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Block Partitioned Matrices

•Matrix = representation of a linear mapping from one spaceV1 to another,V2

• Example: a linear map fromR2 toR3 can be represented by the matrix

A =




a1 b1

a2 b2

a3 b3


 .

• Suppose we single out orthogonal subspaces inV1 andV2 and partitionV1 and
V2 as direct sums

V1 =
⊕

j

V1j

V2 =
⊕

i

V2i
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• Linear mappings betweenV1 andV2 can then be represented byBlock Matrices

A =




A11 A12 . . .
A21 A22 . . .

... ... ...




or, for short,

A = [Aij],

whereAij are matrices themselves.

• Aij represents a mapping fromV1j to V2i

•WhenV1 = V2, soV1i = V2i, the partitioning of the block matrix isSymmetric:
e.g.

A =




a1 b1 c1

a2 b2 c2

a3 b3 c3


 .
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Matrix Trace Norms

• Among the zoo of norms that can be defined for matrices, theSchattenq-norms
(a.k.a.Trace Norms) stand out:

• For q ≥ 1, ||A||q := (Tr(|A|q))1/q.
• Thematrix absolute value|A| is defined as|A| = (A∗A)1/2.

• Non-commutative generalisation of`q-norms for vectors.

• Depend only on singular values ofA: ||A||q = (
∑

i σi(A)q)1/q

• Special cases:

– q = 1: Trace Norm||A||1 = Tr |A|
– q = 2: Frobenius Norm||A||2 = (Tr(A∗A))1/2 =

(∑
ij |Aij|2

)1/2

.

– q = ∞: Operator Norm||A||∞ = σ↓1(A).
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Norm Compression

• Suppose I have a block partitioned matrixA = [Aij]

4



Norm Compression

• Suppose I have a block partitioned matrixA = [Aij]

• ...and I give you the Schattenq-norms of all the blocks:||Aij||q
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Norm Compression

• Suppose I have a block partitioned matrixA = [Aij]

• ...and I give you the Schattenq-norms of all the blocks:||Aij||q
• Let’s call that theNorm Compressionof A:

A =




A11 A12 . . .
A21 A22 . . .

... ... ...


 7→



||A11||q ||A12||q . . .
||A21||q ||A22||q . . .

... ... ...



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Norm Compression

• Suppose I have a block partitioned matrixA = [Aij]

• ...and I give you the Schattenq-norms of all the blocks:||Aij||q
• Let’s call that theNorm Compressionof A:

A =




A11 A12 . . .
A21 A22 . . .

... ... ...


 7→



||A11||q ||A12||q . . .
||A21||q ||A22||q . . .

... ... ...




• Q: What can you then tell me about||A||q?
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Norm Compression

• Suppose I have a block partitioned matrixA = [Aij]

• ...and I give you the Schattenq-norms of all the blocks:||Aij||q
• Let’s call that theNorm Compressionof A:

A =




A11 A12 . . .
A21 A22 . . .

... ... ...


 7→



||A11||q ||A12||q . . .
||A21||q ||A22||q . . .

... ... ...




• Q: What can you then tell me about||A||q?
• A: You could give me upper and lower bounds on||A||q using

Norm Compression Inequalities(NCI’s)!
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Overview: NCI’s for the Schatten norms

1.Previously known NCI’s

2.An NCI for positive semidefinite matrices

3.Conjectures, with or without partial proofs

Learn more about this frommath.FA/0505680atarxiv.org
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1. Previously known NCI’s
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Pinching Inequality

• Let A be symmetrically partitioned:A = [Aij]

• ThePinchingof A is obtained by setting all off-diagonal blocks to 0:

A =




A11 A12 . . .
A21 A22 . . .

... ... ...


 7→




A11 0 . . .
0 A22 . . .
... ... ...


 =

⊕
i

Aii.

• ThePinching Inequalitysays: for any unitarily invariant norm

|||A||| ≥ |||
⊕

i

Aii|||.

• For Schattenq-norms, this is an NCI:

||A||q ≥
∣∣∣∣∣

∣∣∣∣∣
⊕

i

Aii

∣∣∣∣∣

∣∣∣∣∣
q

=

(∑
i

||Aii||qq
)1/q
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An Upper Bound

• There is a complementary NCI forpositive semidefinite(PSD) symmetrically
partitioned block matrices:

||A||q ≤
∑

i

||Aii||q.

