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Abstract

The mechanism of protein-only prion replication is controversial. A detailed mathematical model of prion
replication by nucleated polymerisation is developed, and its parameters are estimated from published data. PrP-res
decay is around two orders of magnitude slower than PrP-sen decay, a plausible ratio of two parameters estimated
from very different experiments. By varying the polymer breakage rate, we reveal that systems of short polymers grow
the fastest. Drugs which break polymers could therefore accelerate disease progression. Growth in PrP-res seems
slower than growth in infectious titre. This can be explained either by a novel hypothesis concerning inoculum
clearance from a newly infected brain, or by the faster growth of compartments containing smaller polymers. The
existence of compartments can also explain why prion growth sometimes reaches a plateau. Published kinetic data
are all compatible with our mathematical model, so the nucleated polymerisation hypothesis cannot be ruled out on
dynamic grounds. Q 1999 Elsevier Science B.V. All rights reserved.

Keywords: Prion diseases; Replication mechanism; Nucleated polymerisation; Mathematical model

1. Introduction

Transmissible spongiform encephalopathies
Ž .TSEs are fatal neurodegenerative diseases. TSEs
are found in a variety of mammals, including
scrapie in sheep, bovine spongiform encephalopa-
thy in cattle, and kuru and Creutzfeldt]Jakob

Ž .disease CJD in humans. The nature of the in-
fectious agent in TSEs has long been controver-
sial, since its properties are unlike those of any
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previously known virus or viroid. It was proposed
that the infectious agent, known as a prion, con-

w xsists solely of a proteinaceous particle 1,2 . This
w xwas identified as a form of the PrP protein 1 .

According to this hypothesis, an infectious pro-
Ž Sc .teinase K-resistant form of PrP PrP-res or PrP

converts the normal proteinase K-sensitive form
Ž C .of PrP PrP-sen or PrP into PrP-res. The pro-

tein-only hypothesis has not been directly proved,
but an abundance of circumstantial evidence has
won it widespread support. There are many re-
cent reviews critically examining the evidence
w x3]6 .

Self-replication of a protein agent is a novel
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concept. The mechanism is not immediately clear,
and several mechanisms have been proposed. In

w x Ž .the heterodimer mechanism 7 Fig. 1a , a single
PrP-res molecule catalyses the conformational
change of a single PrP-sen molecule into PrP-res.

w x ŽAccording to co-operative autocatalysis 8,9 Fig.
.1b , a mixed aggregate of PrP-res and PrP-sen

converts to an aggregate of PrP-res via allosteric
interactions. According to nucleated polymerisa-

w x Ž .tion 8,10,11 Fig. 1c , PrP-res is a polymeric
form of PrP, while PrP-sen is monomeric. Po-
lymerisation is very slow below a critical size.
Above this size, the polymer is stabilised, and
further polymerisation is comparatively rapid. The
slow nucleation process can be circumvented by
adding an infectious ‘seed’.

Prion diseases have some unusual kinetic fea-
tures. Spontaneous disease is rare, but disease
progresses inevitably after infection. Disease is

characterised by an extremely long and precisely
reproducible incubation period, followed by a
brief and invariably fatal clinical disease. The
length of the incubation period is dependent on
the inoculum dosage, the prion strain, and the
level of PrP expression in the animal.

Kinetic modelling is a tool which uses these
unusual kinetic features to help determine
whether a proposed mechanism is plausible. Any
proposed mechanism will contain a number of
assumptions. Formulating a mechanism as a
mathematical model makes these assumptions
more transparent. The model can then be criti-
cally examined for internal consistency and con-
sistency with available data. To do this, it is
helpful to determine the values of parameters
specified in the model. For many purposes, it is
enough to estimate a parameter to within an
order of magnitude. If a model creates no direct

Ž . w x Ž . w x Ž .Fig. 1. Proposed mechanisms of prion replication. a Heterodimer mechanism 7 . b Co-operative autocatalysis 8,9 . c
w xNucleated polymerisation mechanism 10,11 with minimum nucleation size ns6.
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contradictions and the calculated parameter val-
ues seem realistic, then the assumptions are rea-
sonable and the model is plausible. If not, then a
new model or mechanism should be considered.
If a simple model fits the data, then a large
number of modified, more complex models will fit
the same data, and there is no way to choose
between the many complex models. For this rea-
son, if a simple model fits the data as well as a
more complex model, then we use the simpler
model.

