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Block Partitioned Matrices

e Matrix = representation of a linear mapping from one spac® another),

e Example: a linear map frof? to R? can be represented by the matrix

ay bl
A= a9 bQ .
as bg

e Suppose we single out orthogonal subspacdg iand V5 and partitionV; and
V5 as direct sums



e Linear mappings betwedn andV; can then be represented Biock Matrices

AH A12
A= Ay Ay .

or, for short,
A = [A;),
whereA;; are matrices themselves.
o A;; represents a mapping from; to Vs,

e WhenV, = 1;, soVy; = V4, the partitioning of the block matrix iISymmetric
e.g.

ai b1 C1
A= as b2 Co
as b3 C3




Matrix Trace Norms

e Among the zoo of norms that can be defined for matricesSttieatterny-norms
(a.k.a.Trace Norm¥stand out:

eForg>1,  [[Al|, = (Tr(|A]))""
e Thematrix absolute valugA| is defined asA| = (A*A)'/2,

e Non-commutative generalisation Fnorms for vectors.

e Depend only on singular values df ||A|, = (3, 0:(A)9)1/4
e Special cases:
—q = 1: Trace Norm||A||; = Tr |A]
1/2
— ¢ = 2: Frobenius Norm|A||, = (Tr(A*A))Y2 = (Zij \AUP) _

— ¢ = co: Operator Normj|A||« = o1 (A).
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Norm Compression

e Suppose | have a block partitioned matfix= [A,;]
e ...and | give you the Schatteganorms of all the blocksf|A4;;||,

e Let’s call that theNorm Compressioof A:

Ap A .. | Awllg [|Aw2llg -
A: Agl AQQ > HA21H(] ||A22Hq

e Q: What can you then tell me aboit||,?

e A: You could give me upper and lower bounds |@d||, using
Norm Compression Inequaliti€BICI’s)!



Overview: NCI’s for the Schatten norms

1.Previously known NCI’s
2.An NCI for positive semidefinite matrices

3. Conjectures, with or without partial proofs

Learn more about this frobmath.FA/050568@t arxiv.org



1. Previously known NCI’s
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Pinching Inequality

e Let A be symmetrically partitionedd = [A,;]
e ThePinchingof A is obtained by setting all off-diagonal blocks to O:

All Alg AH 0 ...
AZ A21 A22... — O A22... :@Am
e ThePinching Inequalitysays: for any unitarily invariant norm
1Al = Il D Aslll-
e For Schatte-norms, this is an NCI:
1/q
(Z ||Azz||g>

D A

141l =

q

11



An Upper Bound

e There is a complementary NCI fqositive semidefinitéPSD) symmetrically
partitioned block matrices:

1Al < 1Al

e Ref: Horn and Johnson’s “Topic in Matrix Analysis”, p. 2PToblem22.

e When A is not PSD, there is no NCI upper bound in terms of only the diagonal
block norms|| 4;||,-
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An Upper Bound

e There is a complementary NCI fqositive semidefinitéPSD) symmetrically
partitioned block matrices:

1Al < 1Al

e Ref: Horn and Johnson’s “Topic in Matrix Analysis”, p. 2PToblem22.

e When A is not PSD, there is no NCI upper bound in terms of only the diagonal
block norms|| 4;||,-

e Reason: if one of the off-diagonal block norms goes ofiipso doeg|A||,!
e That can’t happen when is PSD because thed,;||; < || Al |4 [[45]]4-
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NCI's exploiting all blocks

e For a generad x d partitioned matrixd = |A;;], with 1 <4, 5 < d, one has, for
1 <qg<2

AN = | AllE > 1Al
t,J

e The reversed inequalities hold fgr> 2.
e Ref: Bhatia and Kittaneh

e Note that the bound is stated in terms of the norm of\tbetorisednorm com-
pression(||A||y, [|Ai2]lg, - - )

e The splitting up in two caseg 2, ¢ > 2) is a common phenomenon; likely to
happen when an NCI reduces to equalitydot 2.

