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I. REPRESENTATION THEORY OF THE SYMMETRIC
GROUP

In these notes I try to give an introduction to a number of
(more or less) basic facts about symmetric functions and their
relation to representations of the symmetric group. Most of
the material is taken from Chapter I of [7] and from [6]. Omis-
sions are intentional. Mistakes obviously not, and comments
would bemostwelcome!

A. Partitions

A partition is a sequence

λ = (λ1, λ2, . . . , λr, . . .)

of non-negative integers in non-increasing order

λ1 ≥ λ2 ≥ . . . ≥ λr ≥ . . .

and containing finitely many non-zero terms. The non-zero
termsλi are called theparts of λ. The lengthof λ, denoted
l(λ), is the number of parts ofλ. Theweightof λ, denoted
|λ|, is the sum of the parts:

|λ| =
∑

i

λi.

A partition λ with weight |λ| = n is also called a partition
of n, and this is denotedλ ` n. We will also use the non-
standard notationλ ` n; r, combiningλ ` n andl(λ) ≤ r in
one statement.

Forλ ` n, we use the shorthand

λ := λ/n.

For i ≥ 1, thei-th element ofλ is denoted byλi. This el-
ement is a part ifi ≤ l(λ), otherwise it is 0. It is frequently
convenient to use a different notation that indicates the num-
ber of times each integeri = 1, 2, . . . , |λ| occurs as a part, the
so-calledmultiplicity mi of i:

λ = (1m12m2 . . . rmr . . .).

As a shorthand we shall use a superscripted index:

λi = mi(λ).
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Clearly, one has the relations
n∑

i=1

λi = l(λ)

n∑

i=1

iλi = |λ| = n.

When dealing with numerical calculations it is necessary
to impose an ordering on the set of partitions. We will ad-
here here to thereverse lexicographic ordering, in which λ
precedesµ, denotedλ > µ, if and only if the first non-zero
differenceλi − µi is positive.

Example 1 Under this convention the partitions of 5 are or-
dered

(5), (41), (32), (312), (221), (213), (15).

B. Young frames and Young tableaux

Partitions can be graphically represented byYoung frames,
which are Young tableaux with empty boxes. Thei-th part
λi corresponds to thei-th row of the frame, consisting of
λi boxes. Conversely, the Young frames ofn boxes can be
uniquely labelled by a partitionλ ` n. We will therefore
identify a Young frame with the partition labelling it.

A Young tableau(YT) of N objects and of shapeλ ` n is
a Young frameλ in which the boxes are labelled by numbers
(1, . . . , N ).

A standard Young tableau(SYT) of shapeλ ` n is a Young
tableau ofN = n objects such that the labels appearincreas-
ing in every row from left to right, andincreasingin every
column downwards; hence every number occurs exactly once.

A Semistandard Young tableau(SSYT) of shapeλ ` n is
a Young tableau such that the labels appearnon-decreasingin
every row from left to right, andincreasingin every column
downwards.

The number of SSYTs ofN objects and of shapeλ ` n
(imposing the conditionl(λ) ≤ N ) is given bysλ(1×N ); see
below for an explanation.

The numberfλ of SYTs of shapeλ ` n; r is ([6] p. 119)

fλ = n!
∆(ν1, . . . , νr)

ν1! . . . νr!
, r = l(λ), (1)

where∆(x1, x2, . . . , xr) denotes thedifference productof a
non-increasing sequence

∆(x1, x2, . . . , xr) :=
∏

i<j

(xi − xj),
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and the numbersνi = νi(λ) are defined by

νi(λ) := λi + l(λ)− i, for i = 1, 2, . . . , l(λ).

Since the numbersνi always form a strictly decreasing se-
quence, the∆ factor is larger or equal to 1, giving a lower
bound

fλ ≥ n!
ν1! . . . νr!

. (2)

There exists an alternative formula forfλ by Frame, Robin-
son and Thrall ([6], p.211):

fλ = n!/
∏

(i,j)∈λ

hij . (3)

Here the boxes in the Young frameλ are designated by their
coordinates, rowi and columnj, thehookat box(i, j) is the
set of boxes(i′, j′) ∈ λ with

(i′ = i ∧ j′ ≥ j) ∨ (i′ ≥ i ∧ j′ = j),

andhij is thehook-lengthof the hook at box(i, j), which is
the number of boxes in the hook. In other words,hij equals
the number of boxes to the right of the corner box(i, j) plus
the number of boxes below it, plus 1 (the corner box itself).
From this formula follows the upper bound, obtained by ig-
noring in every hook(i, j) the boxes below the corner box
(i, j):

fλ ≤ n!
λ1! . . . λr!

. (4)

C. Permutations

The symmetric groupSn of ordern is the group of alln!
permutations ofn objects. We will denote an explicit per-
mutationπ as [π(1) π(2) . . . π(n)], using square brackets to
distinguish them from partitions with the same elements. The
unit permutation[1 2 . . . n] will be denoted bye. Every per-
mutationπ ∈ Sn decomposes uniquely as a product of dis-
joint cycles ([6], p.28 ff).

Example 2 The permutation[1 3 4 2 6 5] consists of the cycles
1 → 1, 5 → 6 → 5, and3 → 4 → 2 → 3, of order 1, 2 and
3.

The orders of the cycles, sorted in non-increasing order, de-
termine thecycle typeof the permutation. Evidently, the cycle
type of a permutationπ ∈ Sn is a partition ofn. We will de-
note the cycle type of a permutationπ ∈ Sn by ρ = ρ(π) ` n.

It turns out that the cycle type labels theconjugacy classes
of Sn. Two permutationsπ, π′ ∈ Sn are conjugates if and
only if there is a third permutationσ ∈ Sn such that

π = σπ′σ−1.

It is immediately clear that two permutations are conjugates
if and only if they have the same cycle type; the action of

σ amounts simply to a relabelling of the objects in the cycle
description. The relation “is conjugate to” is an equivalence
relation, the induced equivalence classes are called the conju-
gacy classes ofSn, and they are, indeed, labelled by the cycle
typeρ of their elements.

With a minor abuse of notation, we shall identify the con-
jugacy classes with their cycle type, and even writeπ ∈ ρ for
a permutationπ with cycle typeρ.

The number of elements in a conjugacy classρ of Sn, de-
notedhρ, is given by

hρ = n!z−1
ρ , (5)

wherezρ is the integer

zρ = ρ1!1ρ1
ρ2!2ρ2

. . . ρn!nρn

. (6)

For example,h(n) = (n − 1)! andh(1n) = 1. Obviously, we
need to have

∑

ρ`n

z−1
ρ = 1.

D. Symmetric functions

The symmetric groupSn acts on the ring of polynomials
in n independent variablesx1, x2, . . . , xn by permuting the
variables, and a polynomial issymmetricif it is invariant un-
der this action. In the theory of symmetric functions, it is
often more convenient to work with symmetric functions in
infinitely many variables. Because of the infinity of the num-
ber of variables, these functions cannot be called polynomials.
Symmetric polynomials are obtained by setting all but a finite
number of variables to 0.

There are a lot of special types of symmetric functions:
the elementary symmetric functions are most widely known,
but there also exist monomial symmetric functions, complete
symmetric functions, power sum products, and Schur sym-
metric functions. We will briefly describe the types that will
be most relevant for the purpose of these notes and refer to [7]
for a more thorough description.

In all the cases described below, the symmetric functions
are labelled by a partitionλ of n, and are homogeneous in
their variables of ordern. That is for λ ` n, fλ(tx) =
tnfλ(x). In the important case wherek variables assume the
value 1 and all others are 0, we denote the argument by1×k.

1. Monomial Symmetric Functions

The monomial symmetric polynomialsmµ in k variables,
with µ ` n; k, are given by:

mµ(x1, . . . , xk) =
∑
α

xα1
1 . . . xαk

k ,

where the sum is over alldistinct permutationsα of µ =
(µ1, . . . , µk). Recall that, for j > l(µ), µj = 0.
The condition k < l(µ) must hold because otherwise
mµ(x1, . . . , xk) = 0.
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Example 3

m(2,1,1)(x1, x2, x3) = x2
1x2x3 + x1x

2
2x3 + x1x2x

2
3.