Some hypothesised mechanisms include
molecules other than the PrP protein, such as a

w x w xvirino 12 or protein X 13 . Here we examine the
simplest possible models first, these being models
without cofactors. If the simpler models are suf-
ficient, this does not prove that no cofactors are
present, since cofactors which are present in ex-
cess will not be apparent in kinetic data. It does
show them to be unimportant for the dynamics of
the system. If simpler models prove kinetically
insufficient, we will then consider the kinetic con-
tribution of cofactors.

A consistent model must explain why sponta-
neous prion disease is so rare, whereas disease
progresses inevitably after inoculation. A single
infectious particle will spread and cause disease
unless it is rapidly degraded, so spontaneous prion
production must be significantly slower than prion
degradation. When this is considered in calculat-
ing the parameters of a heterodimer model, only

w xan implausible parameter range is possible 8 .

This makes the heterodimer mechanism seem
highly unlikely.

Co-operative autocatalysis and nucleated poly-
w xmerisation do not suffer from this difficulty 8 .

These two mechanisms are also supported by the
failure to dissociate infectivity from aggregated
forms of PrP. The rich diversity of prion strains is
also harder to explain by the multiple, non-inter-
converting conformations of a single protein chain
than it is by a mechanism involving the geometric
interactions between protein subunits.

Scrapie-associated fibrils or ‘prion rods’ colo-
calise with disease-specific PrP and may well be
the pathogenic form of PrP. They appear as un-
branched linear polymers when observed using

w xelectron microscopy 14 . For this reason, we as-
sume that polymers are linear on a macroscopic
level, although they may be helical on a micros-
copic level.

The nucleated polymerisation mechanism has
two slight advantages over the co-operative auto-
catalysis mechanism, although there is no hard
evidence to distinguish the two. Firstly, co-oper-
ative behaviour is usually associated with globular
rather than linear aggregates, and pathogenic PrP
appear to be linear. Secondly, nucleated po-
lymerisation is much simpler.

The advantages and disadvantages of the three
mechanisms are summarised in Table 1. Nucle-
ated polymerisation seems the most likely candi-
date, and worthy of further development and
testing. In this paper we develop and extend a
formal model of nucleated polymerisation pro-

Table 1
Comparison of the three replication mechanisms

Heterodimer Co-operative Nucleated
aautocatalysis polymerisation

Explains kinetics of spontaneous generation = U U

Explains the association between
infectivity and aggregated PrP = U U

Explains strain diversity = U U

Explains linear appearance of the fibrils = = U

Relatively mathematically tractable U = U

a Linear fibrils with diameters wider than a single molecule may occur in some co-operative models. In the limiting case when the
fibril diameter is constant and aggregation is the rate-limiting step, this is mathematically equivalent to our treatment of nucleated
polymerisation.
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w xposed by Nowak et al. 15 . We use published data
on the unusual kinetic features of prion diseases
to quantify the parameters.

2. Nucleated polymerisation model

Formal models of linear nucleated polymerisa-
tion have been developed for other biological

w xsystems 16]18 . Our prion model, illustrated in
Fig. 2, is more explicit in incorporating terms l
for production, d and a for degradation and b for
polymer breakage. Polymer extension is treated
as a one-way process with rate b. Nucleation is
considered negligibly slow. The terms x, y and z
count PrP-sen, PrP-res polymers and total PrP-res.

