomials and replacing the
termsa{'z)’ ... by m;, j,,.)(x)if j1 > j2 > ...,and by O
otherwise. For the important case where all variables assume

the value 1 (i.e. giving the number of semistandard Young
tableaux ofk objects and of shapg), we get ([6], p.201),

P
Spa)(TY) = Z wlyP e,
j=q

withp > ¢ > 0.

2. Products of Power Sums for l()\) < k:
For an integer > 1, ther-th power sumin the variables; sx(1¥F) = AM +Ek—1 0 +k—2,..., ) ®)
is Ak —1,k—2,...,0) ’
by = inf. and, agains, (1**) = 0 for I(\) > k. Note that
’ Alk—1,...,0) =112, (k- 1)!
For a partitiorp - n; r, thepower sum products, are defined oo
by Example 5 For A = (n), one easily finds
+k-1
Pp = Pp1Pps -+ - Pp,.- S(m(le) = <n n > 9)
As a special case, Also, ifk — 2, then
k) = k7, 7
wherer = I(p) is nothing but the number of cycles jin An upper bound for, (1%*) is [12]
sx(1F) < (n+ k)MED/2, (10

3. Schur Functions

showing that this value depends only polynomiallyranAn
To define the Schur symmetric functions, or S-functions, itimproved bound, also by M. Christandl is
is best to start with the polynomial case, i.e. with a finite num-
berk of variableszy, . . ., 7. The complete set of S-functions sa(17F) < (n 4 1)kE=1/2, (12)
is obtained by letting: tend to infinity. The S-functions,, of ) .
k variables and of homogeneity orderre labelled by parti-  This can be further improved to
tions A - n; k, and are defined by

- s (M) (12
( ) det(z; j+k7])»i‘€’j:1
sx(xy, ..., 2K) = : L .
n g det(mf‘f)iﬁjzl This will be proven at the end of Section G.

The best lower bound ogy (1*¥) that only takess, (\)
(recall again that foj > I(\), A; = 0). Fori(\) > k, one andk into account is, somewhat surprisingly, fign) < &:
again has(z1,...,z;) = 0. If some variables assume equal sx(1**) > 1, with equality if all \; are equal and(\) =
values, a limit has to be taken, since both numerator and dehn the latter casef* can be arbitrarily high.
nominator vanish in that case.

The denominator in the definition of the S-function is a
Vandermonde determinant and is thus equéi (o, . . ., ;). 4. Hall Inner Product and Transition Matrices
The numerator is divisible (in the ring of polynomials) by each
of the differences;; — «;, and therefore also by the denom-  Each type of symmetric function mentioned above forms a
inator; hence the S-functions in a finite number of variabledasis of the space of symmetric functions. P. Hall introduced
really are polynomials. an inner product, ) on this space, defined in an abstract way
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by requiring that(hy, m,) = d,, wWhereh, are the com- S, are labelled by partitions of, there are as many rows as
pletely symmetric functions (we will not need their definition columns, hence the character table is a square matrix.

here). One can show .
Example 6 The character table af; is

(Pr,Pu) = 2x0xu

<5)\a3u> = 5/\;“ )‘\p (3) (271) (13)

h, 2 3 1

which shows that thg, form an orthogonal basis of the sym- 3) 1 1 1

metric functions, and the, an orthonormal one. (2,1) —1 0 5
Therefore, each different type of symmetric function can .

be expressed in terms of every other type (provided all have (1’ 1 11

the same degree of homogenetily via a particular change of
basis in the space of symmetric functions. A matrix express-
ing such a change of basis is callettansition matrixand its
rows and columns are labelled by the different partitions,of
customarily ordered in reverse lexicographic ordering.

The character of the identity permutatierequals the de-
gree of the representation in the given irrep. One can show that
this degree is equal to the number of standard Young tableaux
of shape\ ([6], p.170)

The transition matrix<,,, fromm,, to sy Me) = fA (14)
sy =Y Kaumy, (13)  The characters inirrep = (n) are all 1:
X0 =1,Ypk n. (15)

is upper triangular and its entries are non-negative integers.
These numbers are known as the Kostka numbers and hav Brp consisting of one cyclgy = (n), the characters are ([6],
combinatorial interpretation. The diagonal elements as wel 208)

as the elements on the first row are all equal to ahet- n '

Kx\ = Ky = 1. From this it foIIowg, for examplg, that R (=%, A= (n—k,1%), 0<k<n
5(n) () is the sum of all degree-monomials in the variables X(n) = . (16)
« (a fact which can, of course, also be derived directly from 0, otherwise.

the definition of the Schur functions). In particular, then, we _ . .
find that the number of all degreemonomials ink variables The calculation of the other characters is rather involved. For

is s )(lxk) (n-i-k 1) numerical calculations one resorts to combinatorial rules such
n

The transition matrix fromp,, to m,, is lower triangular and @S the Murnaghan-Nakayama rule [6]. .
consists also of non-negative integers, again with a combina- A Very useful property of the simple characters is the or-
torial interpretation [11]. The transition matrix from top,  thogonality of the matriXz, '/2X2)xp- Thus one obtains two
is the character table &, and will be discussed in the next Orthogonality relations:

section. 1 Y N o —1. 2\ -5 17
Do (M) =z 0x =ow (17)
TES, P

E. Characters of the symmetric group
and

The characters of a group are the traces of the representa- Z D = 2 (18)
tions of the group elements. As general representations de- PP 0 0o
compose into direct sums of irreducible representations (ir-
reps), the characters themselves also decompose into sumsAx a simple application of the latter orthogonality relation one
simple characters. These simple characters form a cornerstoobtains
of representation theory and in fact determine the group com-

pletely. The simple characters can be arranged in a square z:(JM)2 = Zxk(e)XA(e)
table called theharacter table AFn AFn
In the case of the symmetric group, the irreps are labelled = Zp(e) = 2(1n) = n!

