Truncated Stochastic Approximation with Moving
Bounds: Convergence

Teo Sharia

Department of Mathematics
Royal Holloway, University of London
Egham, Surrey TW20 0EX
e-mail: t.sharia@rhul.ac.uk

Abstract

In this paper we propose a wide class of truncated stochastic approxi-
mation procedures with moving random bounds. While we believe that the
proposed class of procedures will find its way to a wider range of applications,
the main motivation is to accommodate applications to parametric statistical
estimation theory. Our class of stochastic approximation procedures has three
main characteristics: truncations with random moving bounds, a matrix val-
ued random step-size sequence, and dynamically changing random regression
function. We establish convergence and consider several examples to illustrate
the results.
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1 Introduction

Stochastic approximation (SA) introduced by Robbins and Monro in 1951(see [16])
was created to locate a root of an unknown function when only noisy measurements
of the the function can be observed. SA quickly became very popular resulting
in interesting new developments and numerous applications across a wide range
of disciplines. Comprehensive surveys of the SA technique including some recent
developments can be found in [2], [3],[12], [13], [14].

In this paper we propose a wide class of truncated SA procedures with moving
random bounds. While we believe that the proposed class of procedures will find
its way to a wider range of applications, the main motivation is to accommodate
applications to parametric statistical estimation theory. Our class of SA procedures
has three main characteristics: truncations with random moving bounds, a matrix
valued random step-size sequence, and dynamically changing random regression



function. To introduce the main ideas, let us first consider the classical problem
of finding a unique zero, say z°, of a real valued function R(z) : R — R when only
noisy measurements of R are available. Consider a recursive procedure defined as

Zt — [ Zt—1+’7t (R(Zt_1)+€t)]6t t = 172,... (].].)

ag’

where ¢; is a sequence of zero mean random variables and ~; is a deterministic
sequence of positive numbers. Here o; and (; are random variables with —oo <
oy < By < o0 and [v]2 is the truncation operator, that is,
ap if v < ay,
i =<v if oy <v< B

/Bt lf v > ﬁt'

We assume that the truncation sequence [, 5;] contains z° for large ¢-s. For exam-
ple, if it is known that 2° belongs to (a, 3), with —oo < a < 8 < 00, one can consider
truncations with expanding bounds to avoid possible singularities at the endpoints
of the interval. That is, we can take [ay, §;] with some sequences «; | o and f3; T .
Truncations with expanding bounds may also be useful to overcome standard re-
strictions on growth of the corresponding functions. The most interesting case arises
when the truncation interval [ay, 3;] represents our auxiliary knowledge about 2° at
step ¢, which is incorporated into the procedure through the truncation operator.
Consider for example a parametric statistical model. Suppose that Xi,..., X, are
the i.i.d. r.v.’s. and f(z,#) is the common probability density (pdf) function (w.r.t.
some o-finite measure) depending on an unknown parameter § € R™. Consider the
recursive estimation procedure for 6 defined by

A 1.~ (X, 0,
b= by 1+ Si(d, ) F7 (X ).
t f(Xtaet—1>

where f’ is the row-vector of partial derivatives of f w.r.t. the components of 6,
i(f) is the one-step Fisher information matrix, and 6, € R™ is some initial value.
This estimator was introduced in [18] and studied in [9] and [11]. In particular, it
has been shown that under certain conditions the recursive estimator 6, is asymp-
totically equivalent to the maximum likelihood estimator, i.e., it is consistent and
asymptotically efficient. The analysis of (1.2) can be conducted by rewriting it in
the form of stochastic approximation. Indeed, in the case of (1.2), let us fix § and
denote

— () LE? f/T(XmZ) an —i(h, ! f/T(Xtaét—l) Y7
R(z)=i(2)" B {—f(Xt,z) } d &g =i(0i-1) <—f(Xt,ét—1) R(9t1)>.