• Ref: Horn and Johnson’s “Topic in Matrix Analysis”, p. 217Problem22.

•WhenA is not PSD, there is no NCI upper bound in terms of only the diagonal
block norms||Aii||q.
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An Upper Bound

• There is a complementary NCI forpositive semidefinite(PSD) symmetrically
partitioned block matrices:

||A||q ≤
∑

i

||Aii||q.

• Ref: Horn and Johnson’s “Topic in Matrix Analysis”, p. 217Problem22.

•WhenA is not PSD, there is no NCI upper bound in terms of only the diagonal
block norms||Aii||q.

• Reason: if one of the off-diagonal block norms goes off to∞, so does||A||q!
• That can’t happen whenA is PSD because then||Aij||2q ≤ ||Aii||q ||Ajj||q.
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NCI’s exploiting all blocks

• For a generald× d partitioned matrixA = [Aij], with 1 ≤ i, j ≤ d, one has, for
1 ≤ q ≤ 2:

d2−q||A||qq ≥
∑
i,j

||Aij||qq ≥ ||A||qq

• The reversed inequalities hold forq ≥ 2.

• Ref: Bhatia and Kittaneh

• Note that the bound is stated in terms of the norm of thevectorisednorm com-
pression(||A11||q, ||A12||q, . . .)

• The splitting up in two cases (q < 2, q > 2) is a common phenomenon; likely to
happen when an NCI reduces to equality forq = 2.
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An NCI for 2X2 PSD matrices

• Chris King found an NCI for PSD2× 2 block matrices:
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
q

≥
∣∣∣∣
∣∣∣∣
( ||A11||q ||A12||q
||A21||q ||A22||q

) ∣∣∣∣
∣∣∣∣
q

, 1 ≤ q ≤ 2,

while the reversed inequality holds forq ≥ 2.

• ||A||q ≤ || [ ||Aij||q ] ||q holds forintegerq and any partitioning.

• Generalisation to higher numbers of blocks does not hold for non-integerq.

• Counterexample:4× 4 partitioning, blocksAij are scalars,

A =




3 0 −2 −2
0 3 2 −1

−2 2 4 0
−2 −1 0 3


 ≥ 0,

{ ||A ||1.5 = 9.49929

|| [ |Aij| ] ||1.5 = 9.63184
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Strong Sharpness

• In the setting of NCI’s, it makes sense to ask for thesharpest possiblebounds.

• Strongly sharpNCI’s can be saturated for any allowed choice of the constituent
quantities of the bound.

• Both the Pinching and H&J inequality are strongly sharp: for any possible choice
of ai ≥ 0, there is anA such that||Aii||q = ai and equality holds in the NCI.

• King’s bound is also strongly sharp. Take positive, scalar blocks.

• Bhatia and Kittaneh’s bounds arenot strongly sharp.

•My goal in life: find some more strongly sharp NCI’s
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2. Another NCI for PSD matrices
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A Companion for Chris’ Inequality

• Recall, forA ≥ 0, and1 ≤ q ≤ 2,
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
q

≥
∣∣∣∣
∣∣∣∣
( ||A11||q ||A12||q
||A21||q ||A22||q

) ∣∣∣∣
∣∣∣∣
q

,

while the reversed inequality holds forq ≥ 2.
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A Companion for Chris’ Inequality

• Recall, forA ≥ 0, and1 ≤ q ≤ 2,
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
q

≥
∣∣∣∣
∣∣∣∣
( ||A11||q ||A12||q
||A21||q ||A22||q

) ∣∣∣∣
∣∣∣∣
q

,

while the reversed inequality holds forq ≥ 2.

• This invites the question: What about anupper boundfor 1 ≤ q ≤ 2, and a
lower bound forq ≥ 2?
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A Companion for Chris’ Inequality

• Recall, forA ≥ 0, and1 ≤ q ≤ 2,
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
q

≥
∣∣∣∣
∣∣∣∣
( ||A11||q ||A12||q
||A21||q ||A22||q

) ∣∣∣∣
∣∣∣∣
q

,

while the reversed inequality holds forq ≥ 2.

• This invites the question: What about anupper boundfor 1 ≤ q ≤ 2, and a
lower bound forq ≥ 2?

• The answer is:∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
q

≤ (||A11||qq + ||A22||qq + (2q − 2)||A12||qq
)1/q

,

and the reversed inequality forq ≥ 2.
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That strange factor...

• Factor(2q − 2) looks rather weird, but...