by Young frames\. The character of a permutatianc S,, in
irrep \ is denotedy* (). Since characters are class functions, The numberg /) /n! therefore form a distribution over the
one only needs to find the characters of any representative dfoung frames (called thelancherel measure of the symmetric

a conjugacy class, so that one can use the sym;b,o}vith group).
We now briefly consider the irreducible polynomial repre-
Xﬁ = \*N(x), V7 € p. sentations of the full linear group G, C). These represen-

tations get their name from the fact that their matrix elements
The character table is the matrix with elemejaﬁs where\ are polynomials in the elements of the represented matrix.
is the row index angb the column index (assuming reverse Other kinds of representations exist, but they are not relevant
lexicographic ordering for both). As the conjugacy classes ofn this context. Just like the irreps of the symmetric group, the



polynomial irreps of Gl(d, C) are labelled by Young frames. In that basis, called th8chur basiswe get
The conjugacy classes of Gd, C) consist of all matrices

A € GL(d, C) having the same eigenvalugs, . .., ay) and HE" = PRA® S (19)
thus can be labelled by these eigenvalues. The simple char- Abn

acters (known, in this context, akaracteristic} are denoted P, = @ 1.5 ® Sa(m) (20)
dr(A) = ¢a(a1,...,aq). According to a famous result by \en

Schur, these characters are the Schur functions (polynomials) on

of the eigenvalues ([6], p. 199): AT = AG? RA(A) @ Ly (21)

dalar, ... aq) = sx(ai,...,aq). We also have
Pr A®" = A®™ P = P RA(A) @ Sx(m).
AFn

F. Representations ofS,, and GL(d, C) on the tensor product
space(C*)®". The decomposition (19) is called thgedderburn decompo-
sition of H®". Here, we have denoted the dimension of the

In this subsection we consider the space of rartensors ~ subspac& by r(\), and the dimension af by s(A). The

belonging to = C? and take it as the representation spacematrix Ry(A) is an irrep ofA € GL(d,C) of degreer(\),

for representations of both the symmetric grosip and of ~ operating oriR . The matrixSy () an irrep ofr € S, of

the full linear group Gld,C). Consider thereto an-fold ~ degrees(\), operating onSy. We can and we will take both

tensor product of vectors fro: ¢; @ --- ® v,,. We can let  irreps unitary.

the symmetric grous,, act on this tensor by permuting the  Taking traces yields the corresponding simple characters

factors:
Tr Ry(A) = sx(a,-..,aq) (22)
771¢1®"‘®1/1n—>¢w*1(1)®"‘®1/17r*1(n)- T‘I'S/\(’]T> = X)\(W):Xi)\(ﬂ')7 (23)
This is a representation of,, in which a permutationr whereaq, ..., aq are the eigenvalues df. For the dimensions

is represented by aimdex permutation matrix’;: for any one finds ([6], p. 119 and 201)
P e HO™: r(\) = TrRy(1y) = sx(179) (24)

W g = P s(A) = TrSa(e) = x*(e) = [, (25)

A ; = Py iy i.e.r(\) is the number of semistandard Young tableauof
DI E ) " d objects, ands(\) is the number of standard Young tableaux

SinceP, P, = Py, thisis indeed a representation%f. To A _ _ _ o
completely specify the matri¥,. one has to mention the un- The presence of the identity matrices indicates that the irre-
derlying Hilbert space. Thus, if it is not clear from the contextducible representations occur a number of times in the decom-
which space is meant, we will exp||c|t|y WritB, (H) positions. This number is called thltlpllClty. So, while

The space of rank-tensors can also serve as representatiori(A) is the degree of irref (A), it is also the multiplicity of
space for Gl(d, C). Let A be an element of Gld,C), i.e. a  irrep Sx(m) in Pr. Likewise,s()) is the degree of/, () and
non-singular transformation oi: ¢ — 1 = Ay. This  also the multiplicity ofR,(A) in A®™.

transformation induces in the tensor space the transformation In accordance with these decompositions, the tensor space
H®" splits up into invariant subspaces. The subsp&e®

P o A% (1) (n) ¢ O S, are invariant under alt®” and allP,. They are further re-
ducible into direct sums af(\) subspaces of dimensie()),
BecauseA®"B®" = (AB)®", thesen-fold tensor powers invariant under the transformatiod$®” but no longer invari-
A®™ are representations of Gi, C). Specifically, they are ant under index permutatior3,. These irreducible invariant
polynomialrepresentations, because the matrix elements afubspaces are called thgmmetry classesf the tensor space.
A®" are polynomials in the matrix elements 4f They are labelled by standard Young tableaux of shape
The two representations just mentioned turn out to be each The orthogonality relations (17) and (18) follow from the

others commutant. Any operator " that commutes with  so-calledGreat Orthogonality TheorefGOT) about the ma-
all A%, for all elementsd of GL(d, C), is a linear combina- trix elements of the irreps of a group. For a grasipf order
tion of index permutation matriceB, (#). Conversely, any g, with unitaryirreps D* and D? of dimensiond,, andd3, we
operator commuting with all index permutation matrides have
forall r € S, is a linear combination of tensor powet&™ _ o NTHE L _
(6], p. 148 and 150). This duality is called theyl-Schur g Y Dy (@) Dj () = di Sas6iiSpg-
duality. Consequently, the reductions of these two representa- TEG
tions into irreducible components are strongly related to ond-or the irreps of the symmetric grouf, this yields
another. In both cases, the components are labelled by Young
frames\ - n. The same basis that produces the decomposi- (7)™ D> Sx(m)ipSu(m)jq = () '0ru0ij0pq.  (26)
tion of the P, also produces the decomposition of the™. TESn