Then, under the usual regularity assumptions, R(f#) = 0, and &; is a martingale
difference (w.r.t. the filtration F; generated by the observations). So, (1.2) is a

t>1. (1.2)
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standard SA of type (1.1) without truncations (i.e., in the one dimensional case,
—a; = B = 00). However, the need of truncations may naturally arise from various
reasons. Omne obvious consideration is that the functions in the procedure may
only be defined for certain values of the parameter. In this case one would want
the procedure to produce points only from this set. Truncations may also be useful
when the standard assumptions such as restrictions on the growth rate of the relevant
functions are not satisfied. More importantly, truncations may provide a simple tool
to achieve an efficient use of information available in the estimation process. This
information can be auxiliary information about the parameters, e.g. a set, possibly
time dependent, that is known to contain the value of the unknown parameter.
Suppose for instance that a consistent (i.e., convergent), but not necessarily efficient
auxiliary estimator 6, is available having a rate d,. Then one can consider truncated
procedure with shrinking bounds. The idea is to truncate the recursive procedure
in a neighbourhood of 6 by taking [ay, 8] = [6; — &, 6; + 6;] with §, — 0. Such
a procedure is obviously consistent since 0, € [ét — 6,0, + ;] and 0, £, — 0.
However, to construct an efficient estimator, care should be taken to ensure that
the truncation intervals do not shrink to # too rapidly, for otherwise 0, will have the
same asymptotic properties as 6, (see [24] for details in the case of AR processes).

Note that the idea of truncations with moving bounds is not new. For example,
idea of truncations with shrinking bounds goes back to [9] and [11]. Truncations
with expanding bounds in the context of recursive parametric estimation were con-
sidered in [19] (see also [24]). Truncations with adaptive truncation sets of the
Robbins-Monro SA were introduced in [4], [5]. However, motivation as well as the
actual truncation procedures for the latter method are very different from the ones
considered in our paper. Truncations with adaptive truncation sets were further
explored and extended in [1], [26], [27].

Let us now consider a general time series model given by a sequence X1,..., X}
of r.v.’s with the joint distribution depending on an unknown parameter § € R™.
Then one can consider the recursive estimator of 6 defined by

0, = 0,1 + 'Yt(ét—l)wt(ét—l)a t>1, (1.3)

where ¥y (v) = ¥ (Xy, ..., Xy;v), t = 1,2,..., are suitably chosen functions which
may, in general, depend on the vector of all past and present observations and have
the property that the process ¢ (0) is P%- martingale difference, i.e., E? {14(0) | F;_1}
0 for each t. For example, if fi(x,0) = fi(z,0| X1, ..., X;_1) is the conditional prob-
ability density function (pdf) of the observation X; given Xj,...,X; 1, then one
can obtain a likelihood type estimation prcesedure by choosing ¢;(v) = [, (v) =
(X, v)/ fi( Xy, v). Asymptotic behaviour of this type of procedures for non i.i.d.
models was studied by a number of authors, see e.g., [8], [6], [15], [20] — [23].

In particular, the results in [23] show that to obtain an estimator with asymp-
totically optimal properties, one has to consider a state dependent matrix valued



random step-size sequence. One possible choice is y;(u) with the property

A (v) = 971 () = 7 (v) = Be{whe ()l (v) | Foa}

In particular, to obtain a recursive procedure which is asymptotically equivalent to
the the maximum likelihood estimator, one has to take l;(v) = f/(X;,v)/ fi( X, v)
and v;(v) = I;(v), where I;(v) is the conditional Fisher information matrix (see [23]
for details). To rewrite (1.3) in a SA form, let us assume that 6 is an arbitrary but
fixed value of the parameter and define

Rt(z) =E° {wt(XmZ) | -7'—:571} and & = (%&(Xt,étq) - Rt(ét71>) .

Obviously, R () = 0 for each ¢, and ¢, is a martingale difference.
Therefore, to be able to study these procedures in a unified manner, one needs
to consider SA of the following form

Zy = [ Zi+ %(Zt—l){Rt(Zt—1) + 5t(Zt—1)}]Ut7 t=1,2,...

where R;(z) is predictable with the property that R;(2°) = 0 for all ¢’s, v,(z) is
a matrix valued predictable step-size sequence, U; C R™ is random sequence of
truncation sets, and Z, € R™ is some starting value (see Section 2 for more details).

The paper is organised as follows. In sections 2.2 we prove two lemmas on
the convergence of the proposed SA procedures under very general conditions. The
analysis is based on the well-known method of using convergence sets of nonnegative
semimartingales. The decomposition into negative and positive parts in this lemmas
turns out to be very useful in applications (see Example 3 in Section 2.4). In section
2.3 we give several corollaries in the case of state independent scalar random step-
size sequence. In section 2.4 we consider examples. Proofs of some technical results
are postponed to Section 4.