More formally, let x be the abundance of PrP-
sen monomers and let y be the abundance ofi
PrP-res polymers containing i subunits. The total
abundance of PrP-res polymers summed over all
sizes is ysS y . The total abundance of PrP-resi
subunits is zsS iy . PrP-sen is produced at thei
constant rate l, and is metabolically degraded at
rate d. b gives the polymerisation rate of ai
polymer of i subunits, i.e. monomers are added

onto PrP-res polymers of length i at the rate
b xy . For a linear polymer, it is reasonable toi i
assume that b is a constant b.i

PrP-res polymers are degraded at rate a<d.
Small polymers are degraded at the same rate as
large polymers, which is realistic for degradation
mechanisms such as incorporation into plaques or
engulfment by macrophages.

A polymer of size i breaks into two pieces of
size j and iy j at rate b . Assume that b is ai , j i , j
constant b for iGn. In a nucleated polymerisa-
tion mechanism, polymers below a critical size n
are unstable and disintegrate rapidly into PrP-sen
monomers. In the model by Nowak et al., this

w xoccurs rapidly at rate u 15 . In this model we
make an additional approximation, namely that
b is infinite for i-n. This approximation isi , j
valid if u can be considered instantaneous or if
nucleation kinetics put y at a low but steadyi- n
state. The additional approximation greatly sim-
plifies the mathematics.

This system is analysed in detail in Appendix A,
and can be described by three coupled differen-
tial equations:

Fig. 2. Detailed kinetic model of nucleated polymerisation.
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d x Ž .slydxyb xyqn ny1 byd t
d y Ž . Ž .syayqbzy 2ny1 by 1d t
d z Ž .sb xyyazyn ny1 byd t

In the absence of infection, PrP-sen is at the
equilibrium X slrd, and remains at this level0
for some time after infection. The average size
sszry of the polymers quickly converges to the
equilibrium

b X1 0 Ž .sfny q 2(2 b

The distribution of sizes also reaches an equilib-
rium, and an example is shown in Fig. 3.

After the average size reaches equilibrium, y
and z accumulate exponentially. The exponential
growth rate r is given by

Ž . Ž .rsb sy2nq1 ya 3

until x begins to decline. It is worth noting that
without the breakage term b, the average size s
does not reach a steady state and growth is not
exponential.

The basic reproductive ratio R is defined as0
the average number of infectious particles that
one infectious particle will give rise to before

w xbeing destroyed 19 . Infection will spread if R )0
1. Here, the average lifetime is the inverse of the
death rate, so the basic reproductive ratio is given
by the birth rate divided by the death rate. Dur-
ing each breakage, consider the left fragment the
parent and the right fragment the offspring. Death
can occur either by degradation at rate a or by
breakage such that the left fragment is too small

Ž .to be viable, so the death rate is aqb ny1 .
The growth rate rsbirth rate ydeath rate, so we
derive

Ž .b X b y br2'Ž .b syn 0 Ž .R s f 40 Ž . Ž .aqb ny1 aqb ny1

Ž . ŽFig. 3. The distribution of sizes shown here is calculated by letting w sy ry. Then for iGn, dw rd tsbX w yw qb sy2ni i i 0 iy1 i
. `q i w q 2bÝ w . At equilibrium, we have w s 0 for i - n, and for i G n we have the recursive definition wi js iq1 j i i

Ž . iy1b X rb w q2y2Ý w0 iy1 jsn js . w is determined by the quantity b X rb, which in turn is determined by s andi 0Ž . Ž . Ž . Ž .b X rb q b X rb q 1r4 q iynq 3r2'0 0

n. The size distribution is calculated numerically and plotted for ss1000, ns6.
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3. Quantifying kinetic parameters

The model is specified by six independent
parameters, given as a, b, b , d, n and l. The

Ž .model can be rearranged as shown in Eq. 11 in
Appendix A, and can be given in terms of six
different independent parameters: r, R , d, n, s,0
and one of b , l or X . In Section 3 we quantify0
r, R and d from published data and estimate n0
and s. Unfortunately, this gives us only five
parameters, so the model is under-specified by
current data. Nevertheless, r and R can be rear-0
ranged to give a, and this can be compared to d
to see whether it fits the predicted relationship
a<d.