Example 7 The best-known examples of symmetry classes are G. Projectors P on the Invariant Subspaces
undoubtedly theotally symmetric classcorresponding to
A = (n), and thetotally antisymmetric clasorresponding We now consider the invariant subspades ® Sy, cor-

to A = (1™), which are used in the description of bosonic a”dresponding to the Young frames. Their dimension is
fgrmionic quantum systems, r_e_spectively. The totally symmej- ., (1%4). We will denote the projectors on these subspaces
ric classdapl)pears with multiplicity ") = 1 and has dimen- y pX_ They are the sum of the Young projectors correspond-
sion (", 7). The totally antisymmetric class also appearsing to the standard Young tableaix We will consider the
with multiplicity 1. Its dimension iﬁi), if d > n, or 0 other-  Young projectors themselves in the next subsection. The pro-
wise. In fact, as can be seen from (24), the dimension of anjectors P* form an orthogonal set and add up to the identity
symmetry clasa is 0 if [(\) > d. The irreps corresponding on the full tensor space:

to these classes are given by

PPN = by, P 29
Rio(4) = AV @) o o
Ry (4) = A, (28) 2P = (30)
borrowing notation of ([3], Section 1.5). The elements of these Tr PA = frsy(1%9). (31)
irreps are permanents and determinants of submatrices, of
resp. Consider the conjugacy classpsof S,, with cycle type

p F n. We define the “class average” of all index permuta-

Example 8 The simplest possible example is the case- tion matrices with cycle typp as

d = 2, for which the totally symmetric and totally antisym-

metric class are the only symmetry classes occurring. The Pyl ZP (32)
unitary rotation that exhibits the decomposition in this case is P T
the matrix e
1 0 0 0 Note the distinction between the notatiaRs, where the su-
0 1/vV2 1/vV2 0 perscript) labels anirrep, ané,, where the subscriptlabels
S = 0 0 o 1| a conjugacy class. Alternatively, we can write
0 —1/v/2 1/v/2 0 P, =(n)! Z P (33)
For any2 x 2 matrix 7' E€Sn
a b The projectorsP* can be expressed in terms of the index
A= cdl’ permutationsP,;, according to a general relation ([8], eqgn.
(12.10)), as:
a®> ab ab b? P* = (n)71f* Z X (7) Py, (34)
q®2 _ | ac ad bc bd TES,
as be ad b;l and in terms ofP, as:
¢t cd cd d
and PN = A z;lx;}Pp. (35)
a? V2ab b2 0 prn
G492t V2ac ad+bc 2bd 0 Let A be a matrix with eigenvalue@i,, ...,aq). Taking
o c? V2ed  d? 0 ’ the trace of one\-term in (21) immediately yields (compare
0 0 0 ad—be with Theorem 1 in [1])
This exhibits the decomposition Te[PA A" = fAsy(ay,. .., aq). (36)
SA®2ST = Ri3)(A) @ Rz (A), Form € p + n, itis easy to see that

with the correct dimensions (3 and 1, resp.) and multiplicities
(both 1). It is also a simple exercise to check the decomposi-
tion of the index permutations into two irreps of degree 1 an
multiplicities 3 and 1, resp.:

Tr[P, A®"] = Ty[P,A®"] = p,(ai,. .., aq). 37)

dCombining this with (35) gives the famous Frobenius formula,
relating the characteristics of the full linear group to the char-

SpP.St= Szy(m) 13 & S(12y(m)1y, acters of the symmetric group ([6], p. 204):

with S(5)(7) identically one andS(;2)(7) equal to the signa- sx(at, ..., aq) = Z 2 0py(ar, .- aq).  (38)

ture of .
pkEn
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As this holds for any4, and thus for any set of values of  subspaces, resp., %%, 1 < k < n. We will use a custom-
whatever dimension, it yields the transition matrix from the ary shorthand here:
p, Symmetric functions to the S-functions ([7], Chapter I, eq.

(7.10)): Sk .= kipk) = Z P,
TESE
SX= D% X (39) AF = RPOD = 37 (1w p
pkEn €S
The relations (35) and (39) can be inverted. Using the orgyrthermore, we use the notati®n, i, ..., andA;, i, i
thogonality relations of the characters, we find for the operators acting & andA* on iridicesil, Z»Q’,_ %k
N of H®™ and as identity on the other indices.
b, = ZX,,P /f (40) The Young projectorP*¢ corresponding to the standard
AFn Young tableau ), a) is the product of three factors. The first
Py = ZX/A)SA' (41) factor is the produc.t of ong* per row of A, wherg (_aacrsk '
\en operates on the indices contained in the boxes in its row; this

] ) ) ) corresponds to symmetrising each row. The second factor is
The latter relation can also be derived directly by taking thepe product of oné\* per column of\, where eachh\* oper-
trace of both sides of (21) and using (23) and (37) Withates on the indices contained in the boxes in its column; each
A = 1,. The former relation says thdt, has a much sim-  ¢4jymn is anti-symmetrised. Note that the differsfitin the
pler structure than the index permutatiafisit is composed iyt factor commute, and so do thé in the second factor.

of, namelyP, acts as a multiple of identity on each of the in- The third factor is the normalisation factg? /n!. Using a
variant subspaceR, ® S,. This also follows from Schur’s self-explanatory notation, we get

lemma, sinceP, commutes with every’,..

Since S, is a finite discrete group, its representations are NP i i .
normal, that is, unitary apart from equivalence ([6], p.84). In L nl H A H S (43)
particular, as can be seen from (20), the irfgi~) is equiv- keColira)  1eROW(Aa)

alent to a real ort.hogonal matrix. Its eigenvalues are th“%xample 9 The Young projector corresponding to the SYT
roots of unity, so its trace must be smaller in modulus than

its dimensionf* = x*(e). As this trace is just the character 1]2]5]
Tr Sy (m) = Xﬁ, and, forS,,, all characters are real, we find 314
X, <xMe) =1 VA pk (42) s
This allows us to prove the still outstanding bound (12). By P( 1]2]5] ) — F&2 (A1 A2.4)(S1.2555.4)-
the above inequality, by (15), (39), (9), and the positivity of 4 5! e o

z, andp, (1%4),
p andp, (1) The Young projectors fat®? are

sx(17) = > 2, xgpe(17) P([1]2]3]) = P®
pkEn ( .. 9
o 1[2
< Dz XS (1) P( El ) = §(P[17273] + P13 — Pa2a) — P231))
pkn N .
_ xdy g\ 113 2
= S(n)(l )f P( 7 ‘ ) = Q(P[Lz,g] + P[3,2,1] - P[3,1,2] - P[2.,1,3])
[ n+d-1 A O
- ( n > f ' E 13
P([2]) = PO
3]