2 Convergence

2.1 Main objects and notation

Let (Q,F,F = (Fi)i>0, P) be a stochastic basis satisfying the usual conditions.
Suppose that

{Ri(2) = Ri(z,w), z € R™} and {y(2) = 1(z,w), 2 € R™},

t =1,2,..., are vactor and matrix valued measurable random fields respectively
such that for each z € R™ the corresponding processes are predictable, i.e., R;(z)
and v;(z) are F;_1 measurable for each t. Suppose also that

{ei(2) = e(2,w), z € R},
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t=1,2,...,1is a vector valued measurable random field such that for each z € R™
the process £,(z) is a martingale difference, i.e., E{g;(z) | F;_1} = 0. We also
assume that

Rt(ZO) =0
for each t = 1,..., where 2° € R™ is a non-random vector. Suppose that h = h(z)

is a real valued function of z € R™. We denote by h'(z) the row-vector of partial
derivatives of h with respect to the components of z, that is,

0 0
W(z)=="h(z),...,=—h :
9 = (Gotledeeens goi(2))
Also, we denote by h”(z) the matrix of second partial derivatives. The m x m
identity matrix is denoted by 1.
Let U C R™ and define a truncation operator as a function [z} p i R™ — R™,

such that
M _Jz it zeU
v z* it 2 ¢ U,
where z* is a point in the closure of U, that minimizes the distance to z (z* is unique
if U is convex).

Suppose that 2° € R™. We say that a random sequence of sets U; = Uy(w)
(t=1,2,...) from R™ is admissible for z° if

e for each ¢ and almost all w, U;(w) is a closed convex subset of R™;

e for each t and z € R™, the truncation [z} U, is JF; measurable;

e 2° € U, eventually, i.e., for almost all w there exist fp(w) < oo such that z° €
Ui(w) whenever t > to(w).

Assume that Z; € R™ is some starting value and consider the procedure

Zy = | Zio1 + (Z-1)0i(Z421))] t=1,2,... (2.1)

U’

where

\I/t(Zt—l) = Rt(Zt_1> + 5t(Zt—1> (22)
and U, C R™ is admissible for z°.

Convention.

e Lverywhere in the present work Convergence and all relations between random
variables are meant with probability one w.r.t. the measure P unless specified other-
wise. A sequence of random variables ((;)i>1 has some property eventually if for
every w in a set Qg of P probability 1, the realisation (;(w) has this property for all
t greater than some ty(w) < oo.

o We will also assume that the inf.cy h(z) of a real valued function h(z) is 1
whenever U = ).



2.2 Convergence Lemmas

Lemma 2.1 Let Z; be a process defined by (2.1) with an admissible for 2° € R™
truncation sequence U;. Let

{Vi(u) = Vi(u,w), we R™, t=1,2,...}

is a random field, such that for each u € R™, the process Vi(u) is predictable, and
for each fized w and t, Vi(u) : R™ — R is a real valued nonnegative function having
continuous and bounded partial second derivatives. Denote

At = Zt — ZO
and suppose that the following conditions are satisfied.

(L)
W(At> < W(At—l + 'Yt(Zt—l)\I’t(Zt—l)>
eventually.
(8) )
S L+ Vi(Ar) V(AT <00, Peas. (2.3)
t=1

where
Ni(u) = Vi(u)ve(2° + u) Ry (2° 4 u)

1 ! o o
5 5up [V (@)1 { (= + w)Wu(z" + w)l]* | Fia}

Then Vi(Z; — 2°) converges (P-a.s.) to a finite limit for any initial value Zy. Fur-
thermore,

Y V(AL <00, Peas. (2.4)

Proof. As always (see the convention in 2.1), convergence and all relations
between random variables are meant with probability one w.r.t. the measure P
unless specified otherwise.