14



An NCI for 2X2 PSD matrices

e Chris King found an NCI for PSR x 2 block matrices:

Ay A - [ A1llg [ Ar2]lq
Aoy A ) ||~ [ A21llg [ A22]lq

while the reversed inequality holds fer> 2.

1<qg<2

— — )

o |[Ally < I [144llq 1], holds forintegerq and any partitioning.
e Generalisation to higher numbers of blocks does not hold for non-integer

e Counterexamplet x 4 partitioning, blocksA;; are scalars,

3 0 =2 =2
2 2 4 0 [ 2% Y[yl = 96318
—2 -1 0 3
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Strong Sharpness

e In the setting of NCI's, it makes sense to ask for sharpest possibleounds.

e Strongly shargNClI’s can be saturated for any allowed choice of the constituent
guantities of the bound.

e Both the Pinching and H&J inequality are strongly sharp: for any possible choice
of a; > 0, there is a4 such that|A4;;||, = a; and equality holds in the NCI.

¢ King’s bound is also strongly sharp. Take positive, scalar blocks.
e Bhatia and Kittaneh’s bounds amet strongly sharp.

e My goal in life: find some more strongly sharp NCI's
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2. Another NCI for PSD matrices
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A Companion for Chris’ Inequality

e Recall, forA > 0, andl < ¢ < 2,

Ay A - [A1llg [ Ar2]lq
Aoy A ) ||~ [ A2y [ A22]lq

while the reversed inequality holds fer> 2.

)
q
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A Companion for Chris’ Inequality

e Recall, forA > 0, andl < ¢ < 2,

Ay A - [A1llg [ Ar2]lq
Aoy A ) ||~ [ A2y [ A22]lq

while the reversed inequality holds fer> 2.

)
q

e This invites the question: What about apper boundfor 1 < ¢ < 2, and a
lower bound forg > 27?
e The answer is:
All A12
A21 A22

and the reversed inequality for> 2.

‘ < (NAwuE + 1| Agal[? + (27 — 2)||A12||3)1/qa
q
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That strange factor...

e Factor(2? — 2) looks rather weird, but...

e Forg = 1 andg = 2 we know

A A
— ||A A
(A21 A22) 1 Al =+ [|A2[h
P
An A B N ) )
(A21 A22> , = ||A11]|5 + [|A2]|5 + 2||A12]|5-

e The factor2? — 2 on||A»||{ interpolates between 0 and 2.

e One can make even more sense out of it by reformulating the inequality.
e W.|l.0.g. one can takd;, = Ay; > 0 (use polar decomposition).

o PutA;, = B, Ajn = Ay = C, Ay = D, all PSD.
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Reformulation

e Now note the following:

cc\' ., ) cC 0\ .
Tr(cc) = 21Ty C, Tr(o C) =2Tr C".

e The inequality can thus be rewritten as
B C\* B 0\ c C\’ C 0\’
Tr(CD) —Tr(OD> STT(C’C’) —T1"<00>.

. . . (B 0. L B C
e Both sides are non-negative, sméeO D ) IS a pinching of( C D ) .

e The left-hand side is the amount of norm decrease caused by this pinching.

e The inequality says that, when fixing and constraining3 and D to keepA
positive, this norm decrease is maximal whern- D = C.
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Strong Sharpness

e For scalar blocks, my bound mot strongly sharp, because Chris’s bound is an
equality in that case.

e My bound is strongly sharp when going to blocks of size at I2as®,
provided||C'l[, < [[Bl],, [|Dll,-

e By a theorem of Horn and Mathias, positivity dfimplies||C||> < ||B||,||D||,-

e For ||Bl|, < IC|l, < (||B]l,|D]|,)"? one can find a better bound than mine
(and | have a conjecture!).
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Strong Sharpness

¢ Witnesses of strong sharpness:

(B0 (00 (00
B_<0v) D_<07’ o)
for 3, v andd non-negative numbers.
e Then||B||? = 8¢ +~4, || D||I = 67+~ ||C||, = v and

(&)

q
= (74 07+ 2941
q

= |[BIg + IID[I7 + 2" = 2)||C][5

24



Proof of the inequality

e General Ideafix C and show that the maximum of

B C\* B 0\’
Tr(C’D) —Tr(o D)

over all B, D such thatd > 0 is obtained inB = D = C.