H. Young Projectors .
g ol One readily checks that

The Young projectors of(®” are the projectors on the var- 12 ‘ 1
ious irreducible invariant subspacRs, , of H®™ making up P( 3] )+ P( B
the composite invariant subspac@d, Ry, = Ry ® Sa. — —
Every invariant subspace corresponds to a standard Young The Young projectors can be written in terms of the rep-
tableau of shape + n, of which there aref*. The index resentations of,,, as follows. Define the following set of
a labels these SYTs. A convenient labelling scheme uses theperators
Yamanouchi symbols, which are explained in the next section. N

The Young projectors are built up from the project®s) PN — I Z (Sx(7))i; Pr (44)
and P(**) on the totally symmetric and totally antisymmetric nt = T

3]

) = P2,




where indexes and; run through thef* SYTs (Yamanouchi
symbols) for frame\. The quantitiegS) (w));; are the matrix
elements of permutation in irrep A, which are calculated in
the next Section.

8

objectsj andj + 1 are swapped and the other objects remain
in the same position. It is therefore enough to just give the
irrep matrices of these transpositions.

We now consider the so-calledung’s orthogonal form

In the Schur basis, these operators assume the simple forfor representing the irreps of,. In this form, the irreps are

PMI =1, e, (45)

which can easily be proven fro??) and the Great Orthogo-
nality Theorem. Hence,

Tr A®nP/\’ij = 5ij Tr R)\(A) = 5@'8,\((1).

The Young projectors?*¢ are nothing but the operators
PN with a = 4. As is clear from their Schur form, the ¥
are mutually orthogonal projectors:

P)\,Z'iP/L,jj — &ja)\up)\,ii.
The projectorsP? are given by the sums

A
P = ZPA,M, _ % Z X)\(7T>P7r-

TESH

I.  Matrix Elements of the Irreps of S,,.

The standard Young tableaux of a given shagan be con-
veniently labelled. Since the labels..., N occur exactly

once, and within a row they have to appear in increasing ofr:

der, every SYT of shapkis uniquely identified by specifying
in which row each label occurs. This gives the so-caNed
manouchi symbaM = (M;, M, ..., M,), whereM; is the
row containingi. SYTs of given shapg& can thus be ordered

orthogonal and they are most easily expressed in a basis in
which thei-th basis vector of irrep. corresponds to théth

SYT of shape\. We will, of course, label each SYT using its
Yamanouchi symbol. By adopting this basis, this partly fixes
the basis of the representations4#™ and P,. Let the basis
vectors thus be labelled lay,.

The transpositiorf; acts on the label$,2,..., N by in-
terchanging labej with 5 + 1. Likewise, it acts on a Ya-
manouchi symbolM = (M, Ms, ..., My) by interchang-
ing element)M; with M;,,, giving a new symbolM’
(My,...,M;11,Mj,..., My) which we denote byl’;(M).
The Young tableau referred to By’ need no longer be a stan-
dard one.

Denote byu; s the inverse of the axial distance from- 1
tojin SYT M:

ajv = 1/pm(J +1,7).

Then the matrix elements @f; in irrep A can be found from:

S)\(Tj)€]\{ =ajnmem + meTj(M)'

The second term is automatically OIiff (M) is not a SYT.

Example 11 Consider irrep(31) of S4. The SYTs are

[2fs] (1]
4] 3]

2[4] 1]
2]

3[4

by imposing the lexicographic ordering on the Yamanouchi

symbols.
The axial distancein a frame A from one box to an-
other is defined in terms of the box coordinatgsj) as

px((i1, 1), (iz, j2)) = (iz —i1) + (j1 — jo2). l.e. the axial

with Yamanouchi symbo($112), (1121), and(1211). Trans-
positionT; = (1,2) acts identically on the first two and re-
places the third one with the non-standard syniall 1). The
basis vectors are(;112), €(1121), ande(1211). The matrix ele-

distance increases upon going down one box or one box to tH8ents off1 can be found from

left. Likewise, the axial distance from labetdo y in a SYT
with Yamanouchi symbolM is pas((ix, jz), (iy, Jy)), Where

the coordinates are those of the boxes in which the labels oc-

cur (as given by\).

Example 10 The Yamanouchi symbol of the SYT

112
314

5]

is M = (11221).

The f* = 5 SYTs of shape. = (3,2) are ordered
(11122), (11212), (11221), (12112), (12121); (12211) does
not refer to an SYT because its second column decreases.

The axial distance from 5 to 3 in the above SMIT =
(11221) is par (5,3) = —par(3,5) = 3.

Every permutation can be decomposed as a product of

transpositionsT; := (j,j + 1), i.e. permutations in which

Sin(Tr)eqiie)
Sy (Tr)eizn
5(31) (T1)€(1211)

Leq112) + 0.e(1112)

Leci121) + 0.e(1121)

—1.6(1211) .

The three matrices of the generating transpositions are

10 0
San(T) = [ 01 0
00 -1
1 0 0
San(T2) = | 0 —1/2 V/3/2
0 v3/2 1/2
—-1/3 V/8/3 0
Siy(T3) = | V8/3 1/3 0
0 0 1



The matrix of any other permutatiom can be obtained Hence,
by decomposing it as a product of generator transpositions \
and multiplying the matrices of the generators accordingly. (PXA®"); ; f Z M) (P A®™)

Such a decomposition follows easily from its decomposition n! nes
in disjoint cyclic permutations. Denote a cyclic permutation \ ' "
i1 — iy — -+ — i — 41 by (41,49, ..., 4x). The decompo- — L Z XA(W) H(A[I’ I]) =1 (k)
sition of 7 into generator transpositions can be obtained using nl 1 ’
the following two rules: A
(i1yiz, ... in) = (i1,42)(iz,13) ... (51, ix) = r T (ALL ).
(i,5) = (s =G = 1,0, ..,5 — 1)
where the last equation applies fox ;. L. Branching Rule GL(d) — GL(d —1).