The value ofmµ at x = 1×k gives the number of terms in
this sum and is equal to the multinomial coefficient

(
k

µ1, . . . , µn, k − l(µ)

)
.

Any symmetric polynomialP (x) can be written in terms
of themµ by expandingP in its monomials and replacing the
termsxj1

1 xj2
2 . . . by m(j1,j2,...)(x) if j1 ≥ j2 ≥ . . ., and by 0

otherwise.

2. Products of Power Sums

For an integerr ≥ 1, ther-th power sumin the variablesxi

is

pr =
∑

i

xr
i .

For a partitionρ ` n; r, thepower sum productspρ are defined
by

pρ = pρ1pρ2 . . . pρr .

As a special case,

pρ(1×k) = kr, (7)

wherer = l(ρ) is nothing but the number of cycles inρ.

3. Schur Functions

To define the Schur symmetric functions, or S-functions, it
is best to start with the polynomial case, i.e. with a finite num-
berk of variablesx1, . . . , xk. The complete set of S-functions
is obtained by lettingk tend to infinity. The S-functionssλ of
k variables and of homogeneity ordern are labelled by parti-
tionsλ ` n; k, and are defined by

sλ(x1, . . . , xk) :=
det(xλj+k−j

i )k
i,j=1

det(xk−j
i )k

i,j=1

(recall again that forj > l(λ), λj = 0). For l(λ) > k, one
again hassλ(x1, . . . , xk) = 0. If some variables assume equal
values, a limit has to be taken, since both numerator and de-
nominator vanish in that case.

The denominator in the definition of the S-function is a
Vandermonde determinant and is thus equal to∆(x1, . . . , xk).
The numerator is divisible (in the ring of polynomials) by each
of the differencesxi − xj , and therefore also by the denom-
inator; hence the S-functions in a finite number of variables
really are polynomials.

Example 4 For k = 2 the non-zero Schur polynomials are

s(0)(x, y) = 1
s(1)(x, y) = x + y

s(2)(x, y) = x2 + xy + y2

s(12)(x, y) = xy

. . .

s(p,q)(x, y) =
p∑

j=q

xjyp+q−j ,

with p ≥ q ≥ 0.

For the important case where allk variables assume
the value 1 (i.e. giving the number of semistandard Young
tableaux ofk objects and of shapeλ), we get ([6], p.201),
for l(λ) ≤ k:

sλ(1×k) =
∆(λ1 + k − 1, λ2 + k − 2, . . . , λk)

∆(k − 1, k − 2, . . . , 0)
, (8)

and, again,sλ(1×k) = 0 for l(λ) > k. Note that

∆(k − 1, . . . , 0) = 1!2! . . . (k − 1)!

Example 5 For λ = (n), one easily finds

s(n)(1×k) =
(

n + k − 1
n

)
. (9)

Also, ifk = 2, then

s(p,q)(1, 1) = p− q + 1.

An upper bound forsλ(1×k) is [12]

sλ(1×k) ≤ (n + k)k(k−1)/2, (10)

showing that this value depends only polynomially onn. An
improved bound, also by M. Christandl is

sλ(1×k) ≤ (n + 1)k(k−1)/2. (11)

This can be further improved to

sλ(1×k) ≤
(

n + k − 1
n

)
fλ. (12)

This will be proven at the end of Section G.
The best lower bound onsλ(1×k) that only takesn, l(λ)

andk into account is, somewhat surprisingly, forl(λ) ≤ k:
sλ(1×k) ≥ 1, with equality if allλi are equal andl(λ) = k.
In the latter case,fλ can be arbitrarily high.

4. Hall Inner Product and Transition Matrices

Each type of symmetric function mentioned above forms a
basis of the space of symmetric functions. P. Hall introduced
an inner product〈, 〉 on this space, defined in an abstract way
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by requiring that〈hλ, mµ〉 = δλµ, wherehλ are the com-
pletely symmetric functions (we will not need their definition
here). One can show

〈pλ, pµ〉 = zλδλµ

〈sλ, sµ〉 = δλµ,

which shows that thepλ form an orthogonal basis of the sym-
metric functions, and thesλ an orthonormal one.

Therefore, each different type of symmetric function can
be expressed in terms of every other type (provided all have
the same degree of homogeneityn), via a particular change of
basis in the space of symmetric functions. A matrix express-
ing such a change of basis is called atransition matrixand its
rows and columns are labelled by the different partitions ofn,
customarily ordered in reverse lexicographic ordering.

The transition matrixKλµ from mµ to sλ

sλ =
∑

µ

Kλµmµ, (13)

is upper triangular and its entries are non-negative integers.
These numbers are known as the Kostka numbers and have a
combinatorial interpretation. The diagonal elements as well
as the elements on the first row are all equal to one:∀λ ` n :
Kλλ = K(n),λ = 1. From this it follows, for example, that
s(n)(x) is the sum of all degree-n monomials in the variables
x (a fact which can, of course, also be derived directly from
the definition of the Schur functions). In particular, then, we
find that the number of all degree-n monomials ink variables
is s(n)(1×k) =

(
n+k−1

n

)
.

The transition matrix frompρ to mµ is lower triangular and
consists also of non-negative integers, again with a combina-
torial interpretation [11]. The transition matrix fromsλ to pρ

is the character table ofSn and will be discussed in the next
section.

E. Characters of the symmetric group

The characters of a group are the traces of the representa-
tions of the group elements. As general representations de-
compose into direct sums of irreducible representations (ir-
reps), the characters themselves also decompose into sums of
simple characters. These simple characters form a cornerstone
of representation theory and in fact determine the group com-
pletely. The simple characters can be arranged in a square
table called thecharacter table.

In the case of the symmetric group, the irreps are labelled
by Young framesλ. The character of a permutationπ ∈ Sn in
irrepλ is denotedχλ(π). Since characters are class functions,
one only needs to find the characters of any representative of
a conjugacy class, so that one can use the symbolχλ

ρ , with

χλ
ρ = χλ(π), ∀π ∈ ρ.

The character table is the matrix with elementsχλ
ρ , whereλ

is the row index andρ the column index (assuming reverse
lexicographic ordering for both). As the conjugacy classes of

Sn are labelled by partitions ofn, there are as many rows as
columns, hence the character table is a square matrix.

Example 6 The character table ofS3 is

λ \ ρ (3) (2, 1) (13)
hρ 2 3 1
(3) 1 1 1

(2, 1) −1 0 2
(13) 1 −1 1

The character of the identity permutatione equals the de-
gree of the representation in the given irrep. One can show that
this degree is equal to the number of standard Young tableaux
of shapeλ ([6], p.170)

χλ(e) = fλ. (14)

The characters in irrepλ = (n) are all 1:

χ(n)
ρ = 1, ∀ρ ` n. (15)

Forρ consisting of one cycle,ρ = (n), the characters are ([6],
p.208)

χλ
(n) =

{
(−1)k, λ = (n− k, 1k), 0 ≤ k ≤ n

0, otherwise.
(16)

The calculation of the other characters is rather involved. For
numerical calculations one resorts to combinatorial rules such
as the Murnaghan-Nakayama rule [6].

A very useful property of the simple characters is the or-
thogonality of the matrix(z−1/2

ρ χλ
ρ)λρ. Thus one obtains two

orthogonality relations:

(n!)−1
∑

π∈Sn

χλ(π)χλ′(π) =
∑

ρ

z−1
ρ χλ

ρχλ′
ρ = δλλ′ (17)

and
∑

λ

χλ
ρχλ

ρ′ = zρ δρρ′ (18)

As a simple application of the latter orthogonality relation one
obtains

∑

λ`n

(fλ)2 =
∑

λ`n

χλ(e)χλ(e)

= zρ(e) = z(1n) = n!

The numbers(fλ)2/n! therefore form a distribution over the
Young frames (called thePlancherel measure of the symmetric
group).