From condition (L), using the Taylor expansion,

Vi(Ay) < Vi(Avq) + ‘/Z(At—l)’)’t(zo + A )W (2% + Ayy)

1 10 A o
+§ [ (2° 4+ A1) Wi (2% + At—l)]T VI (A1) (20 4 A1) Wi (0 4+ Ay_q),

where A;,_; € R™. Taking the conditional expectation w.r.t. F_; yields
E{Vi(A) | Fio1} < Vi(Ar) + No(Ay).
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Using the obvious decomposition NV;(A,_1) = [Ni(Ar1)]" — [M(Ar_1)] ™, the previ-
ous inequality can be rewritten as

E{Vi(Ay) | Fior} < Vi(Ar1)(1+ By) + By — [Ni(Ar1)] 7, (2.5)

eventually, where
B = (14 Vi(A1) ™ IM(A)]

By (2.3), N
> B, <. (2.6)

According to the Robbins-Siegmund Lemma (see e.g., [17]) inequalities (2.5) and
(2.6) imply that (2.4) holds and V;(A;) converges to some finite limit. <

Everywhere below, we assume that the inf,cy v(u) of a function v(u) is 1 when-

ever U = ().

Lemma 2.2 Suppose that Vi(Z; — 2°) converges (P-a.s.) to a finite limit for any
initial value Zy, where Vi is defined in Lemma 2.1, and (2.4) holds. Suppose also
that for each € € (0,1),

inf Vi(u)>d>0 (2.7)

lullze
ZO+uEUt

eventually, for some §. Suppose also that

(C) For each e € (0,1),

o0

Zir&f[ H(u)]” = oo, P-a.s.

t=1

where the infimum is taken over the set {u:e < Vi(u) < 1/e; 2°+u € Uy_1}.

Then Z; — 6 (P-a.s.), for any initial value Zj.

Proof. As always (see the convention in 2.1), convergence and all relations
between random variables are meant with probability one w.r.t. the measure P
unless specified otherwise. Suppose that V;(A;) — r > 0 and there exists a set
A with P(A) > 0, such that 7 > 0 on A. Then there exists ¢ > 0 and (possibly
random) ¢y, such that if t > ¢y, ¢ < Vi(A4—1) < 1/e on A. Note also that z°+ A, =
Zy—1 € Up_1. By (C), these would imply that

STNGAL ]2 Yt ()] = o0

on the set A with PY(A) > 0, where the infimums are taken over the sets specified
in condition (C). This contradicts (2.4). Hence, r = 0 and so, V;(A;) — 0. Now,
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Ay — 0 follows from (2.7) by contradiction. Indeed, suppose that A; /4 0 on a set,
say B of positive probability. Then, for any fixed w from this set, there would exist
a sequence ty — 0o such that ||A, || > € for some € > 0, and (2.7) would imply that
Vi (Ay,) > 6 > 0 for large k-s, which contradicts the P-a.s. convergence V;(A;) — 0.

o

2.3 Sufficient conditions

Everywhere in this subsection we assume that ; is state independent (i.e., constant
w.r.t. z) non-negative scalar predictable process.

Corollary 2.3 Let Z; be a process defined by (2.1) with an admissible for z2° € R™
truncation sequence U;. Suppose also that v is a non-negative predictable scalar
process and

(C1)

20 — )T Ru(=) + B {0 ()2 | Fral]”
< 2.
S Tz — = <@ (@8

eventually, where

th’}/t < 00, P-a.s.
t=1

Then || Zy — 2°|| converges (P-a.s.) to a finite limit.

Proof. Let us show that the conditions of Lemma 2.1 are satisfied with V;(u) =
uTu = ||ul|? and the step-size sequence v;(z) = vI . Since 20 € U, for large t-s,

definition of the truncation (see 2.1) implies that
| Z — ZOH < HZt—l + 7%V (Zi-1) — ZOH )

eventually. Therefore (L) holds. Then, V/(u) = 2u’ and V’(u) = 2I, and so, for
the process N;(u) in (2.3) we have

Ni(u) = 2u" % Ry(2° + u) + 7 B {{|W:(2° + w)[|* | Fer } (2.9)
and
V(AT _, 287\ Ri(=° + Avy) + B {[We(z° + A )| | Fon}]”
L+ ViAo 1+ [|Aa ]

Since z° + Ayy = Z;1 € Uy and 7,1 is F;_; measurable, (2.3) follows from
conditions (C1). &

Corollary 2.4 Suppose that the conditions of Corollary 2.3 hold and



(C2) For each e € (0,1),

o0

Zil&f[ ()] = o0, P-a.s.

=1
where
Ni(u) = 20" 3Ry (2% + u) + 77 B {|We(2” + w)[|* | Feer }
and the infimum is taken over the set {u :e < ||u| <1/e; 2°+u € U;_1}.
Then Z; — 6 (P-a.s.), for any initial value Zj.