Consider the conjugacy clagsand its Young frame. The
representative permutatiar), in p can be labelled by a Young [TODO]
diagram in which the numbers 1 1§ are written in reading
order. The decomposition ifi; is obtained by dropping the

last box in every row and taking the prodd¢t 7, . . ., where M. Reductions of Tensor Products of Representations.
i; is thej-th label in the remaining diagram. In other words,
m, is obtained by erasing),, , Ty, 4, - - -, Tpy +po+..+p, frOM [TODO] Littlewood Richardson Coefficients Clebsch Gor-
the productl} Ty ... Ty . dan
J. Matrix Elements of the Irreps of GL (d, C). N. Symmetric Functions and Representations of Tensor
Products

[TODOQ] Equivalently (as it is the same): Matrix Elements
of the Irreps of Ud). A property of index permutation matrices that is both sim-
Gel'fand-Zetlin basis: basis vectors labelled by SSYT'sple and powerful is that index permutation matrices over ten-
(rather than SYT’s). This can be conveniently done usingsor products of Hilbert spaces are tensor products themselves.

Gel'fand-Zetlin patterns. With a minor abuse of notation we identif${; ® Hs)®™ with
HY™ @ HS™ and write
K. Immanants Pr(H1 ® Ha) = Pr(H1) ® Pr(Ha). (46)

. Here, P, (H1) acts onH{™ and P, (Hs) on'HS™.
The next paragraphs are loosely based on Section 10.1 in This corresponds to considering symmetric functions of

[18]. .
. . . . nsor pr f variables. #f = ...)an =
From the discussion of the totally symmetric and ant|sym-te S; P c;dfhcetz (t)h ei?tsg s%sr pfo du C(t"T lévﬁ?{:h ig 2ugt%m arily
. . : . 1,92, .- )
metric class, one gets the impression that the matrix eIemenggenotemy rather than:  y, consists of all possible products

of RA(A) for gene_raIA_ must be rel_ated tammanantsof A4, x;y;. For power product sums one immediately sees
which are generalisations of matrix determinant and perma-

nent [17]. ForX € M, (C): po(xy) = pp()p, ().
Imm,y (X) := Z XA(W)XLw(UXQJT(Q) o Xy (n)- Using (39) and (41), this yields for Schur functions ([7], p.63)
TESy
sa(@y) = Y gawsu(@)su(y), (47)

Consider the following generalisation of a submatrix. For

I, J vectors of sizen the elements of which are integers in povin
the rangel, ..., d, andA € Mq(C), let A[I, J| be then x n whereg,,,, are the so-calleBronecker coefficients
matrix with elements
, = (n)7t M) (m)x” (r 48
(A[L,J))ij = Ar,.g,- LRV (n!) W;:nx (m)x* (m)x" (m) (48)
If all elements off (J) are distinct, this is a submatrix; if not, _ Z Zp_le,x’,fxﬂ (49)

All, J] contains some elements dfa number of times.
We now show that the elements Bf* A®™ are proportional
to certain immanants. Considering the above index vedtors From this definition it follows thay,,, is symmetric in its

pkEn

and.J as multi-indices ovet{®", we have indices. In the setting of representation theory one proves that
on these coefficients are non-negative integers. Remarkably, a
(A" 1s = Ann A, - A, fully combinatorial description of the Kronecker coefficients

= (AL, J))11(A[I, )22 .- (AL, J))n.n- still has not been discovered.
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One of the rare cases in which a closed formula can be given Summing over all - n yields

for the Kronecker coefficients, i =
(15) and (17),

(n). One finds, using
In)uv = 5/wa
and

- Y o)

AFn

A consequence of (47) is that fot operating or; and
for B operating orfH,

Tr[?i (A® B)®"

Z Irpv TI‘

w,vkn

prr

A®"] iy

B®", (51)

where P acts on(H; ® H,)®", P* on HP™, and P¥ on
HS™. In terms of the irreps of G{d, C) we have

@ g)x,uu

w,vkn

AA® B) = A)® R,(B), (52)

whereg,,,,, counts the number of copies &,(A) ® R, (B)

in the direct sum. This statement gives itentent expan-

sion of irrep A of GL(d1ds,C), restricted to the subgroup
GL(dy,C) ® GL(d2, C). Taking the trace of (52) yields (51).

Example 12 Consider two diagonal matricesA, B €
GL(2,C): A = diag(a,b) and B = diag(c,d). Any poly-
nomial irrep of a diagonal matrix is again diagonal. For
n = 3, R)(A) = diag(a®,ab,ab?,b%) and R21y(A) =
diag(a®b,ab?), and the diagonal elements &f;)(A @ B)
are the degree-3 monomials i, ad, bc, bd. The statement
R3)(A®B) = R3)(A) @ R3)(B) © Ra1)(A) © Rary (B)

is then easily checked.

We can find a nice formula for the partial trace
Trp [PA <1A ® P”(B))]

_ LS

TES,

= )0 XM Pe(A)
TES,
Y

— (1><dB f)\ n[
TESR

= 5, (1) A 2 Xy P,

pkEn

— 1><dB f)\zz

pkEn
= SV(1XdB)f)\

A) Tr[P"(B) Pr(B)]

(1742)

X" (m)sy

Pr(A)

1. A v

xpxp X P

g)\,u,z/ m
2
Taking the trace witIP“(A) then gives

TP P(A) ® PY(B)] = £ gaps, (1°%4)5, (1%77).
(54)

(53)

Te[1. P*(A) © P¥(B)]
= Z ngAHVSM(1XdA)S

AFn

u(]-XdB)~

As the left-hand side equalg” f”
gives

s, (1%44)s,(1%48), this

D P o = 1

AFn

(59)

O. Integration over the Unitary Group

Collins and Sniady [13] considered integrals of polynomial
functions on the unitary groufi(d). In the context of quan-
tum information theory, their Proposition 2.3 can be formu-
lated as giving an explicit expression for the Choi matrix of a
d-dimensionah-particle twirl Z ,.