3.1. Measuring the growth rate r

The exponential growth rate r can be measured
Ž .in three ways Table 2 . Firstly, growth in the

number of infectious units can be traced, which
should correspond to growth in y. Secondly,

growth in PrP-res accumulation can be measured,
which should correspond to growth in z. Thirdly,
the standard curve used to measure infectivity by

w xthe incubation time assay 20 gives an indirect
measure of growth in y.

In Method 1, brain homogenates are assayed
for infectivity at various time points after inocula-
tion. The number of infectious units is plotted on
a log scale against time, and a growth curve is
obtained. Our model predicts exponential growth,
which should be seen as a straight line. Modelling
exponential growth works well, and growth rates
estimated from the linear portions of the curves
are given in Table 2. The latest time points
sometimes approach a plateau, which can be ex-
plained either as an approach towards equilib-
rium in our model, or by another mechanism
described in Section 4.2.

Method 2 measures the growth of the PrP-res
protein, which is more difficult. PrP-res levels are
below the detection limit of most assays for a
large portion of disease progression, leading some

Table 2
y1Ž .Exponential growth rate r day

Infectivity accumulation PrP-res accumulation Incubation time assay Best
estimate of r estimate of r estimate of r guess

w xChandler mouse scrapie 0.214, 0.235, 0.177 21 , 0.17
w x0.140 22 , mean: 0.192

w x Ž .139A mouse scrapie 0.0576 23 small inocula 0.05

w x w x w x263K hamster scrapie 0.182 24 , 0.267 25 , 0.152 26 0.17
w x w x0.248 26 , 0.154 27 ,

mean: 0.213

a w x w x w x w x Ž .Sc237 hamster scrapie 0.142 28 , 0.137 29 , 0.108 28 0.328 30 large inocula 0.11
w x Ž .mean: 0.140 0.121 30 small inocula

w x w x w xFukuoka-1 hamster CJD 0.0375 31 , 0.0760 32 , 0.109 32 0.05
bmean: 0.0568

w x w xMouse CJD 0.0906 33 0.078 34 0.07

a In the original paper, linear regression over all data points gave rs0.120. Our estimate was derived from the linear portion of the
published graph.
b The data points are very scattered in both these studies. We ignored measurements less than 6 h after inoculation, and pooled
measurements taken before and after heating brain homogenates. We used regression weighted against the standard error of each
measurement.
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investigators to conclude that significant protein
accumulation occurs suddenly and only in the late
stages of the infection. Exponential growth may
still be occurring below the detection limit of
these assays. Two studies used more sensitive
assays for PrP. One study purified PrP-res by

w xsedimentation 26 and the other digested brain
homogenates with proteinase K to eliminate other

w xproteins 28 . These two studies detected expo-
nential growth in PrP-res from quite early in the
disease. The exponential curve fits well, con-
firming the model, but the growth rates are slower
than those derived by Method 1. Two alternative
explanations for this anomaly are given in Sec-
tions 4.1 and 5.1.

Method 3 takes advantage of the fact that
incubation times depend on the inoculum dose
and are precisely reproducible. A standard curve
relates incubation times to the log dilution of the
inoculum. All or part of the curve is often highly
linear. This linear section implies an exponential

growth in the number of infectious units, derived
from the time it takes for a smaller inoculum to
‘catch up’ with a large inoculum. The curve is not

w xentirely linear 20,30,35,36 , an anomaly which is
explained in Section 4.1.

In summary, there is good evidence for slow
exponential growth throughout most of the in-
cubation period. In the final column of Table 2,
we give an estimate of r for each prion strain,
taking into account the clearance phenomena dis-
cussed in Section 4.2 and the circumstances of the
individual studies.