Proof. Let us show that the conditions of Lemma 2.2 are satisfied with V;(u) =
ulu = ||ul|? and 7;(2) = 1. Tt follows from the proof of Corollary 2.3 that all the
conditions of Lemma 2.1 hold with V;(u) = u’u and so, ||Z; — 2°|| converges and

(2.4) holds. Conditions (2.7) also trivially holds and (C) is a consequence of (C2).
¢

Corollary 2.5 Suppose that
(1)
(z—2N"Ry(2) <0
for any z € Uy, eventually,

(2)
E{19:(2)|* | For}

B e
eventually, where
0
Zrﬂf < 00, P-a.s., P-a.s.
s=1

Then || Z; — 2°|| converges (P-a.s.) to a finite limit.
Proof. The proof is immediate from Corollary 2.3 with ¢; = 7. &
Corollary 2.6 Suppose that the conditions of Corollary 2.5 are satisfied and
(CC) for each e € (0,1),
inf  —(z— 2" Ri(2) > 1 (2.10)

e<|lz—2°[|<1/e
z€Up_1

eventually, where

(o)
E VY = 00, P-a.s.
s=1



Then Z; converges (P-a.s.) to 2°.

Proof. Let us show that the conditions of Corollary 2.4 hold. Indeed, by (1)
and (2) of Corollary 2.5, conditions of Corollary 2.3 trivially hold with ¢, = ;.
Then, using the obvious inequality [a]~ > —a, we have

WNe(w)]” = =2u" % R(2° +u) = 37 B {|e(2” + u)|* | s}

It follows from condition (2) of Corollary 2.5 that if we take the supremum of the
conditional expectation above over the set {u : e < |lul]| < 1/e; 2°+u € U1} we

P B P | Fi)
(2% +u t—1 2 2
sup (L4 {[ull") < (1 + [1/e]]).
1+ [l
Now, using (2.10) we take infimum over the set {u:e < ||ul]| < 1/g; 2° +u € U1}
and obtain

inf [N (w)]” > 2y — (1 + ||1/€]]?).

Condition (C) of Lemma 2.2 is now immediate from (CC) and conditions (2) of
Corollary 2.5. $

The following simple result is concerned with the classical stochastic approxi-
mation procedure with R;(z) = R(z). For simplicity we assume that the errors are
state independent.

Corollary 2.7 Suppose that
Uy (2) = R(2) + &,

where R(z) is a deterministic function and e, is a martingale difference error term
which does not depend on z. Suppose also that

(i)
(z—2°)TR(2) <0
for any z € Uy eventually;

(ii)

112(2)]?
sup —————— <1y
el 1+ [l2 =202
eventually, where

erf < 00, P-a.s.;

s=t
(iii)
ZE’ {e} | Fica} 7% < o0, P-a.s.
s=t
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Then || Zy — 2°|| converges (P-a.s.) to a finite limit.
Furthermore, if condition (CC) holds with R;(z) = R(z), then Z, converges (P-
a.s.) to 2°.

Proof. Since E {e; | Fi—1} = 0, we have
E{[Wu(2)II* | Fier } = 1R + E {llel* | Fior }

and ) )
E{w:)I° 1 Fa} IR
L+ lz =202  — 1+]z—2°|?
condition (ii) and (iii) imply that condition (2) in Corollary 2.5 holds. The result
now follows from Corollaries 2.5 and 2.6.

+ E {HfftH2 | Fioi} s

2.4 Examples

Example 1 Suppose that [ is any odd integer and consider the function
R(z) = —(z = 2",

and truncation sequence [—ay, ay], where oy — 00 is a sequence of positive numbers.
Then, condition (i) of Corollary 2.7 trivially holds. Suppose that

o0

A .2
E oy < oo.
t=1

Then, provided that the measurement errors satisfy condition (iii) of Corollary 2.7
and > .7, oy_1 = 00, the truncated procedure

Zy = [th—l-’Yt(R(thl)"‘gt”at , t=1,2,...

—o

converges a.s. to 2°.
Indeed, for large t’s,

2
sup | R(2)]] < sup (2 — 20)21 < 4lat2£1
z€[—ap—1,a¢—1] 1+ HZ - zo||2 2€[~at—1,at-1]

which implies condition (iii) of Corollary 2.7. For example, if the degree of the
polynomial is known to be [ (or at most 1), and +, = 1/, then one can take ay =
C’tz%_‘s, where C' and ¢ are some positive constants and 0 < 1/2[. One can also take
a truncation sequence which is independent of [, e.g., ay = C'logt, where C' is a
positive constant.