Proposition 1 (Collins-Sniady) Let H;, and Hoy be two
copies of the Hilbert spack = (C%)®". Let|I) be the (non-
normalised) state vector oRj, ® Hoyt given byZz 1 lid).
Let P(™) = P(™)(C? @ C?) be the projector on the totally
symmetric subspace #fi, ® Hout-

Then the integral, ,, over the unitary group w.r.t. the nor-
malised Haar measure,

Tam ;:/ du(U) Lo U™ |I){I|.1e Uh®n,
U(d)

is equal to
Tam = P™ 1 ® (Tryy P! (56)
An explicit form of (Tr;, P(")~1 is given by

o Z f)\ P)\
- S}\(lxd) :

AFn;d

(Trj, P(M)~1

Indeed, from (53) follows

ZS)\ 1xd P)\((C(i)/f/\

AFn

Trin, P

The inverse of this matrix is then readily seen to be the one
given above.

Corollary 1 Let A be a matrix over(C%)®™. Then the inte-
gral I(A) over the unitary groud/(d) w.r.t. the Haar mea-
sure,

I(A) := / du(U) U AUT®",
U(d)

is equal to

= i‘ > Tr[AP] P,

: TESy

s
1ZWP. (57)

AFn;d
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It is a straightforward exercise to simplify (57) in the par-  Proof of Proposition 2Recall (13):
ticular case thatl is a tensor power = a®™:
S\ = Z Kmmu.

Ha) = 30 P :
T SA
Arid N First note that for the: € R obeying the conditions of the
-y Te[P*a®"] 5 Proposition,
Tr[PA]
Abn;d

my(x) < my, (1F) altab® ol

Here, the factorn,, (1**) counts the number of terms present
in m,. Second, since the Kostka matrix is upper-triangular

. ) ] . we only need to look at. < A (in the reverse lexicographic
Let p be a density matrix. Since the projectaPs add ordering). For such,

up to the identity, the sequence of nuUMbEFs[ P p*™]) \r-p,

II. APPLICATION: THE KEYL-WERNER THEOREM

forms a distribution over the set of partitions of From ot < ! .T?k
the Frobenius-Schur results we know tHBt[P*p®"] = ’
frsa(r1,...,7q), wherer = (r1,...,74) are the eigenvalues Inserting this in (13) and noting thaf,,, > 0 directly yields

of p; this has been rediscovered by Alicki et al in [1]. The sec-the upper bound.
ond result in [1] was that for largethis distribution tends to a The lower bound follows from restricting the sum in (13)
multinomial distribution with mean valug = nr! (wherer!  to the term withA =  (this can be done by positivity of
equalsr, rearranged in non-ascending order). Consequenthall terms). That issy > Kyymy = my. Furthermore, for
for very largen, the distribution tends to the point distribution z € R*+:*,
atnrl. This second result was then rediscovered in turn by
Keyl and Werner [10], who gave an estimate for the pointwise my(z) > x? x?h
rate of convergence. Lét be the closed set
which follows by retaining only one term im (z), hamely
Si={reRM™: qy > 29> ... > 24 >0, le =1}. the largest one. This proves the lower bound. ]

We also recall the approximation of the multinomial coeffi-
Theorem 1 (Keyl-Werner) For a continuous functiop onX cients that follows from Stirling’s formula:
and a statep with eigenvalues = (r1,...,7rq),
n!

-1/2 T
— =k exp(nS(A)),
o) = m Y gMTP L (6 ME RS
AT where S is the entropy functionS(z) = -3, z;logx;,
with uniform convergence over the whole Set andk, is a polynomial correction factor given by (apart from

higher-order corrections)
Hayashi and Matsumoto [15] gave a shorter proof of their

results, based on the upper bound
Ky ~ H Xi | (2mn)"
Te[P p®"] < 5x(1*7) exp(—nS(N[|r)),  (59)
where S(r||s) = Y,ri(logr; — logs;) is the classical For large enough values af ) > 1, and can therefore be

(Kullback-Leibler) relative entropy between distributions ~€ft outin upper bounds. Likewise, we find the approximation
ands. !
'(I'o) prove this bound, we need the following bounds on ﬁr?l Lyt = m;1/2 exp(—nS(A||r)).
sx(2). ooy

The bound (59) now follows directly from (4), (60), (36)
and the approximation just mentioned. Using (2) and the
lower bound o () in (60), we also immediately get a lower

xi‘l . xﬁ’” <sa(my, ... xk) < s,\(lw)xi‘l xé’” (60) bound

Proposition 2 Let the variablesxz; be non-negative and
sorted in non-ascending order, then for- n

IR ZE I 7! _
The essence of this pair of bounds is that for any non-negative Tr[P* p®"] >« '/* ﬁ exp(—nS(Al[r!)). (61)

vectorz, sy(x) ~ Hi(mﬁ)*i. Typical proofs proceed using

representation-theoretical arguments BriP* X©"]. Here The factors in front of the exponential in both bounds, (59)
we show that these bounds can be derived from combinat@and (61), are of polynomial order in. Hence, from com-
rial arguments only. Specifically, we use the properties of thédining these two bounds a variation on Keyl-Werner follows
Kostka numberssy,. immediately.
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Theorem 2 Let p be a density matrix with spectrum. For  corresponds to deleting box 1. Conjugation withcorre-
a sequence of partitions,,) - n such that\,,) tends to the  sponds to permuting the box labels, hence (63) follows.