• For q = 1 andq = 2 we know
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
1

= ||A11||1 + ||A22||1
∣∣∣∣
∣∣∣∣
(

A11 A12

A21 A22

) ∣∣∣∣
∣∣∣∣
2

2

= ||A11||22 + ||A22||22 + 2||A12||22.

• The factor2q − 2 on ||A12||qq interpolates between 0 and 2.

• One can make even more sense out of it by reformulating the inequality.

•W.l.o.g. one can takeA12 = A21 ≥ 0 (use polar decomposition).

• PutA11 = B, A12 = A21 = C, A22 = D, all PSD.
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Reformulation

• Now note the following:

Tr

(
C C
C C

)q

= 2q Tr Cq, Tr

(
C 0
0 C

)q

= 2 Tr Cq.

• The inequality can thus be rewritten as

Tr

(
B C
C D

)q

− Tr

(
B 0
0 D

)q

≤ Tr

(
C C
C C

)q

− Tr

(
C 0
0 C

)q

.

• Both sides are non-negative, since

(
B 0
0 D

)
is a pinching of

(
B C
C D

)
.

• The left-hand side is the amount of norm decrease caused by this pinching.

• The inequality says that, when fixingC and constrainingB andD to keepA

positive, this norm decrease is maximal whenB = D = C.
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Strong Sharpness

• For scalar blocks, my bound isnot strongly sharp, because Chris’s bound is an
equality in that case.

•My bound is strongly sharp when going to blocks of size at least2× 2,
provided||C||q ≤ ||B||q, ||D||q.

• By a theorem of Horn and Mathias, positivity ofA implies||C||2q ≤ ||B||q||D||q.
• For ||B||q ≤ ||C||q ≤ (||B||q||D||q)1/2 one can find a better bound than mine

(and I have a conjecture!).
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Strong Sharpness

•Witnesses of strong sharpness:

B =

(
β 0
0 γ

)
, D =

(
δ 0
0 γ

)
, C =

(
0 0
0 γ

)
,

for β, γ andδ non-negative numbers.

• Then||B||qq = βq + γq, ||D||qq = δq + γq, ||C||q = γ and
∣∣∣∣
∣∣∣∣
(

B C
C∗ D

) ∣∣∣∣
∣∣∣∣
q

q

= βq + δq + 2qγq

= ||B||qq + ||D||qq + (2q − 2)||C||qq.
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Proof of the inequality

• General Idea: fix C and show that the maximum of

Tr

(
B C
C D

)q

− Tr

(
B 0
0 D

)q

over allB,D such thatA ≥ 0 is obtained inB = D = C.

• Step 1: Fix D and maximise overB. Allowed B obeyB ≥ B0 := CD−1C.

• PutB = B0 + t∆, with ∆ ≥ 0, and define

f (t) := Tr

(
B0 + t∆ C

C D

)q

− Tr

(
B0 + t∆ 0

0 D

)q

.

•We find thatf ′(t) ≤ 0 so thatf (t) is maximal in 0.

• Therefore, maximum obtained forB = CD−1C.
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Proof of the inequality

• Step 2: Maximise

f (D) := Tr

(
CD−1C C

C D

)q

− Tr

(
CD−1C 0

0 D

)q

over allD ≥ 0.

• Easy part:D = C is a stationary point off (D).

• Hard part:

– D = C is theonlystationary point;

– f (C) ≥ f (D) for D on theboundaryof the setD ≥ 0.
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Proof of Dual Case

• All the above was for1 ≤ q ≤ 2.

• Reversed inequality forq ≥ 2 can be proven as a corollary of the inequality for
1 ≤ q ≤ 2 using the general technique ofduality.
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Proof of Dual Case

• All the above was for1 ≤ q ≤ 2.

• Reversed inequality forq ≥ 2 can be proven as a corollary of the inequality for
1 ≤ q ≤ 2 using the general technique ofduality.

•Well, that’s what I thought...

• Spot the mistake in the following argument!
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Proof of Dual Case

• Definep such that1/p + 1/q = 1; if q ≥ 2 then1 ≤ p ≤ 2.

• The Schattenp-norm is thedualnorm of the Schattenq-norm: ForA ≥ 0,

||A||q = max
X
{Tr[AX ] : X ≥ 0, ||X||p ≤ 1}.

• Hölder’s inequality: for A,B ≥ 0,

Tr[AB] ≤ ||A||q||B||p.
with equality ifB = Ap−1.