We now briefly consider the irreducible polynomial repre-
sentations of the full linear group GL(d,C). These represen-
tations get their name from the fact that their matrix elements
are polynomials in the elements of the represented matrix.
Other kinds of representations exist, but they are not relevant
in this context. Just like the irreps of the symmetric group, the
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polynomial irreps of GL(d,C) are labelled by Young frames.
The conjugacy classes of GL(d,C) consist of all matrices
A ∈ GL(d,C) having the same eigenvalues(a1, . . . , ad) and
thus can be labelled by these eigenvalues. The simple char-
acters (known, in this context, ascharacteristics) are denoted
φλ(A) = φλ(a1, . . . , ad). According to a famous result by
Schur, these characters are the Schur functions (polynomials)
of the eigenvalues ([6], p. 199):

φλ(a1, . . . , ad) = sλ(a1, . . . , ad).

F. Representations ofSn and GL(d,C) on the tensor product
space(Cd)⊗n.

In this subsection we consider the space of rank-n tensors
belonging toH = Cd and take it as the representation space
for representations of both the symmetric groupSn and of
the full linear group GL(d,C). Consider thereto ann-fold
tensor product of vectors fromH: ψ1 ⊗ · · · ⊗ ψn. We can let
the symmetric groupSn act on this tensor by permuting the
factors:

π : ψ1 ⊗ · · · ⊗ ψn → ψπ−1(1) ⊗ · · · ⊗ ψπ−1(n).

This is a representation ofSn, in which a permutationπ
is represented by anindex permutation matrixPπ: for any
ψ(n) ∈ H⊗n:

ψ(n) → ψ′ = Pπψ(n)

ψ′iπ(1)iπ(2)...iπ(n)
= ψi1i2...in .

SincePπPπ′ = Pππ′ , this is indeed a representation ofSn. To
completely specify the matrixPπ one has to mention the un-
derlying Hilbert space. Thus, if it is not clear from the context
which space is meant, we will explicitly writePπ(H).

The space of rank-n tensors can also serve as representation
space for GL(d,C). Let A be an element of GL(d,C), i.e. a
non-singular transformation onH: ψ 7→ ψ′ = Aψ. This
transformation induces in the tensor space the transformation

ψ(n) 7→ A⊗nψ(n), ∀ψ(n) ∈ H⊗n

BecauseA⊗nB⊗n = (AB)⊗n, thesen-fold tensor powers
A⊗n are representations of GL(d,C). Specifically, they are
polynomial representations, because the matrix elements of
A⊗n are polynomials in the matrix elements ofA.

The two representations just mentioned turn out to be each
others commutant. Any operator onH⊗n that commutes with
all A⊗n, for all elementsA of GL(d,C), is a linear combina-
tion of index permutation matricesPπ(H). Conversely, any
operator commuting with all index permutation matricesPπ,
for all π ∈ Sn, is a linear combination of tensor powersA⊗n

([6], p. 148 and 150). This duality is called theWeyl-Schur
duality. Consequently, the reductions of these two representa-
tions into irreducible components are strongly related to one
another. In both cases, the components are labelled by Young
framesλ ` n. The same basis that produces the decomposi-
tion of thePπ also produces the decomposition of theA⊗n.

In that basis, called theSchur basis, we get

H⊗n =
⊕

λ`n

Rλ ⊗ Sλ (19)

Pπ =
⊕

λ`n

11r(λ) ⊗ Sλ(π) (20)

A⊗n =
⊕

λ`n

Rλ(A)⊗ 11s(λ). (21)

We also have

Pπ A⊗n = A⊗n Pπ =
⊕

λ`n

Rλ(A)⊗ Sλ(π).

The decomposition (19) is called theWedderburn decompo-
sition of H⊗n. Here, we have denoted the dimension of the
subspaceRλ by r(λ), and the dimension ofSλ by s(λ). The
matrix Rλ(A) is an irrep ofA ∈ GL(d,C) of degreer(λ),
operating onRλ. The matrixSλ(π) an irrep ofπ ∈ Sn of
degrees(λ), operating onSλ. We can and we will take both
irreps unitary.

Taking traces yields the corresponding simple characters

Tr Rλ(A) = sλ(a1, . . . , ad) (22)

Tr Sλ(π) = χλ(π) = χλ
ρ(π), (23)

wherea1, . . . , ad are the eigenvalues ofA. For the dimensions
one finds ([6], p. 119 and 201)

r(λ) = TrRλ(11d) = sλ(1×d) (24)

s(λ) = TrSλ(e) = χλ(e) = fλ, (25)

i.e. r(λ) is the number of semistandard Young tableauxλ of
d objects, ands(λ) is the number of standard Young tableaux
λ.

The presence of the identity matrices indicates that the irre-
ducible representations occur a number of times in the decom-
positions. This number is called themultiplicity. So, while
r(λ) is the degree of irrepRλ(A), it is also the multiplicity of
irrepSλ(π) in Pπ. Likewise,s(λ) is the degree ofSλ(π) and
also the multiplicity ofRλ(A) in A⊗n.

In accordance with these decompositions, the tensor space
H⊗n splits up into invariant subspaces. The subspacesRλ ⊗
Sλ are invariant under allA⊗n and allPπ. They are further re-
ducible into direct sums ofs(λ) subspaces of dimensionr(λ),
invariant under the transformationsA⊗n but no longer invari-
ant under index permutationsPπ. These irreducible invariant
subspaces are called thesymmetry classesof the tensor space.
They are labelled by standard Young tableaux of shapeλ.

The orthogonality relations (17) and (18) follow from the
so-calledGreat Orthogonality Theorem(GOT) about the ma-
trix elements of the irreps of a group. For a groupG of order
g, with unitary irrepsDα andDβ of dimensiondα anddβ , we
have

g−1
∑

x∈G

Dα
ip(x)Dβ

jq(x) = d−1
α δαβδijδpq.

For the irreps of the symmetric groupSn this yields

(n!)−1
∑

π∈Sn

Sλ(π)ipSµ(π)jq = (fλ)−1δλµδijδpq. (26)
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Example 7 The best-known examples of symmetry classes are
undoubtedly thetotally symmetric class, corresponding to
λ = (n), and thetotally antisymmetric class, corresponding
to λ = (1n), which are used in the description of bosonic and
fermionic quantum systems, respectively. The totally symmet-
ric class appears with multiplicityf (n) = 1 and has dimen-
sion

(
n+d−1

d−1

)
. The totally antisymmetric class also appears

with multiplicity 1. Its dimension is
(

d
n

)
, if d ≥ n, or 0 other-

wise. In fact, as can be seen from (24), the dimension of any
symmetry classλ is 0 if l(λ) > d. The irreps corresponding
to these classes are given by

R(n)(A) = A∨n (27)

R(1n)(A) = A∧n, (28)

borrowing notation of ([3], Section I.5). The elements of these
irreps are permanents and determinants of submatrices ofA,
resp.

Example 8 The simplest possible example is the casen =
d = 2, for which the totally symmetric and totally antisym-
metric class are the only symmetry classes occurring. The
unitary rotation that exhibits the decomposition in this case is
the matrix

S =




1 0 0 0
0 1/

√
2 1/

√
2 0

0 0 0 1
0 −1/

√
2 1/

√
2 0


 .

For any2× 2 matrix

A =

(
a b

c d

)
,

A⊗2 =




a2 ab ab b2

ac ad bc bd

ac bc ad bd

c2 cd cd d2


 ,

and

SA⊗2S† =




a2
√

2ab b2 0√
2ac ad + bc

√
2bd 0

c2
√

2cd d2 0
0 0 0 ad− bc


 .

This exhibits the decomposition

SA⊗2S† = R(2)(A)⊕R(12)(A),

with the correct dimensions (3 and 1, resp.) and multiplicities
(both 1). It is also a simple exercise to check the decomposi-
tion of the index permutations into two irreps of degree 1 and
multiplicities 3 and 1, resp.:

SPπS† = S(2)(π)113 ⊕ S(12)(π)111,

with S(2)(π) identically one andS(12)(π) equal to the signa-
ture ofπ.