e Step 1 Fix D and maximise oveB. Allowed B obeyB > B, .= CD~'C.

e PutB = By + tA, with A > 0, and define

B By +tA C ' By+tA 0"
f(t).-Tr( C D) —Tr( 0 D)'

e We find thatf'(¢) < 0 so thatf(¢) is maximal in O.

e Therefore, maximum obtained fé& = CD~'C.
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Proof of the inequality

e Step 2 Maximise

| cD'Cc C\* cCD'C 0"
f(D).zTr( C D) —Tr( 0 D)

overallD > 0.
e Easy part:D = C'is a stationary point of (D).
e Hard part:
— D = C'Is theonly stationary point;
— f(C) > f(D) for D on theboundaryof the setD > 0.
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Proof of Dual Case

e All the above was fott < ¢ < 2.

e Reversed inequality fof > 2 can be proven as a corollary of the inequality for
1 < g < 2 using the general technique adfiality.
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Proof of Dual Case

e All the above was fott < ¢ < 2.

e Reversed inequality fof > 2 can be proven as a corollary of the inequality for
1 < g < 2 using the general technique adfiality.

e Well, that’s what | thought...

e Spot the mistake in the following argument!
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Proof of Dual Case

e Definep suchthatl/p+ 1/¢q = 1;if ¢ > 2thenl < p < 2.
e The Schattep-norm is thedualnorm of the Schatteg-norm: ForA > 0,

Ally = maxqTr[AX] - X > 0, [| X[, < 1}
e Holder’s inequality for A, B > 0,
Tr[AB] < [|Al[,[|B]],-
with equality if B = AP~
e Duality proof exploits the following facts:

—For everyA > 0 there is an optimalb > 0 with ||B||, = 1, such that
|All, = Tr|AB].

— For all other suchB, one hag|A||, > Tr[AB].
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Proof of Dual Case

e Now consider the expression, wiph> 2,

|B® D@ (28 —2)Y°C|],.

e Take P, ), R > 0 such thatP? © R @ (2¢ — 2)1/4Q) is optimal for this norm:

|Be D& (2 —2)7C||, ||IPe Re (2 —2)/q],
- Tt[(BoDa (2 —2)VC) (P Re (2 - 2)V1Q)
— Tt[BP + DR + (2" — 2)V/r(20 — 2)11C Q)
< Tr[BP+ DR+ 2CQ),

e Here | have used that for aj| (27 — 2)1/7(27 — 2)1/7 < 2.
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Proof of Dual Case

e Using my bound fol < ¢ < 2:

(6],

and Hblder’s inequality, gives

(o )l]

< HP@R@(%—Q)

|B® D@2 —2)YrC|, < Tt[BP + DR +2CQ)]

“ml(eh) (o))
[(e5)], 11 %),

we get the desired bound in

I

¢ Dividing out

(o)),
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The mistake In the “Proof”

e | took P, (), R > 0 such that

|BeD® (2" —2)'"C||, [|[P & Re (2 —2)YQ)|,
_ {(B D@ —2)VO) (PR (20— 2)1/%2)} .

(o)

e To do that | neeo( g % ) > 0, which isnot guaranteed by the assumptions!

e | applied my bound o+

q
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The mistake In the “Proof”

e | took P, (), R > 0 such that

|BeD® (2" —2)'"C||, [|[P & Re (2 —2)YQ)|,
_ {(B D@ —2)VO) (PR (20— 2)1/%2)} .

(o)

e To do that | neeo( g % ) > 0, which isnot guaranteed by the assumptions!

e | applied my bound o+

q

e A duality proof is likeblack magic If used without care, it kills you!

e To fix the above proof, we need a rather strange, but beautiful inequality.
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3. Conjectures, and other pain-killers
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A Conjecture, for redemption

o Let ( g g ) now be a generatlermitian matrix.

e The Positive Partof a Hermitian matrix is what one gets by setting negative
eigenvalues to 0.