• Duality proof exploits the following facts:

– For everyA ≥ 0 there is an optimalB ≥ 0 with ||B||q = 1, such that
||A||p = Tr[AB].

– For all other suchB, one has||A||p ≥ Tr[AB].
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Proof of Dual Case

• Now consider the expression, withp ≥ 2,

||B ⊕D ⊕ (2p − 2)1/pC||p.
• TakeP,Q, R ≥ 0 such thatP ⊕R⊕ (2q − 2)1/qQ is optimal for this norm:

||B ⊕D ⊕ (2p − 2)1/pC||p ||P ⊕R⊕ (2q − 2)1/qQ||q
= Tr

[
(B ⊕D ⊕ (2p − 2)1/pC) (P ⊕R⊕ (2q − 2)1/qQ)

]

= Tr[BP + DR + (2p − 2)1/p(2q − 2)1/qCQ]

≤ Tr[BP + DR + 2CQ],

• Here I have used that for allq, (2p − 2)1/p(2q − 2)1/q ≤ 2.
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Proof of Dual Case
• Using my bound for1 ≤ q ≤ 2:

∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

≤
∣∣∣
∣∣∣P ⊕R⊕ (2q − 2)1/qQ

∣∣∣
∣∣∣
q
.

and Ḧolder’s inequality, gives

||B ⊕D ⊕ (2p − 2)1/pC||p
∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

≤ Tr[BP + DR + 2CQ]

= Tr

[(
B C
C D

) (
P Q
Q R

)]

≤
∣∣∣∣
∣∣∣∣
(

B C
C D

) ∣∣∣∣
∣∣∣∣
p

∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

• Dividing out

∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

we get the desired bound inp.

31



The mistake in the “Proof”

• I took P,Q, R ≥ 0 such that

||B ⊕D ⊕ (2p − 2)1/pC||p ||P ⊕R⊕ (2q − 2)1/qQ||q
= Tr

[
(B ⊕D ⊕ (2p − 2)1/pC) (P ⊕R⊕ (2q − 2)1/qQ)

]
.

• I applied my bound on

∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

.

• To do that I need

(
P Q
Q R

)
≥ 0, which isnot guaranteed by the assumptions!
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The mistake in the “Proof”

• I took P,Q, R ≥ 0 such that

||B ⊕D ⊕ (2p − 2)1/pC||p ||P ⊕R⊕ (2q − 2)1/qQ||q
= Tr

[
(B ⊕D ⊕ (2p − 2)1/pC) (P ⊕R⊕ (2q − 2)1/qQ)

]
.

• I applied my bound on

∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

.

• To do that I need

(
P Q
Q R

)
≥ 0, which isnot guaranteed by the assumptions!

• A duality proof is likeblack magic. If used without care, it kills you!

• To fix the above proof, we need a rather strange, but beautiful inequality.
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3. Conjectures, and other pain-killers
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A Conjecture, for redemption

• Let

(
B C
C D

)
now be a generalHermitianmatrix.

• The Positive Partof a Hermitian matrix is what one gets by setting negative
eigenvalues to 0.

• Let

(
P Q
Q R

)
=

(
B C
C D

)

+

• The duality proof can be fixed if, for1 ≤ q ≤ 2,

||P ⊕R⊕ (2q − 2)1/qQ||q ≤ ||B ⊕D ⊕ 2

(2p − 2)1/p
C||q

• I only need the somewhat weaker inequality
∣∣∣∣
∣∣∣∣
(

P Q
Q R

) ∣∣∣∣
∣∣∣∣
q

≤ ||B ⊕D ⊕ 2

(2p − 2)1/p
C||q.
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A Conjecture, for strength

• Let b = ||B||q, c = ||C||q andd = ||D||q.
• Recall that my bound was only strongly sharp for the casec ≤ b, d.

• In the other cases, e.g.b ≤ c ≤ (bd)1/2, I conjecture the bound
∣∣∣∣
∣∣∣∣
(

B C
C D

) ∣∣∣∣
∣∣∣∣
q

q

≤ dq − (c2/b)q + (b + c2/b)q.