G. Projectors P λ on the Invariant Subspaces

We now consider the invariant subspacesRλ ⊗ Sλ, cor-
responding to the Young framesλ. Their dimension is
fλsλ(1×d). We will denote the projectors on these subspaces
by Pλ. They are the sum of the Young projectors correspond-
ing to the standard Young tableauxλ. We will consider the
Young projectors themselves in the next subsection. The pro-
jectorsPλ form an orthogonal set and add up to the identity
on the full tensor space:

PλPλ′ = δλλ′ P
λ (29)∑

λ`n

Pλ = 11 (30)

TrPλ = fλsλ(1×d). (31)

Consider the conjugacy classesρ of Sn with cycle type
ρ ` n. We define the “class average” of all index permuta-
tion matrices with cycle typeρ as

Pρ := h−1
ρ

∑
π∈ρ

Pπ (32)

Note the distinction between the notationsPλ, where the su-
perscriptλ labels an irrep, andPρ, where the subscriptρ labels
a conjugacy class. Alternatively, we can write

Pρ = (n!)−1
∑

π′∈Sn

Pπ′ππ′−1 . (33)

The projectorsPλ can be expressed in terms of the index
permutationsPπ, according to a general relation ([8], eqn.
(12.10)), as:

Pλ = (n!)−1fλ
∑

π∈Sn

χλ(π)Pπ, (34)

and in terms ofPρ as:

Pλ = fλ
∑

ρ`n

z−1
ρ χλ

ρPρ. (35)

Let A be a matrix with eigenvalues(a1, . . . , ad). Taking
the trace of oneλ-term in (21) immediately yields (compare
with Theorem 1 in [1])

Tr[PλA⊗n] = fλsλ(a1, . . . , ad). (36)

Forπ ∈ ρ ` n, it is easy to see that

Tr[PπA⊗n] = Tr[PρA
⊗n] = pρ(a1, . . . , ad). (37)

Combining this with (35) gives the famous Frobenius formula,
relating the characteristics of the full linear group to the char-
acters of the symmetric group ([6], p. 204):

sλ(a1, . . . , ad) =
∑

ρ`n

z−1
ρ χλ

ρpρ(a1, . . . , ad). (38)
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As this holds for anyA, and thus for any set of valuesai of
whatever dimension, it yields the transition matrix from the
pρ symmetric functions to the S-functions ([7], Chapter I, eq.
(7.10)):

sλ =
∑

ρ`n

z−1
ρ χλ

ρpρ. (39)

The relations (35) and (39) can be inverted. Using the or-
thogonality relations of the characters, we find

Pρ =
∑

λ`n

χλ
ρPλ/fλ (40)

pρ =
∑

λ`n

χλ
ρsλ. (41)

The latter relation can also be derived directly by taking the
trace of both sides of (21) and using (23) and (37) with
A = 11d. The former relation says thatPρ has a much sim-
pler structure than the index permutationsPπ it is composed
of, namelyPρ acts as a multiple of identity on each of the in-
variant subspacesRλ ⊗ Sλ. This also follows from Schur’s
lemma, sincePρ commutes with everyPπ.

SinceSn is a finite discrete group, its representations are
normal, that is, unitary apart from equivalence ([6], p.84). In
particular, as can be seen from (20), the irrepSλ(π) is equiv-
alent to a real orthogonal matrix. Its eigenvalues are thus
roots of unity, so its trace must be smaller in modulus than
its dimensionfλ = χλ(e). As this trace is just the character
TrSλ(π) = χλ

ρ , and, forSn, all characters are real, we find

χλ
ρ ≤ χλ(e) = fλ, ∀λ, ρ ` n. (42)

This allows us to prove the still outstanding bound (12). By
the above inequality, by (15), (39), (9), and the positivity of
zρ andpρ(1×d),

sλ(1×d) =
∑

ρ`n

z−1
ρ χλ

ρpρ(1×d)

≤
∑

ρ`n

z−1
ρ χ(n)

ρ fλpρ(1×d)

= s(n)(1×d)fλ

=

(
n + d− 1

n

)
fλ.

H. Young Projectors

The Young projectors ofH⊗n are the projectors on the var-
ious irreducible invariant subspacesRλ,a of H⊗n making up
the composite invariant subspaces

⊕
aRλ,a = Rλ ⊗ Sλ.

Every invariant subspace corresponds to a standard Young
tableau of shapeλ ` n, of which there arefλ. The index
a labels these SYTs. A convenient labelling scheme uses the
Yamanouchi symbols, which are explained in the next section.

The Young projectors are built up from the projectorsP (k)

andP (1k) on the totally symmetric and totally antisymmetric

subspaces, resp., ofH⊗k, 1 ≤ k ≤ n. We will use a custom-
ary shorthand here:

Sk := k!P (k) =
∑

π∈Sk

Pπ

Ak := k!P (1k) =
∑

π∈Sk

(−1)sgn(π)Pπ.

Furthermore, we use the notationSi1,i2,...,ik
andAi1,i2,...,ik

for the operators acting asSk andAk on indicesi1, i2,. . . , ik
of H⊗n and as identity on the other indices.

The Young projectorPλ,a corresponding to the standard
Young tableau(λ, a) is the product of three factors. The first
factor is the product of oneSk per row ofλ, where eachSk

operates on the indices contained in the boxes in its row; this
corresponds to symmetrising each row. The second factor is
the product of oneAk per column ofλ, where eachAk oper-
ates on the indices contained in the boxes in its column; each
column is anti-symmetrised. Note that the differentSk in the
first factor commute, and so do theAk in the second factor.
The third factor is the normalisation factorfλ/n!. Using a
self-explanatory notation, we get

Pλ,a =
fλ

n!

∏

k∈Col(λ,a)

Ak
∏

l∈Row(λ,a)

Sl. (43)

Example 9 The Young projector corresponding to the SYT

1 2 5
3 4

is

P ( 1 2 5
3 4

) =
f (3,2)

5!
(A1,3 A2,4)(S1,2,5 S3,4).

The Young projectors forH⊗3 are

P ( 1 2 3 ) = P (3)

P ( 1 2
3

) =
2
3!

(P[1,2,3] + P[2,1,3] − P[3,2,1] − P[2,3,1])

P ( 1 3
2

) =
2
3!

(P[1,2,3] + P[3,2,1] − P[3,1,2] − P[2,1,3])

P (
1
2
3

) = P (13)

One readily checks that

P ( 1 2
3

) + P ( 1 3
2

) = P (2,1).

The Young projectors can be written in terms of the rep-
resentations ofSn, as follows. Define the following set of
operators

Pλ,ij =
fλ

n!

∑

π∈Sn

(Sλ(π))ijPπ, (44)
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where indexesi andj run through thefλ SYTs (Yamanouchi
symbols) for frameλ. The quantities(Sλ(π))ij are the matrix
elements of permutationπ in irrep λ, which are calculated in
the next Section.

In the Schur basis, these operators assume the simple form

Pλ,ij = 11r(λ) ⊗ eij , (45)

which can easily be proven from (??) and the Great Orthogo-
nality Theorem. Hence,

Tr A⊗nPλ,ij = δij TrRλ(A) = δijsλ(a).

The Young projectorsPλ,a are nothing but the operators
Pλ,ii, with a = i. As is clear from their Schur form, thePλ,ii

are mutually orthogonal projectors:

Pλ,iiPµ,jj = δijδλµPλ,ii.

The projectorsPλ are given by the sums

Pλ =
∑

i

Pλ,ii =
fλ

n!

∑

π∈Sn

χλ(π)Pπ.

I. Matrix Elements of the Irreps of Sn.

The standard Young tableaux of a given shapeλ can be con-
veniently labelled. Since the labels1, . . . , N occur exactly
once, and within a row they have to appear in increasing or-
der, every SYT of shapeλ is uniquely identified by specifying
in which row each label occurs. This gives the so-calledYa-
manouchi symbolM = (M1,M2, . . . , Mn), whereMi is the
row containingi. SYTs of given shapeλ can thus be ordered
by imposing the lexicographic ordering on the Yamanouchi
symbols.