3.2. Measuring the basic reproductï e ratio R0

Studies of transgenic and knockout mice have
shown that incubation time is inversely related to

w xthe level of PrP expression 21,31,37]40 . Here
we use the precise quantitative relationship
between the two to measure the basic reproduc-
tive ratio R . This can be done by three slightly0

Table 3
Basic reproductive ratio R0

qrq qryMouse prion PrP incubation PrP incubation Criteria for u R Best Ref.0
aŽ . Ž .strain days days incubation time guess R0

w xME7 scrapie 50 100 PrP labelling 0.50 2.4 3 37
75]100 150 PrP labelling 0.50]0.67 2.4]8.2

100 150 Vacuolation 0.67 8.2
130 220 First symptoms 0.59 3.5
160 280 Terminal stage 0.57 3.2

disease

b w xChandler scrapie 158 290 Illness 0.55 2.8 2 21,38
171 415

b w x156 426 Illness 0.37 1.9 40
169 430 Death 0.39 1.9

w xFukuoka-1 CJD 138 259 Illness 0.53 2.7 3 31
143 269 Death 0.53 2.7

y1 y1rs0.0219 days rs0.0375 days NrA 0.58 3.3

w xSc237 scrapie Transgenic mouse Illness 1.5 1–2 39
studies

a Timing illness is more subjective than timing death, but less likely to involve a plateau phase. The patterns and intensities of PrP
labelling and vacuolation give even earlier, but still less precise time points.
b These studies used the same mice and the same scrapie strain, but noted very different incubation times. Different criteria were
used for assessing the onset of symptoms.
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different methods, and the results are shown in
Table 3.

For the first method, let u be the ratio of the
incubation times in two strains of mice, and let ¨
be the ratio of PrP expression levels. In Appendix
A, we assume that exponential growth continues
without a plateau phase and show that

1yu Ž .R f 50 'Ž .1r ¨ y u

Incubation times in heterozygous PrP Žqry .

knockout mice were compared to wild-type litter-
Ž .mates to estimate the R Table 3 . Heterozy-0

gotes appear to have half the wildtype level of
w xPrP 37,38 , so ¨ s 2.

In the second method, the growth rates of CJD
infectivity in hamster brains are measured di-

qry w xrectly in wild-type and PrP mice 31 , as de-
Ž .scribed in Section 3.1. Eq. 5 is used, but this

time u is the inverse ratio of the growth rates.

The third method fits a curve when more than
two strains of mice are available. The relationship
between PrP-sen levels and the incubation time
of scrapie strain Sc237 in transgenic mice express-

w xing hamster PrP 39 gives R s1.5 as shown in0
Fig. 4.

All the methods give similar R figures, sup-0
porting our methods. In the last column of Table
3, we have put a consensus estimate for R for0
each prion strain.

3.3. Measuring the PrP-sen degradation rate d

PrP-sen turnover has been studied in mouse
w xneuroblastoma cells by pulse-chase 41,42 . In this

system, PrP-sen has a half-life of 3]6 h, making
df3]5 dayy1.

3.4. Estimating the minimum nucleation size n

Can we derive the minimum nucleation size n

Fig. 4. The model predicts a relationship between the PrP level X and the scrapie incubation time t described by the equation
' Ž . Ž .X sAq Brt where As X rR and B is some constant. This equation is fitted to data from four lines of transgenic mice' 0 0

w xexpressing hamster PrP and infected with scrapie strain Sc237 39 . Using non-linear least-square regression, weighting according to
the inverse of the standard errors of both expression levels and incubation times, we get As4.7 and Bs483. This fit is shown in
the figure, and is the best of many plausible fits. The data also fits the simpler equation XsBrt. At 52 mg gy1 brain protein, the
level of expression in a wild-type hamster, R s1.5.0
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from structural considerations? The structure of
w xPrP-sen is known from NMR 43]45 , but far less

is known about the structure of PrP-res polymer,
which is some form of fibrillar amyloid.

If the polymer were a helix, this would give a
structural explanation for the minimum nucle-
ation size. In a helical model, a linear polymer of
size n would fold back on itself, form multiple
stabilising bonds, and become a seed. It seems
unlikely that n-3 or n)30. Spheres of four to
six PrP molecules can be broken off large PrP-res
polymers by sonication. The spheres are not in-
fectious, are sensitive to proteinase K and have
an alpha-helical content comparable to PrP-sen
w x46 . This provides circumstantial evidence that
n)6. A more definite determination of n should
eventually be possible. This measurement could
come from the kinetics of nucleation, since the
rate of nucleus formation should be proportional
to monomer concentration to the power ny1
w x47 . A solved structure of the PrP polymer andror
sedimentation and filtration studies could also
help determine the value of n.