•My conjectures are getting stranger by the minute, but...
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A Conjecture, for strength

• This is equivalent to
∣∣∣∣
∣∣∣∣
(

B C
C D

) ∣∣∣∣
∣∣∣∣
q

q

−
∣∣∣∣
∣∣∣∣
(

B 0
0 D

) ∣∣∣∣
∣∣∣∣
q

q

≤
∣∣∣∣
∣∣∣∣
(

x c
c y

) ∣∣∣∣
∣∣∣∣
q

q

−
∣∣∣∣
∣∣∣∣
(

x 0
0 y

) ∣∣∣∣
∣∣∣∣
q

q

,

with:

x = y = c, if c ≤ b, d

x = b, y = c2/b, if b ≤ c

x = c2/d, y = d, if d ≤ c.

• And I have cases of equality, so the bound will be strongly sharp (if true).
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And now for something completely

different

•Why do I care?

• Norm compression inequalities feature in proofs of the multiplicativity property
of the1 → q norm of certain classes of completely positive maps.

• A linear mapΦ is completely positive(CP) if and only ifΦ preserves positive
semidefiniteness ofN ×N PSD block matrices when it acts on them blockwise,
i.e. asΦ : [Aij] 7→ [Φ(Aij)], and this for whatever value ofN .

• LettingΦ be a completely positive map, its1 → q normis defined as

||Φ||1→q = max
||X||1=1

||Φ(X)||q.
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Multiplicativity of p-to-q norms

•Multiplicativity of this norm w.r.t. the tensor product is the statement that, for
two CP mapsΦ1 andΦ2:

||Φ1 ⊗ Φ2||1→q = ||Φ1||1→q ||Φ2||1→q.

• Shown for various classes of CP maps within various ranges ofq.

• Unfortunately, there exist counterexamples whenq > 4.79.

• It might still be true for any tensor product of CP maps for values ofq close to
1. Then one could prove additivity of an entropic counterpart of multiplicativity,
and with it a host of other additivity results concerning CP maps.

• That, in turn, would solve a number of long-standing open problems inquantum
information theory.
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A Conjecture, for qubit CP maps

• For CP mapsΦ1 andΦ2, whenΦ1 acts on2× 2 matrices, multiplicativity would
follow from the NCI-like inequality:

• Let A be a PSD matrix with trace 1, block partitioned asA =

(
B C
C∗ D

)
, with

β = ||B||q andδ = ||D||q. Then

|| (Φ1 ⊗ I)(A) ||q ≤ max
θ

∣∣∣∣
∣∣∣∣ Φ1(

(
β exp(iθ)

√
βδ

exp(−iθ)
√

βδ δ

)
)

∣∣∣∣
∣∣∣∣
q

.

• I have a proof whenΦ1(

(
0 1
0 0

)
) ≥ 0. Optimalθ is then 0.

• Interesting Corollary of the Conjecture:Hanner’s inequalityfor matrices.
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Hanner’s Inequality

• For general matricesA andB, and1 ≤ p ≤ 2, Hanner’s inequality reads

||A + B||pp + ||A−B||pp ≥ (||A||p + ||B||p)p + | ||A||p − ||B||p|p,
while for 2 ≤ p, the inequality is reversed.

• Proven in the following instances (Ball, Carlen and Lieb):

1. For all 1 ≤ p ≤ ∞ whenA + B andA−B are positive semidefinite.

2. For all 1 ≤ p ≤ 4/3, p = 2, and4 ≤ p ≤ ∞ whenA andB are general
matrices.

• I have been able to show that the full statement would follow from the conjecture
on the previous page.

• It would also follow as a special case of my Big Fat Conjecture...
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Final Conjecture, the biggest of them all!

• Let T be a general matrix partitioned in2×N blocks:

T =

(
A1 A2 · · · AN

B1 B2 · · · BN

)
.

Then I conjecture the following NCI, forp ≥ 2:

||T ||p ≤
∣∣∣∣
∣∣∣∣
( ||A1||p ||A2||p · · · ||AN ||p
||B1||p ||B2||p · · · ||BN ||p

) ∣∣∣∣
∣∣∣∣
p

while for 1 ≤ p ≤ 2 the ordering of the inequality is reversed.

• Hanner’s inequality:N = 2, B2 = A1, B1 = A2.

• Chris’ NCI: N = 2, T ≥ 0.
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Final Conjecture, the biggest of them all!

• I have proofs for special cases:

• All Bk zero

• All Ak andBk are row vectors

• All Ak andBk are column vectors

• Ak = αkX, for some scalarsαk and some matrixX, and similarly,Bk = βkY .

• p ≥ 4; follows easily from Chris’ NCI.

•Maybe my own NCI has a bearing on the2 ≤ p ≤ 4 case?
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