Example 2 Let X;, Xs,..., beiid. Gamma(6,1), 6 > 0. The the common
pdf is

1
f(z,0) = mx(’_le—m, >0, >0,
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where I'(0) is the Gamma function. Then

f'(x,0) d : d?
= logx — —logI'(6 0) = ——logI'(0
f(l',@) ng de Og ( )7 Z( ) d029 Og ( )7
N——
log'T(0) log”T'(9)

where i(6) is the one-step Fisher information. Then a likelihood type recursive
estimation procedure (see also (1.2)) can be defined as

Bt
logXt—logT(étl))], t=1,2,... (211

g

ét = ét,1 +

t log"T (6, 1) (

where «; | 0 and (3; T oo are sequences of positive numbers.

Everywhere in this example, F; is the sigma algebra generated by Xi,..., X,
P? is the family of corresponding measures and > 0 is an arbitrary but fixed value
of the parameter.

Let us rewrite (2.11) in the form of the stochastic approximation, i.e.,

Bt

N A 1 A
9,5 = |:9t—1 + Z <R(9t_1) + €t>:| , t= 1, 2, R (212)

where (see Section 3 for details)

1

R(u) = R?(u) = Tog T(a)

E{InX, —log T'(u)} = (log' T'(#) — log' T'(u))

1
log"T(u)
1
g = ————
logT(0; 1)
Since 0, is Fy_; - measurable, we have E {¢, | F;_1} = 0. Obviously, R(6) = 0,
and since log' T is increasing (see, e.g., [28], 12.16), condition (1) of Corollary 2.5

holds with 2z = #. Based on the well known properties of the logarithmic derivatives
of the gamma function, it is not difficult to show that (see, Section 3) that if

(log X, — logT(ét_l)> — R(ét_l).

= a? = log? a1 + log? B
Z&tt_l =oco and Z o8 i 1;_ 08 b1 < 00 (2.13)
t=1 t=1

then all the conditions of Corollary 2.5 and 2.6 hold and therefore, 0, is consistent,
ie.,
0, — 6 as t—oo (Pl-as.)

For instance, the sequences
o = Ci(log (t+2)2 and B = Cylt +2)
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with some positive constants Cy and Cy, obviously satisfy (2.13).

Note also, that since # € (0,00), it may seem unnecessary to use the upper
truncations 3; < oo. However, without upper truncations (i.e. if 5, = oo), the
standard restriction on the growth does not hold. Also, with 8; = oo the procedure
fails condition (2) of Corollary 2.5 (see (3.7)).

Example 3 Consider an AR(1) process
Xt = HXt_l + gt, (214)

where & is a sequence of random variables (r.v.’s) with mean zero. Taking ¢,(z) =
Xi (Xy—2X,q) and v, = I, = Iy + 32'_, X2 |, procedure (1.3) reduces to the
recursive least squares (LS) estimator of 6, i.e.,

b, =01 + 17X, (Xt - 9},1XH> , (2.15)
[At:jtfl—i—XtZil, t:1,2,

where 6y and I, > 0 are any starting points.

For simplicity let us assume that & is a sequence of i.i.d. r.v.’s with mean zero
and variance 1. Consistency of (2.15) can be derived from our results for any 6 € R
and without any further moment assumptions on the innovation process &;. Indeed,
assume that € is an arbitrary but fixed value of the parameter. Then, using (2.14),
we obtain

X; =0 Xy 1 =&+ X, 100 —6,).
and (2.15) can be rewritten as
O, =0,y + 7! (Xf_l(é) )+ Xt_1§t> . (2.16)
So, (2.16) is a SA procedure with
Ri(z) = X2 (0 — 2), (2.17)

g = Xi1&, m= ft_l and U; = R. Let us check condition (C1) of Corrolary 2.3
with 2° = 6 and U, = R. Since

E{0()* | Fier} = 1R + E{lleal® | Fimr } = X100 = 2)° + X2y, (2.18)
denoting the expression in the square brackets in (2.8) by w:(z) we obtain

wi(z) = =2X7 (2 = 0 + [T X, (0 — =) + I X7 (2.19)