The axial distancein a frame λ from one box to an-
other is defined in terms of the box coordinates(i, j) as
ρλ((i1, j1), (i2, j2)) = (i2 − i1) + (j1 − j2). I.e. the axial
distance increases upon going down one box or one box to the
left. Likewise, the axial distance from labelsx to y in a SYT
with Yamanouchi symbolM is ρM ((ix, jx), (iy, jy)), where
the coordinates are those of the boxes in which the labels oc-
cur (as given byM ).

Example 10 The Yamanouchi symbol of the SYT

1 2 5
3 4

is M = (11221).
The fλ = 5 SYTs of shapeλ = (3, 2) are ordered

(11122), (11212), (11221), (12112), (12121); (12211) does
not refer to an SYT because its second column decreases.

The axial distance from 5 to 3 in the above SYTM =
(11221) is ρM (5, 3) = −ρM (3, 5) = 3.

Every permutation can be decomposed as a product of
transpositionsTj := (j, j + 1), i.e. permutations in which

objectsj andj + 1 are swapped and the other objects remain
in the same position. It is therefore enough to just give the
irrep matrices of these transpositions.

We now consider the so-calledYoung’s orthogonal form
for representing the irreps ofSn. In this form, the irreps are
orthogonal and they are most easily expressed in a basis in
which thei-th basis vector of irrepλ corresponds to thei-th
SYT of shapeλ. We will, of course, label each SYT using its
Yamanouchi symbol. By adopting this basis, this partly fixes
the basis of the representations ofA⊗n andPπ. Let the basis
vectors thus be labelled byeM .

The transpositionTj acts on the labels1, 2, . . . , N by in-
terchanging labelj with j + 1. Likewise, it acts on a Ya-
manouchi symbolM = (M1, M2, . . . , MN ) by interchang-
ing elementMj with Mj+1, giving a new symbolM ′ =
(M1, . . . , Mj+1,Mj , . . . , MN ) which we denote byTj(M).
The Young tableau referred to byM ′ need no longer be a stan-
dard one.

Denote byaj,M the inverse of the axial distance fromj + 1
to j in SYT M :

aj,M = 1/ρM (j + 1, j).

Then the matrix elements ofTj in irrepλ can be found from:

Sλ(Tj)eM = aj,M eM +
√

1− a2
j,M eTj(M).

The second term is automatically 0 ifTj(M) is not a SYT.

Example 11 Consider irrep(31) of S4. The SYTs are

1 2 3
4

1 2 4
3

1 3 4
2

with Yamanouchi symbols(1112), (1121), and(1211). Trans-
positionT1 = (1, 2) acts identically on the first two and re-
places the third one with the non-standard symbol(2111). The
basis vectors aree(1112), e(1121), ande(1211). The matrix ele-
ments ofT1 can be found from

S(31)(T1)e(1112) = 1.e(1112) + 0.e(1112)

S(31)(T1)e(1121) = 1.e(1121) + 0.e(1121)

S(31)(T1)e(1211) = −1.e(1211).

The three matrices of the generating transpositions are

S(31)(T1) =




1 0 0
0 1 0
0 0 −1




S(31)(T2) =




1 0 0
0 −1/2

√
3/2

0
√

3/2 1/2




S(31)(T3) =



−1/3

√
8/3 0√

8/3 1/3 0
0 0 1


 .
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The matrix of any other permutationπ can be obtained
by decomposing it as a product of generator transpositions
and multiplying the matrices of the generators accordingly.
Such a decomposition follows easily from its decomposition
in disjoint cyclic permutations. Denote a cyclic permutation
i1 → i2 → · · · → ik → i1 by (i1, i2, . . . , ik). The decompo-
sition ofπ into generator transpositions can be obtained using
the following two rules:

(i1, i2, . . . , ik) = (i1, i2)(i2, i3) . . . (ik−1, ik)
(i, j) = (i, . . . , j − 1)(j − 1, j)(i, . . . , j − 1)−1,

where the last equation applies fori < j.
Consider the conjugacy classρ and its Young frame. The

representative permutationπρ in ρ can be labelled by a Young
diagram in which the numbers 1 toN are written in reading
order. The decomposition inTj is obtained by dropping the
last box in every row and taking the productTi1Ti2 . . ., where
ij is thej-th label in the remaining diagram. In other words,
πρ is obtained by erasingTρ1 , Tρ1+ρ2 , . . . ,Tρ1+ρ2+...+ρl

from
the productT1T2 . . . TN .

J. Matrix Elements of the Irreps of GL (d,C).

[TODO] Equivalently (as it is the same): Matrix Elements
of the Irreps of U(d).

Gel’fand-Zetlin basis: basis vectors labelled by SSYT’s
(rather than SYT’s). This can be conveniently done using
Gel’fand-Zetlin patterns.

K. Immanants

The next paragraphs are loosely based on Section 10.1 in
[18].

From the discussion of the totally symmetric and antisym-
metric class, one gets the impression that the matrix elements
of Rλ(A) for generalλ must be related toimmanantsof A,
which are generalisations of matrix determinant and perma-
nent [17]. ForX ∈ Mn(C):

Immλ(X) :=
∑

π∈Sn

χλ(π)X1,π(1)X2,π(2) . . . Xn,π(n).

Consider the following generalisation of a submatrix. For
I, J vectors of sizen the elements of which are integers in
the range1, . . . , d, andA ∈ Md(C), let A[I, J ] be then × n
matrix with elements

(A[I, J ])i,j = AIi,Jj .

If all elements ofI (J) are distinct, this is a submatrix; if not,
A[I, J ] contains some elements ofA a number of times.

We now show that the elements ofPλA⊗n are proportional
to certain immanants. Considering the above index vectorsI
andJ as multi-indices overH⊗n, we have

(A⊗n)I,J = AI1,J1AI2,J2 . . . AIn,Jn

= (A[I, J ])1,1(A[I, J ])2,2 . . . (A[I, J ])n,n.

Hence,

(PλA⊗n)I,J =
fλ

n!

∑

π∈Sn

χλ(π)(PπA⊗n)I,J

=
fλ

n!

∑

π∈Sn

χλ(π)
n∏

k=1

(A[I, J ])π−1(k),k

=
fλ

n!
Immλ(A[I, J ]).

L. Branching Rule GL(d) → GL(d− 1).

[TODO]

M. Reductions of Tensor Products of Representations.

[TODO] Littlewood Richardson Coefficients Clebsch Gor-
dan

N. Symmetric Functions and Representations of Tensor
Products

A property of index permutation matrices that is both sim-
ple and powerful is that index permutation matrices over ten-
sor products of Hilbert spaces are tensor products themselves.
With a minor abuse of notation we identify(H1⊗H2)⊗n with
H⊗n

1 ⊗H⊗n
2 and write

Pπ(H1 ⊗H2) = Pπ(H1)⊗ Pπ(H2). (46)

Here,Pπ(H1) acts onH⊗n
1 andPπ(H2) onH⊗n

2 .
This corresponds to considering symmetric functions of

tensor products of variables. Ifx = (x1, x2, . . .) andy =
(y1, y2, . . .) then their tensor product, which is customarily
denotedxy rather thanx⊗ y, consists of all possible products
xiyj . For power product sums one immediately sees

pρ(xy) = pρ(x)pρ(y).

Using (39) and (41), this yields for Schur functions ([7], p.63)

sλ(xy) =
∑

µ,ν`n

gλµνsµ(x)sν(y), (47)

wheregλµν are the so-calledKronecker coefficients

gλµν := (n!)−1
∑

π∈Sn

χλ(π)χµ(π)χν(π) (48)

=
∑

ρ`n

z−1
ρ χλ

ρχµ
ρχν

ρ. (49)

From this definition it follows thatgλµν is symmetric in its
indices. In the setting of representation theory one proves that
these coefficients are non-negative integers. Remarkably, a
fully combinatorial description of the Kronecker coefficients
still has not been discovered.
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One of the rare cases in which a closed formula can be given
for the Kronecker coefficients, isλ = (n). One finds, using
(15) and (17),

g(n)µν = δµν ,

and

s(n)(xy) =
∑

λ`n

sλ(x)sλ(y). (50)

A consequence of (47) is that forA operating onH1 and
for B operating onH2

Tr[
Pλ

fλ
(A⊗B)⊗n]

=
∑

µ,ν`n

gλµν Tr[
Pµ

fµ
A⊗n] Tr[

P ν

fν
B⊗n], (51)

wherePλ acts on(H1 ⊗ H2)⊗n, Pµ on H⊗n
1 , andP ν on

H⊗n
2 . In terms of the irreps of GL(d,C) we have

Rλ(A⊗B) ∼=
⊕

µ,ν`n

gλµν Rµ(A)⊗Rν(B), (52)

wheregλµν counts the number of copies ofRµ(A) ⊗ Rν(B)
in the direct sum. This statement gives thecontent expan-
sion of irrep λ of GL(d1d2,C), restricted to the subgroup
GL(d1,C)⊗GL(d2,C). Taking the trace of (52) yields (51).