PQ\ (BC
e (g0)-(65),

e The duality proof can be fixed if, far < ¢ < 2,

IP® R 2 -2l <|Be D& m—5mCl

¢ | only need the somewhat weaker inequality

1(57)

<I1B® D& H—srClla
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A Conjecture, for strength

o Leth = || Bl|y, ¢ = [|C]|; andd = |[ D],
e Recall that my bound was only strongly sharp for the caseb, d.

e In the other cases, e.y< ¢ < (bd)"/?, | conjecture the bound

[(e5)

e My conjectures are getting stranger by the minute, but...

< d?— (*/b)" + (b + c*/b)".

q
q
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A Conjecture, for strength

e This is equivalent to
B C q_ B 0 q< x c
C D ; 0 D . cy

with:
r=y=c, If ¢<b,d
r=>by=c"/b if b<c
r=c/dy=d, if d<ec.

ANG)
q Oy

e And | have cases of equality, so the bound will be strongly sharp (if true).
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And now for something completely
different

e Why do | care?

e Norm compression inequalities feature in proofs of the multiplicativity property
of thel — ¢ norm of certain classes of completely positive maps.

e A linear map® is completely positivgCP) if and only if$ preserves positive
semidefiniteness a¥ x N PSD block matrices when it acts on them blockwise,
l.e.asd : [4;;] — |P(A;;)], and this for whatever value o¥.

e Letting ¢ be a completely positive map, its— ¢ normis defined as

Dl ., = max [|D(X)]|,.
[0l11- = max [|0(X),
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Multiplicativity of p-to-g horms

e Multiplicativity of this norm w.r.t. the tensor product is the statement that, for
two CP mapsb, andd,:

|1 @ Pol|1g = |[Pr]]1q |[Pa]]1-¢.

e Shown for various classes of CP maps within various ranges of
e Unfortunately, there exist counterexamples when 4.79.

e It might still be true for any tensor product of CP maps for valueg cibse to
1. Then one could prove additivity of an entropic counterpart of multiplicativity,
and with it a host of other additivity results concerning CP maps.

e That, in turn, would solve a number of long-standing open problemgaamtum
Information theory
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A Conjecture, for qubit CP maps

e For CP map®; and®d,, whend; acts or2 x 2 matrices, multiplicativity would
follow from the NCI-like inequality:

e Let A be a PSD matrix with trace 1, block partitioned.Aas- ( é}* g ) with
8 = ||B|, ands = || D||,. Then

[ (P @I)(A)]], < max

o exp(if) /30
1 ( exp(—i6)/ 3 J >>

q

01
00

e Interesting Corollary of the Conjecturelanner’s inequalitfor matrices.

e | have a proof Whe@l(( )) > 0. Optimalé is then O.
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Hanner’s Inequality

e For general matriced and B, andl < p < 2, Hanner’s inequality reads
1A+ B[, + [|A = By = ([All, + [[B1p)" + [ [1All, — I|Bl[pl",
while for 2 < p, the inequality is reversed.
e Proven in the following instances (Ball, Carlen and Lieb):

1.Foralll <p < oowhenA+ B andA — B are positive semidefinite.

2.Foralll <p <4/3,p=2,and4 < p < oo whenA and B are general
matrices.

e | have been able to show that the full statement would follow from the conjecture
on the previous page.

e It would also follow as a special case of my Big Fat Conjecture...
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Final Conjecture, the biggest of them all!

e LetI' be a general matrix partitioned \nx N blocks:

s A Ay -+ Ay
“\ B, B, --- By /)"

Then | conjecture the following NCI, fqr > 2:

TN NBl 1Bl -+ [IBwll,

p
while for1 < p < 2 the ordering of the inequality is reversed.

e Hanner’s inequalityN = 2, B, = Ay, By = A..
e Chriss NCI: N =2,T > 0.
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Final Conjecture, the biggest of them all!

¢ | have proofs for special cases:

e All B, zero

e All A, andB,. are row vectors

e All A, and B, are column vectors

e A, = o X, for some scalars;, and some matriXX, and similarly,B;, = 3.Y.
e p > 4, follows easily from Chris’ NCI.

e Maybe my own NCI has a bearing on thec p < 4 case?
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