= —0X} (2= 0)" — X7 ,(z — 0)° ((2 —8) — f;lx,?_l) +I7XE, (220)

for some 0 < 6 < 1. Since ft’le_l < 1, the positive part of the above expression
does not exceed ;' X2 ;. This implies that (2.8) holds with ¢, = I, ' X2 ;. Now,
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note that if d,, is a nondecreasing sequence of positive numbers such that d; — +oo
and Adt = dt — dtfl, then Z;}il Adt/dt = +o0 and Z:Zl Adt/d? < +00. SO, for
X? | = Al and I; — oo for any 6 € R (see, e.g, Shiryayev [25], Ch.VIL, §5) , we
have - .
th_Qth_l < oo and th_le_l = 00 (2.21)
t=1 t=1

and since ¢y, = I;2X2 |, (C1) follows. Therefore, (6, — 0)% converges to a finite
limit. To show convergence to 6, let us check condition (C2) of of Corrolary 2.4 with
2 =6 and U; = R. Using (2.17) and (2.18), we have

Ni(w) = =20 ' XE o + 172X + 12 X7 = 1 (0 + ),

where w; is defined in (2.19). Since the middle term in (2.20) is non-positive, using
the obvious inequality [a]™ > —a, we can write

Wi(w)]™ = 6171 X7 e — 17X,

and .
inf [V =0
;s@sus[ ()l

now follows from (2.21). So, by Corollary 2.3, 6, — 6 (P?— a.s.).

3 Appendix
We will need the following properties of the Gamma function (see, e.g., [28], 12.16).
log'T" is increasing, log”T" is decreasing and continuous, and

oo

log"T(x
T =+ 3 o

n=1

The latter implies that

1 1 1
log"T'(x <—+Z/ = — + - = Tt (3.1)

(x+2)?2 22 =z 2

and

=, [t dz 1
1 ’T E = —. .2
©8 s / (ZL’ + 2)2 xT (3 )

Also (see [7], 12.5.4),
log'T(z) < In(z). (3.3)

14



Then,

E’{log X1} =1og'T(0) and E’{(log X1)?} =log"T(0) + (log'T'(9))" (3.4)
and
o {(log X, — 1og’1“(9))2} — log"T'(0).
Let us show that the conditions of Corollary 2.5 hold. Since
Wy (u) = m (log X, — logT(u)).
using (3.4) and (3.2) we obtain
E{||%(w)]* | Fix} _ log"T(6) + (log' T(6) —log/ T'(u))* (3.5)

Ltfu=0l> (log"T(w))(1+ [Ju—0]]?)
u? 2
< = (log'T(6) + (log T(0) ~ log' T(u))*) .
< T u gy (08'T0) + (og T(0) ~ log T(w)
Now, u?/(1+ (u—0)?) < C. Here and further on in this subsection, C' denotes
various constants which may depend on 6. So, using (3.3) we obtain

E{|9(u)|* | Fir}
L+ |ju—0|?

For large t’s, since oy < 1 < f3;, we have

< C (log"T'(0) + log' T'(0)* + log' T'(u)?) < C(1 + log®(u)).

sup  log?(u) < { sup log*(u)+ sup logz(u)} < log’a; + log?B;.

u€lot,Bt] ap<u<l 1<u<pB;

Condition (2) of Corollary 2.5 is now immediate from the second part of (2.13). It
remains to check that (CC) of Corollary 2.6 holds. Indeed,

0) (log'T'(u) — log'IT'(6))
log"T'(u) '

Since log'T" is increasing and log” T is decreasing and continuous, we have that for
each € € (0,1),

(- O)R(w) = T

it —(u—O)R(u) > esluslize (log' T'(u) — log' T'(6)) (u — 6) C
<l dli<1/e - Sup,ep,_, log"T'(u) ~ log"T (1)
uelUi—1
(3.6)

where C' is a constant that my depend on ¢ and 6. Since ay_; < 1 for large t’s, it
follows (3.1) that 1/log"T'(ay_1) > a? /2. Condition (CC) of Corollary 2.6 is now
immediate from the first part of (2.13).

Note that with 8, = co the procedure fails condition (2) of Corollary 2.5. Indeed,
(3.5) and (3.1) implies that

E{W2(u) | Fo_1} {1og’T(9) + (log' T'(0) — 1og’r(u))2} ut B
o T -y C A% T+ 211 («_ 09 =00 (3.7)
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