Example 12 Consider two diagonal matricesA,B ∈
GL(2,C): A = diag(a, b) and B = diag(c, d). Any poly-
nomial irrep of a diagonal matrix is again diagonal. For
n = 3, R(3)(A) = diag(a3, a2b, ab2, b3) and R(21)(A) =
diag(a2b, ab2), and the diagonal elements ofR(3)(A ⊗ B)
are the degree-3 monomials inac, ad, bc, bd. The statement
R(3)(A⊗B) ∼= R(3)(A)⊗R(3)(B) ⊕ R(21)(A)⊗R(21)(B)
is then easily checked.

We can find a nice formula for the partial trace

TrB [Pλ.(11A ⊗ P ν(B))]

= fλ(n!)−1
∑

π∈Sn

χλ(π)Pπ(A) Tr[P ν(B)Pπ(B)]

= fλ(n!)−1
∑

π∈Sn

χλ(π)Pπ(A)χν(π)sν(1×dB )

= sν(1×dB )fλ(n!)−1
∑

π∈Sn

χλ(π)χν(π)Pπ(A)

= sν(1×dB )fλ
∑

ρ`n

z−1
ρ χλ

ρχν
ρPρ

= sν(1×dB )fλ
∑

ρ`n

z−1
ρ χλ

ρχν
ρ

∑
µ

χµ
ρPµ/fµ

= sν(1×dB )fλ
∑

µ

gλµν

fµ
Pµ. (53)

Taking the trace withPµ(A) then gives

Tr[Pλ.Pµ(A)⊗ P ν(B)] = fλgλµνsµ(1×dA)sν(1×dB ).
(54)

Summing over allλ ` n yields

Tr[11.Pµ(A)⊗ P ν(B)]

=
∑

λ`n

fλgλµνsµ(1×dA)sν(1×dB ).

As the left-hand side equalsfµfνsµ(1×dA)sν(1×dB ), this
gives

∑

λ`n

fλgλµν = fµfν . (55)

O. Integration over the Unitary Group

Collins and Sniady [13] considered integrals of polynomial
functions on the unitary groupU(d). In the context of quan-
tum information theory, their Proposition 2.3 can be formu-
lated as giving an explicit expression for the Choi matrix of a
d-dimensionaln-particle twirlId,n.

Proposition 1 (Collins-Sniady) Let Hin and Hout be two
copies of the Hilbert spaceH = (Cd)⊗n. Let |I〉 be the (non-
normalised) state vector onHin ⊗ Hout given by

∑dn

i=1 |ii〉.
Let P (n) = P (n)(Cd ⊗ Cd) be the projector on the totally
symmetric subspace ofHin ⊗Hout.

Then the integralId,n over the unitary group w.r.t. the nor-
malised Haar measure,

Id,n :=
∫

U(d)

dµ(U) 11⊗ U⊗n.|I〉〈I|.11⊗ U†,⊗n,

is equal to

Id,n = P (n).11⊗ (Trin P (n))−1. (56)

An explicit form of (Trin P (n))−1 is given by

(Trin P (n))−1 =
∑

λ`n;d

fλ

sλ(1×d)
Pλ.

Indeed, from (53) follows

Trin P (n) =
∑

λ`n

sλ(1×d)Pλ(Cd)/fλ.

The inverse of this matrix is then readily seen to be the one
given above.

Corollary 1 Let A be a matrix over(Cd)⊗n. Then the inte-
gral I(A) over the unitary groupU(d) w.r.t. the Haar mea-
sure,

I(A) :=
∫

U(d)

dµ(U)U⊗nAU†,⊗n,

is equal to

I(A) =
1
n!

∑

π∈Sn

Tr[APπ]Pπ−1

∑

λ`n;d

fλ

sλ(1×d)
Pλ. (57)
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It is a straightforward exercise to simplify (57) in the par-
ticular case thatA is a tensor powerA = a⊗n:

I(a⊗n) =
∑

λ`n;d

sλ(a)
sλ(1×d)

Pλ

=
∑

λ`n;d

Tr[Pλ a⊗n]
Tr[Pλ]

Pλ.

II. APPLICATION: THE KEYL-WERNER THEOREM

Let ρ be a density matrix. Since the projectorsPλ add
up to the identity, the sequence of numbers(Tr[Pλρ⊗n])λ`n

forms a distribution over the set of partitions ofn. From
the Frobenius-Schur results we know thatTr[Pλρ⊗n] =
fλsλ(r1, . . . , rd), wherer = (r1, . . . , rd) are the eigenvalues
of ρ; this has been rediscovered by Alicki et al in [1]. The sec-
ond result in [1] was that for largen this distribution tends to a
multinomial distribution with mean valueλ = nr↓ (wherer↓

equalsr, rearranged in non-ascending order). Consequently,
for very largen, the distribution tends to the point distribution
at nr↓. This second result was then rediscovered in turn by
Keyl and Werner [10], who gave an estimate for the pointwise
rate of convergence. LetΣ be the closed set

Σ := {x ∈ R+,d : x1 ≥ x2 ≥ . . . ≥ xd ≥ 0,
∑

i

xi = 1}.

Theorem 1 (Keyl-Werner) For a continuous functiong onΣ
and a stateρ with eigenvaluesr = (r1, . . . , rd),

g(r↓) = lim
n→∞

∑

λ`n

g(λ)Tr[Pλ ρ⊗n], (58)

with uniform convergence over the whole setΣ.

Hayashi and Matsumoto [15] gave a shorter proof of their
results, based on the upper bound

Tr[Pλ ρ⊗n] ≤ sλ(1×d) exp(−nS(λ||r↓)), (59)

where S(r||s) :=
∑

i ri(log ri − log si) is the classical
(Kullback-Leibler) relative entropy between distributionsr
ands.

To prove this bound, we need the following bounds on
sλ(x).

Proposition 2 Let the variablesxi be non-negative and
sorted in non-ascending order, then forλ ` n

xλ1
1 . . . xλk

k ≤ sλ(x1, . . . , xk) ≤ sλ(1×k)xλ1
1 . . . xλk

k . (60)

The essence of this pair of bounds is that for any non-negative
vectorx, sλ(x) ≈ ∏

i(x
↓
i )

λi . Typical proofs proceed using
representation-theoretical arguments onTr[PλX⊗n]. Here
we show that these bounds can be derived from combinato-
rial arguments only. Specifically, we use the properties of the
Kostka numbersKλµ.

Proof of Proposition 2.Recall (13):

sλ =
∑

µ

Kλµmµ.

First note that for thex ∈ R+,k obeying the conditions of the
Proposition,

mµ(x) ≤ mµ(1×k) xµ1
1 xµ2

2 . . . xµk

k .

Here, the factormµ(1×k) counts the number of terms present
in mµ. Second, since the Kostka matrix is upper-triangular
we only need to look atµ ≤ λ (in the reverse lexicographic
ordering). For suchµ,

xµ1
1 . . . xµk

k ≤ xλ1
1 . . . xλk

k .

Inserting this in (13) and noting thatKλµ ≥ 0 directly yields
the upper bound.