distributions!, one gets As it stands now, however, (63) is not correct. First of all,
if a box is deleted from a row of a Young frame, then some
nli_{EO [P p2n L™ = exp(—S(st]|r!)). (62)  rows might have to be swapped, to ensure that the row lengths

are still in non-increasing order. We will not denote this re-
ordering explicitly, but assume it implicit in the notatipn s.
Proof of Theorem 1Equip X with the trace norm distance Secondly, and more importantly, consider what happens when
D(z,y) = ¥, |z; — y;|. For every\ i n;d such that\ is  box is the only box in its row, so that deleting it generates
outside are-ball aroundr! it is clear thatexp(—nS(\||r!)) an empty row. Tracing out a cycle of length one in an index
goes to 0 exponentially with. The factorsy (1*?) is poly- permutationP;. incurs an additional factor af. For example,
nomial inn. Eq. (59) thus gives thafr[P* p®"] also tends  if 7 = (1), thenP; = 1 andTr1 = d. We can amend this
to 0 exponentially for\ outside the=-ball. The total number shortcoming by adding an extra facid\9’ to (63), where
of partitions A = n;d is polynomial inn, hence the sum of we denote the number of rows jn\ i that have been set to 0
Tr[P* p®"] over ) outside the-ball also tends to 0 exponen- by (p \ )°. Thus:
tially. As the projectorsP* sum up to the identity, the total

sum of Tr[P* p®] overall X is 1. Hence, for any > 0 (p\ 1) =1(p) = U(p\ ).
the sum over al\ insidethee-ball tends to 1. Multiplying in ) ,
the factorg()) and assuming continuity of yields the state- e can rephrase (63) ina more convenient way. The Young

ment of the Theorem. Uniformity of convergence follows frames that are obtained from \ i are (p1 — 1, py, . ..),
since the convergence rate @fp(—nS(X||r!)) does essen- (P1,p2 — 1,...), etc. As there arg; out of n possibilities
tially depend onD(X, ) only, i.e. on the chosen value of to pick a box from the first rowp, out of n to pick one from
irrespective of the spectrum g  the second row, etc, we have
1(p)
The Keyl-Werner Theorem applies in particular to matrix _ ) (orrpj—1,..)°

norms of gositive semidefinite nr:gtrices, gnd by restricting to TrilP] = Z(pj/n)d ' Plesps=t-
diagonal matrices also to vector norms of non-negative real
vectors. In fact, A. Barvinok independently showed that anyThis can be rewritten even more explicitly in terms of the ex-
vector norm for arbitrary real vectors can be approximated byonents)*. To simplify the typography we will here write the

j=1

a polynomial [5]. cycle type as an argument Bfrather than as a subscript:
n 1 k—1 k
l. PARTIAL TRACES Ty [Py] = > p*(k/n)PP .. (k—1)7 1R
k=2
A. Partial trace of P, +p (1/n)d P(1P 12" ). (64)

. . . . This formula can be used recursively to obtain expressions
Just like the index permutation matricEs, the class aver fortracesTr, P, over any numbey of copies oft. However,

agesP, operate on the tensor spa@€™ = (C4)®". Here . . . . ) )
we describe what happens when one or more ofithensor !t is muc_h more convenient to derive an expression directly,
n a similar way as has been done above for the single copy

factors is traced out. The calculations involved are feasibl ace. The central oberation in calculatifia, P. is deletin
because a partial trace of an index permutation matrix is agai ) P . @ T ing
boxes from the Young frame This amounts to deletingj

an index permutation matrix (times a certain poweu/pf oxes from the first rowj, from the second row, etc, where
The basic idea is that tracing out a single tensor factor i ) ot FoW2 ! '
he numberg := (j1, jo, ...) are such thad < j, < p; and

P, corresponds to deleting a box at random from the Youn Lt = J. Asthere arg’) ways to delete/ boxes from a

frame associated to the class type n. More precisely, if the ) i
boxes in a Young frame are linearly ordered and assigned th&oUng frame withn boxes, and there ax@}: ways to delete
Jx boxes from a row of lengthy, the multiplication factor

labelsi = 1,...,n, and the result of deleting baxn Young s . . .
framep is denoted by \ 4, then (which waspy. /n in the single copy case) is now

n ChCi...
Try [P, = (n)) ™'Y Py (63) G A
=1

We get
(I'm not sure anymore about the factbfn!)
. ) . i o
This can be seen easily when one_rleahses that for any rep Trs[P,) = Z aj , dP P,
resentativer € p, one hasP, = (n!)™" Y. g Prinr 5
Furthermore, if we choose the representativeuch that the
cycles appear in standard order (consecutively, and with norwhere the sum is over all tuplgsobeying the requirements

increasing cycle order) then tracing out the first tensor factostated above, ang — j is the sequence (not a partition)

/—1.
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(pi — ji)i- Introducing the sequence ofp) non-negative To determine these constants, consider the matixt1)©™,
integerso := p — j, these requirements translate|td :=  whereA has eigenvalues. Expansion of the sum gives
>k 0k =n—Jando < p, which means that;, < pj, for all

k. There is clearly no harm in writin§,_; = P, since a class
type can equally well be described by an unsorted sequence of
numbers. If we further definéc) as the number of non-zero

elements in the sequenaethen(p — j)° = I(p) — I(c). The  where “d.p.” stands for the distinct permutations of the tensor

(A+t1)® Zt] 1% @ A®"7 4 d.p),
7=0

partial trace now takes the form factors, of which there ar(‘;g,‘).
1 o1 o 1(p)—l(c Taking the trace of the product of this matrix with' yields
TPl =7 Y. CRCn.. dWTOPR, g P y
oc<p