3.5. Estimating the mean polymer length s

The ratio of PrP-res molecules to one LD50
4 5 w x 4 w xunit has been estimated as 10 ]10 48 , 10 49 ,

5 w x 5 w x10 1,50 and G10 5 . It is very difficult to
estimate this ratio, since there is often an imper-
fect correlation between titre and protein concen-
tration. In a study of purified fractions, the ratio
fell from 4=106 21 days after inoculation to

5 w x3=10 at day 77 26 .
Assuming a 105:1 ratio of PrP-res molecules to

Ž .LD units and clearance see Section 4.1 leading50
to a 100:1 ratio of infectious particles to LD50
units gives ss1000. This figure may be very
inaccurate and the range ss100]10 000 should
be considered. This is compatible with the elec-
tron microscopy studies, where scrapie-associated
fibrils appear to be approximately 14]16 nm wide,

w xand 60]1500 nm long 14,51,52 .

4. Extensions to the model

4.1. Clearance phenomena

When brain infectivity is assayed a few days

after intracerebral inoculation, the majority of
the infectious agent can no longer be found. The

Ž .rate of this clearance is highly variable Table 4 .
This variability can explain anomalies arising from
growth rate measurements.

The factors influencing the extent of inoculum
clearance have not been definitively determined,
but the size and strain of the inoculum and the
exact protocol of inoculation may be important.

w xThe organ of origin 53 and chemical treatment
w x23 of inocula can alter infectivity estimates. To
explain the two anomalies noted in Section 3.1,
we propose that there is a non-specific response
to intracerebral inoculation which varies with the
level of antigenic stimulation. When more brain
matter is injected, a greater proportion of infec-
tivity is cleared. Most studies in Table 4 used
large inocula containing a significant proportion
of a homogenised brain, while one study used a
smaller, more dilute inoculum. In support of our
antigenic clearance hypothesis, this one study
showed a significantly lower rate of clearance
than the others.

The first anomaly is that the growth of PrP-res,
representing z, is slightly slower than the growth

Ž .of infectivity, representing y Table 2 . In other
words, the mean size appears to fall during dis-
ease progression. This is counter-intuitive, since
large amyloid plaques containing long fibres ap-
pear late in the disease.

The discrepancy in the growth rates can be
explained by our antigenic clearance hypothesis.
Early in infection, there is a low ratio of infec-
tious particles to other brain material, and exten-

Table 4
Clearance of intracerebral inocula

Initial Drop Time Drop Ref.
Ž Ž .inoculum log days aadjusted

Žlog LD LD for growth50 50
. .units units over time

w x6 1.5 5 1.7 33
w x7 )4.8 4 )5.1 21
w x7 1.8 7 2.3 25
w x6 7 1 7.1 26
w x7 2.5 0 2.5 28

3.5 2 3.7
w x3.9 0.3 7 0.8 24
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sive clearance leads to underestimation of infec-
tious titre. Later in infection, this ratio rises, and
measured infectivity rises more than the actual
rise in y.

The antigenic clearance hypothesis can also
explain the second anomaly, the slight non-linear-
ity of the incubation time standard curve. Here,
smaller inocula are more dilute, and contain less
contaminating brain material, so we expect less
clearance with smaller inocula. Assume that if it
were not for clearance phenomena, the curve
would be linear. If the amount of inoculum lost in
log units were directly proportional to the size of
the inoculum, then the size differences between
large inocula would be exaggerated, and a linear
plot showing a faster rate of growth would be
produced. If the inoculum lost in log units in-
creases more than proportionally with the size of
the inoculum, then the graph would no longer be
linear. All growth estimates taken from incuba-
tion time assay curves would be overstated, but
overestimation would be more pronounced with
large inocula and minimised with small inocula.
Unfortunately, small inocula lead to more scat-
tered measurements on an incubation time assay.
Measuring r using the incubation time assay can
be highly inaccurate.