The lower bound follows from restricting the sum in (13)
to the term withλ = µ (this can be done by positivity of
all terms). That is,sλ ≥ Kλλmλ = mλ. Furthermore, for
x ∈ R+,k,

mµ(x) ≥ xλ1
1 . . . xλk

k ,

which follows by retaining only one term inmλ(x), namely
the largest one. This proves the lower bound. ¤

We also recall the approximation of the multinomial coeffi-
cients that follows from Stirling’s formula:

n!
λ1! . . . λr!

= κ
−1/2
λ exp(nS(λ)),

where S is the entropy function,S(x) = −∑
i xi log xi,

andκλ is a polynomial correction factor given by (apart from
higher-order corrections)

κλ ≈
(∏

i

λi

)
(2πn)r−1.

For large enough values ofn, κλ ≥ 1, and can therefore be
left out in upper bounds. Likewise, we find the approximation

n!
λ1! . . . λr!

rλ1
1 . . . rλd

d = κ
−1/2
λ exp(−nS(λ||r)).

The bound (59) now follows directly from (4), (60), (36)
and the approximation just mentioned. Using (2) and the
lower bound onsλ(r) in (60), we also immediately get a lower
bound

Tr[Pλ ρ⊗n] ≥ κ
−1/2
λ

ν1! . . . νr!
λ1! . . . λr!

exp(−nS(λ||r↓)). (61)

The factors in front of the exponential in both bounds, (59)
and (61), are of polynomial order inn. Hence, from com-
bining these two bounds a variation on Keyl-Werner follows
immediately.
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Theorem 2 Let ρ be a density matrix with spectrumr↓. For
a sequence of partitionsλ(n) ` n such thatλ(n) tends to the
distributions↓, one gets

lim
n→∞

Tr[Pλ(n) ρ⊗n]1/n = exp(−S(s↓||r↓)). (62)

Proof of Theorem 1.EquipΣ with the trace norm distance
D(x, y) =

∑
i |xi − yi|. For everyλ ` n; d such thatλ is

outside anε-ball aroundr↓ it is clear thatexp(−nS(λ||r↓))
goes to 0 exponentially withn. The factorsλ(1×d) is poly-
nomial in n. Eq. (59) thus gives thatTr[Pλ ρ⊗n] also tends
to 0 exponentially forλ outside theε-ball. The total number
of partitionsλ ` n; d is polynomial inn, hence the sum of
Tr[Pλ ρ⊗n] overλ outside theε-ball also tends to 0 exponen-
tially. As the projectorsPλ sum up to the identity, the total
sum ofTr[Pλ ρ⊗n] over all λ is 1. Hence, for anyε > 0
the sum over allλ insidetheε-ball tends to 1. Multiplying in
the factorg(λ) and assuming continuity ofg yields the state-
ment of the Theorem. Uniformity of convergence follows
since the convergence rate ofexp(−nS(λ||r↓)) does essen-
tially depend onD(λ, r↓) only, i.e. on the chosen value ofε,
irrespective of the spectrumr. ¤

The Keyl-Werner Theorem applies in particular to matrix
norms of positive semidefinite matrices, and by restricting to
diagonal matrices also to vector norms of non-negative real
vectors. In fact, A. Barvinok independently showed that any
vector norm for arbitrary real vectors can be approximated by
a polynomial [5].

III. PARTIAL TRACES

A. Partial trace of Pρ

Just like the index permutation matricesPπ, the class aver-
agesPρ operate on the tensor spaceH⊗n = (Cd)⊗n. Here
we describe what happens when one or more of then tensor
factors is traced out. The calculations involved are feasible
because a partial trace of an index permutation matrix is again
an index permutation matrix (times a certain power ofd).

The basic idea is that tracing out a single tensor factor in
Pρ corresponds to deleting a box at random from the Young
frame associated to the class typeρ ` n. More precisely, if the
boxes in a Young frame are linearly ordered and assigned the
labelsi = 1, . . . , n, and the result of deleting boxi in Young
frameρ is denoted byρ \ i, then

Tr1[Pρ] = (n!)−1
n∑

i=1

Pρ\i. (63)

(I’m not sure anymore about the factor1/n!)
This can be seen easily when one realises that for any rep-

resentativeπ ∈ ρ, one hasPρ = (n!)−1
∑

π′∈Sn
Pπ′ππ′−1 .

Furthermore, if we choose the representativeπ such that the
cycles appear in standard order (consecutively, and with non-
increasing cycle order) then tracing out the first tensor factor

corresponds to deleting box 1. Conjugation withπ′ corre-
sponds to permuting the box labels, hence (63) follows.

As it stands now, however, (63) is not correct. First of all,
if a box is deleted from a row of a Young frame, then some
rows might have to be swapped, to ensure that the row lengths
are still in non-increasing order. We will not denote this re-
ordering explicitly, but assume it implicit in the notationρ \ i.
Secondly, and more importantly, consider what happens when
box i is the only box in its row, so that deleting it generates
an empty row. Tracing out a cycle of length one in an index
permutationPπ incurs an additional factor ofd. For example,
if π = (1), thenPπ = 11 andTr 11 = d. We can amend this
shortcoming by adding an extra factord(ρ\i)0 to (63), where
we denote the number of rows inρ \ i that have been set to 0
by (ρ \ i)0. Thus:

(ρ \ i)0 = l(ρ)− l(ρ \ i).

We can rephrase (63) in a more convenient way. The Young
frames that are obtained fromρ \ i are (ρ1 − 1, ρ2, . . .),
(ρ1, ρ2 − 1, . . .), etc. As there areρ1 out of n possibilities
to pick a box from the first row,ρ2 out of n to pick one from
the second row, etc, we have

Tr1[Pρ] =
l(ρ)∑

j=1

(ρj/n)d(...,ρj−1,...)0P(...,ρj−1,...).

This can be rewritten even more explicitly in terms of the ex-
ponentsρk. To simplify the typography we will here write the
cycle type as an argument ofP rather than as a subscript:

Tr1[Pρ] =
n∑

k=2

ρk(k/n)P (1ρ1
. . . (k − 1)ρk−1+1 kρk−1 . . .)

+ρ1(1/n) dP (1ρ1−12ρ2
. . .). (64)

This formula can be used recursively to obtain expressions
for tracesTrJ Pρ over any numberJ of copies ofH. However,
it is much more convenient to derive an expression directly,
in a similar way as has been done above for the single copy
trace. The central operation in calculatingTrJ Pρ is deleting
J boxes from the Young frameρ. This amounts to deletingj1
boxes from the first row,j2 from the second row, etc, where
the numbersj := (j1, j2, . . .) are such that0 ≤ jk ≤ ρk and∑

k jk = J . As there are
(
n
J

)
ways to deleteJ boxes from a

Young frame withn boxes, and there areCjk
ρk

ways to delete
jk boxes from a row of lengthρk, the multiplication factor
(which wasρk/n in the single copy case) is now

αj,ρ :=
Cj1

ρ1
Cj2

ρ2
. . .

CJ
n

.

We get

TrJ [Pρ] =
∑

j

αj,ρd
(ρ−j)0Pρ−j ,

where the sum is over all tuplesj obeying the requirements
stated above, andρ − j is the sequence (not a partition)



13

(ρi − ji)i. Introducing the sequence ofl(ρ) non-negative
integersσ := ρ − j, these requirements translate to|σ| :=∑

k σk = n− J andσ ≤ ρ, which means thatσk ≤ ρk for all
k. There is clearly no harm in writingPρ−j = Pσ since a class
type can equally well be described by an unsorted sequence of
numbers. If we further definel(σ) as the number of non-zero
elements in the sequenceσ, then(ρ− j)0 = l(ρ)− l(σ). The
partial trace now takes the form

TrJ [Pρ] =
1

CJ
n

∑

σ ≤ ρ

|σ| = n− J

Cσ1
ρ1

Cσ2
ρ2

. . . dl(ρ)−l(σ)Pσ.