A A Rn—
ol—nJ Frsala+1) Ztﬂ( )TrTrJ[P]A 9]
This can be reformulated in terms of partitions rather than se- _ ,
quences. To do this, first note that the explicit conditiog p Z t’ Z G sx(a),
can be dropped if we adopt the rule ti@f = 0 whenever =0 XFn—j
k < 0ork > n. Second, for different reorderings ef P, is

still the same thing. Hence, in terms of partitionswe finally ~ 12king the first derivative w.r.t.in t = 0 gives

arrive at ) \
Theorem 3 (Partial Trace of P,) For a cycle type - n, the It|,_, saa+t) = Z G f¥ s (a).
partial trace overJ < n copies ofH = C¢ of P, is - Nn—1
1 We will now explicitly calculate this derivative.
(R = = 3 dW G R, (65) P
[ — Proposition 3
with 0
a1 e = sxlar +¢,...,aq9 +1¢
Go= Coeo ... (66) at|,_, Ao 2+1)
@ 1)
Here the sum is over all sequenceshat are distinct permu- = Z (d+Xj —j)sa—ei(ar,...,aq), (69)
tations ofo zero-padded to lengtt{p), and we adopt the con- =1
vention thatC* = 0 whenevet < 0 or k > n. The number 29>+

of these distinct permutationsii®)!/(I(p) —(c))!otla?! . ..

_ N _ wheree! := §; ;.
Note thatG? is a non-negative integer for which

The condition); > A;;; ensures that the sum only includes

> GhL=0Cy. those terms for whiclh — ¢/ is a genuine Young frame.
obn—j The proof will be based upon the representation of a Schur
Consider for example the special case where all parts of Polynomials, as the determinant
are equal. Replaceby gn and putp = (¢™). Then no part of o
o may exceed and sx = det (hx,4j-i); 521 »
Trj[Pgm] = : Z dnie)gle™ p.. (67) Whichis the so-called Jacobi-Trudi formula [7]. The matrix
- an ‘ 7 elements are the symmetric functiols defined as the sum
obgn—jn of all monomials of total degree. One takesy = 1, and
o1 <q h, = 0forr < 0.
with The first derivative ofh, is supplied by the following
|Coigos oo lemma.
(@) _ n: q q - Lyqg
G = (n—1I(0))lotlo2!. . gal’ Lemma 1
0
e he(ay+t,...,aq+ 1)
B. Partial trace of P* t=0

= (r+d—1h.—1(as,...,aq). (70)

A direct consequence of the Theorem is that a similar state-
ment must hold for the projecto®3*. There must exist con-
stants},, depending om, such that for\ - n:

Try [P = Z Gy PN, (68) H(s;z) = i he(z)s” = [J(1 = ais)™"

>\'Pn 1 r=0 i=1

Proof of the Lemma.The generating polynomial of the
functionsh,. is [7]



Taking the derivative ofog H (s; « + t) w.r.t. ¢ yields

P d
— H(s;z+t Zl—xl
ot|,_, —

Taking the derivative ofog H (s; z) w.r.t s yields

P d
EH(S x) = H(s;x)in(l —x;8) 7L

Since
(1—2i8) ' =1+ z5(1 —a38) 7,
we find
9 H(s;z+t) =dsH(s;z) + SQQH(S; ).
ot Os

t=0

Equating the coefficients of on both sides yields the state-

ment of the Lemma. O

Proof of the PropositionWe will make abundant use of the

linearity of the determinant in any of its rows.
From the Jacobi-Trudi formula,

5 1)

En - salar +t,...,a0+1t) = Zdet(Gk),

where the matnka is obtained from the matrixG, :=
(hag+j— Z)” 1 by dlfferennatmgthe elements on tketh row

w.rt.t. Denoting £;|,_, hr(a1+t,...,aq+t) by, andl())
by [, thek-th row of Gy, is

I ! I
( Ap—k+10 A —k+25 > )\k—k—‘rl)

By the Lemma, this is equal to

(O +1—k+d—1Dhy, s,
Me+2—k+d—1)hr,—kt1s---,
O+ —k+d—1)hxpsi1)
= (M —k+d). (hrg—t, Prp—kt1s- - Prp—kti—1)
00, Ay ptts oo (L= Dhay—psio1).

We can thus write

det(Gy) = (Mg — k + d) det(G),) + det(G}),
where G, and G} are obtained fromG, by replac-
ing its k-th row by (h)k_k, h)\k—k‘+1a ey hAk+l—k—1) and
(0, hng—kt1y---5 (L= 1)hx, 11—k—1), respectively.

It is easy to see thal, = G_.x. Furthermore, if\, =
Ak+1, det(G),) = 0 because then thieth row in G}, is equal
to its (k + 1)-th one.

The sum of the second terms.._, det(GY) is identically

zero. This can be seen as follows. ltdbe an independent

scalar variable. Le@"\, be the matrix whose-th column is
equal to thep-th column of G, plus (p — 1)t times the first
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column ofG . As G, can be obtained fror¥ by elementary
column operations (the first column is unchanged and added
to the other columns)let G}, = det G, for any value oft.

This implies that the first derivative alfet G\, w.r.t. ¢ is zero.

We find

ot

l
det G = > det(GY),
k=1

t=0

which shows that the right-hand side is indeed zero.
Therefore,

0

> (A —k+d)det(Gy_r),

k=1
Ap>Api1

which is the statement of the Proposition. ]

As a consequence, we get a simple formula for the con-
stantsGy, in case|/\’| = |A| — 1. The only values of\/
for which G3, is non-zero are\ — e/, for those; where
Aj > Ajy1. Inthose cases:

f)\
W

Gife,- = (d+/\j_j)

xd
LN Gl
Sh—ei (1><d)
We obtain two formulas for the partial trace Bf*:

Proposition 4 (Partial Trace of P*)

1) el
Try [P 1 L Pre
A T Z (d‘*‘)‘j_J)W (71)
j=1
>N
and
™PY] X P 72)
sx(1¥9) L sy (1X)
VLSV
Taking the trace of these equations yields:
1\
s\ == 3" (d+ X —f)saee (1) (73)
)‘jij;+l
and
1) v
f=> e (74)

i=1
Aj>Aj+1

The latter formula is just a mental leap away from a proof that
f* is the number of SYTs of shape
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