This can be reformulated in terms of partitions rather than se-
quences. To do this, first note that the explicit conditionσ ≤ ρ
can be dropped if we adopt the rule thatCk

n = 0 whenever
k < 0 or k > n. Second, for different reorderings ofσ, Pσ is
still the same thing. Hence, in terms of partitionsσ, we finally
arrive at

Theorem 3 (Partial Trace ofPρ) For a cycle typeρ ` n, the
partial trace overJ ≤ n copies ofH = Cd of Pρ is

Trj [Pρ] =
1

Cj
n

∑

σ`n−j

dl(ρ)−l(σ)Gρ
σ Pσ, (65)

with

Gρ
σ :=

∑
α

Cα1
ρ1

Cα2
ρ2

. . . (66)

Here the sum is over all sequencesα that are distinct permu-
tations ofσ zero-padded to lengthl(ρ), and we adopt the con-
vention thatCk

n = 0 wheneverk < 0 or k > n. The number
of these distinct permutations isl(ρ)!/(l(ρ)− l(σ))!σ1!σ2! . . .

Note thatGρ
σ is a non-negative integer for which

∑

σ`n−j

Gρ
σ = Cj

n.

Consider for example the special case where all parts ofρ
are equal. Replacen by qn and putρ = (qn). Then no part of
σ may exceedq and

Trj [P(qn)] =
1

Cj
qn

∑

σ ` qn− j; n
σ1 ≤ q

dn−l(σ)G(qn)
σ Pσ. (67)

with

G(qn)
σ =

n! Cσ1
q Cσ2

q . . . Cσl
q

(n− l(σ))!σ1!σ2! . . . σq!
.

B. Partial trace of P λ

A direct consequence of the Theorem is that a similar state-
ment must hold for the projectorsPλ. There must exist con-
stantsGλ

λ′ , depending ond, such that forλ ` n:

Tr1[Pλ] =
1
n

∑

λ′`n−1

Gλ
λ′P

λ′ . (68)

To determine these constants, consider the matrix(A+t11)⊗n,
whereA has eigenvaluesa. Expansion of the sum gives

(A + t11)⊗n =
n∑

j=0

tj(11⊗j ⊗A⊗n−j + d.p.),

where “d.p.” stands for the distinct permutations of the tensor
factors, of which there are

(
n
j

)
.

Taking the trace of the product of this matrix withPλ yields

fλsλ(a + t) =
n∑

j=0

tj
(

n

j

)
Tr[Trj [Pλ]A⊗n−j ]

=
n∑

j=0

tj
∑

λ′`n−j

Gλ
λ′f

λ′sλ′(a),

Taking the first derivative w.r.t.t in t = 0 gives

∂

∂t

∣∣∣∣
t=0

sλ(a + t) =
1
fλ

∑

λ′`n−1

Gλ
λ′f

λ′sλ′(a).

We will now explicitly calculate this derivative.

Proposition 3

∂

∂t

∣∣∣∣
t=0

sλ(a1 + t, . . . , ad + t)

=
l(λ)∑
j=1

λj>λj+1

(d + λj − j)sλ−ej (a1, . . . , ad), (69)

whereej
i := δi,j .

The conditionλj > λj+1 ensures that the sum only includes
those terms for whichλ− ej is a genuine Young frame.

The proof will be based upon the representation of a Schur
polynomialsλ as the determinant

sλ = det (hλi+j−i)
l(λ)
i,j=1 ,

which is the so-called Jacobi-Trudi formula [7]. The matrix
elements are the symmetric functionshr, defined as the sum
of all monomials of total degreer. One takesh0 = 1, and
hr = 0 for r < 0.

The first derivative ofhr is supplied by the following
lemma.

Lemma 1

∂

∂t

∣∣∣∣
t=0

hr(a1 + t, . . . , ad + t)

= (r + d− 1)hr−1(a1, . . . , ad). (70)

Proof of the Lemma.The generating polynomial of the
functionshr is [7]

H(s;x) =
∞∑

r=0

hr(x)sr =
d∏

i=1

(1− xis)−1.
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Taking the derivative oflog H(s; x + t) w.r.t. t yields

∂

∂t

∣∣∣∣
t=0

H(s;x + t) = sH(s;x)
d∑

i=1

(1− xis)−1.

Taking the derivative oflog H(s; x) w.r.t s yields

∂

∂s
H(s; x) = H(s;x)

d∑

i=1

xi(1− xis)−1.

Since

(1− xis)−1 = 1 + xis(1− xis)−1,

we find

∂

∂t

∣∣∣∣
t=0

H(s;x + t) = dsH(s; x) + s2 ∂

∂s
H(s; x).

Equating the coefficients ofsr on both sides yields the state-
ment of the Lemma. ¤

Proof of the Proposition.We will make abundant use of the
linearity of the determinant in any of its rows.

From the Jacobi-Trudi formula,

∂

∂t

∣∣∣∣
t=0

sλ(a1 + t, . . . , ad + t) =
l(λ)∑

k=1

det(Gk),

where the matrixGk is obtained from the matrixGλ :=
(hλi+j−i)

l(λ)
i,j=1 by differentiating the elements on thek-th row

w.r.t. t. Denoting ∂
∂t

∣∣
t=0

hr(a1+t, . . . , ad+t) by h′r andl(λ)
by l, thek-th row ofGk is

(h′λk−k+1, h
′
λk−k+2, . . . , h

′
λk−k+l)

By the Lemma, this is equal to

((λk + 1− k + d− 1)hλk−k,

(λk + 2− k + d− 1)hλk−k+1, . . . ,

(λk + l − k + d− 1)hλk−k+l−1)
= (λk − k + d) . (hλk−k, hλk−k+1, . . . , hλk−k+l−1)

+(0, hλk−k+1, . . . , (l − 1)hλk−k+l−1).

We can thus write

det(Gk) = (λk − k + d) det(G′k) + det(G′′k),

where G′k and G′′k are obtained fromGλ by replac-
ing its k-th row by (hλk−k, hλk−k+1, . . . , hλk+l−k−1) and
(0, hλk−k+1, . . . , (l − 1)hλk+l−k−1), respectively.

It is easy to see thatG′k = Gλ−ek . Furthermore, ifλk =
λk+1, det(G′k) = 0 because then thek-th row in G′k is equal
to its (k + 1)-th one.

The sum of the second terms
∑l

k=1 det(G′′k) is identically
zero. This can be seen as follows. Lett be an independent
scalar variable. LetG′λ be the matrix whosep-th column is
equal to thep-th column ofGλ plus (p − 1)t times the first

column ofGλ. AsG′λ can be obtained fromGλ by elementary
column operations (the first column is unchanged and added
to the other columns),det G′λ = det Gλ for any value oft.
This implies that the first derivative ofdetG′λ w.r.t. t is zero.
We find

∂

∂t

∣∣∣∣
t=0

detG′λ =
l∑

k=1

det(G′′k),

which shows that the right-hand side is indeed zero.
Therefore,

∂

∂t

∣∣∣∣
t=0

sλ(a1 + t, . . . , ad + t)

=
l∑

k=1

det(Gk)

=
l∑

k=1
λk>λk+1

(λk − k + d) det(Gλ−ek),

which is the statement of the Proposition. ¤

As a consequence, we get a simple formula for the con-
stantsGλ

λ′ in case|λ′| = |λ| − 1. The only values ofλ′

for which Gλ
λ′ is non-zero areλ − ej , for thosej where

λj > λj+1. In those cases:

Gλ
λ−ej = (d + λj − j)

fλ

fλ−ej

= n
sλ(1×d)

sλ−ej (1×d)
.

We obtain two formulas for the partial trace ofPλ:

Proposition 4 (Partial Trace of Pλ)

Tr1[Pλ]
fλ

=
1
n

l(λ)∑
j=1

λj>λj+1

(d + λj − j)
Pλ−ej

fλ−ej (71)

and

Tr1[Pλ]
sλ(1×d)

=
l(λ)∑
j=1

λj>λj+1

Pλ−ej

sλ−ej (1×d)
. (72)

Taking the trace of these equations yields:

sλ(1×d) =
1
n

l(λ)∑
j=1

λj>λj+1

(d + λj − j)sλ−ej (1×d) (73)

and

fλ =
l(λ)∑
j=1

λj>λj+1

fλ−ej

. (74)

The latter formula is just a mental leap away from a proof that
fλ is the number of SYTs of shapeλ.
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