In summary, discrepancies between the theo-
retical model and data on growth rates can be
explained by an antigenic clearance hypothesis.

4.2. Effect of compartments

Our model assumes that all sites of prion repli-
cation have the same levels of PrP-sen X and of0
breakage b. Assume instead that these parame-
ters vary between compartments, leading to varia-
tion in the growth rate. Also assume that cells in
a compartment die after the accumulation of a
critical level of PrP-res. PrP is no longer pro-
duced in this compartment, but existing PrP-res
persists, perhaps in extracellular plaques. In
agreement with this model, PrP-sen levels vary

w xbetween regions of the uninfected brain 54 , and
specific neuronal subpopulations die early in in-

w xfection 55 .
In simulations of this compartmental model

Ž .data not shown , the accumulation of PrP is very
close to exponential for some time, until it is
offset by the deaths of the most rapid PrP-res
producing cells, and a plateau appears. This ef-
fect, rather than an approach to the equilibrium

Ž .solution of Eq. 1 , may explain the observed
prion growth plateau often seen in animals.

4.3. Spatial effects

Our model does not include spatial effects.
Infectivity may take some time to travel from the
peripheral tissues to the brain. For example, in-
fectivity takes a minimum of 14 days to reach the

w xmouse brain via the optic nerve 56 . This should
not affect the data used in this paper, since most
follows from intracerebral inoculation. The spread
of infectivity to the central nervous system fol-
lowing peripheral infection routes has been mod-

w xelled elsewhere 57 . A similar course of exponen-
tial growth and disease progression occurs once
prion infectivity has reached the central nervous

w xsystem, irrespective of how it got there 27 .
Diffusion within the brain occurs by at least

two routes: axonal transport and diffusion through
w xthe extracellular space 35 . In this paper, we

assume this diffusion is not a significant kinetic
bottleneck. In support of this, both sides of the
brain contain equal titres 5 days after intracere-

w xbral inoculation 33 .

5. Discussion

5.1. Impact of the breakage parameter b

In our model, we assume that all polymers are
subjected to the same breaking forces and that a
polymer is equally likely to break at any position
along its length. The cause of the breakage is not
specified, but knowing the cause could help justify
this assumption.

Shearing forces could well be significant, but
these are dependent on the environment in which
prion replication occurs. It is not yet known
whether prion replication occurs in the extracellu-
lar space, at the plasma membrane or within a
membrane compartment. Infection can be propa-
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gated even when PrP expression is restricted to
w xastrocytes 58 , so intracellular neuronal replica-

tion is not essential.
An alternative cause of polymer breakage has

come out of work on yeast prions. The chaperone
w qxHsp104p is required for PSI prion propagation

in vivo, but overexpression of the chaperone
w xeliminates the prion 59 . This strange pheno-

menon would be explained if Hsp104p broke yeast
w xprions into smaller pieces 60,61 . Some as yet

unidentified mammalian chaperone could per-
form the same task for PrP. Indeed, conversion of
mammalian prions is promoted by intermediate

w xlevels of the chemical chaperone DMSO 62 .
Ž . Ž .Rearranging Eqs. 2 and 3 , we can express

the dependence of the growth rate r on the
breakage rate b according to

Ž . Ž .rf b X b yb ny0.5 ya 6' 0

When everything except breakage is kept con-
Ž .stant, growth is maximal when b X rb s2n' 0

y1. This is equivalent to the condition ss3ny
1.5. So maximum growth is achieved with pools of
quite small polymers, while the growth of pools of
long polymers can be slow.

Chaperones causing the breakage may well be
more active in some parts of the brain than in
others. The large polymers seen by electron mi-
croscopy, and showing up in brain homogenates
as PrP-res, may come from compartments with
low levels of chaperone. Disease progression may
be determined by some other replication site
where replication occurs more quickly. Rapidly
growing polymers may be too small to be seen.

Ž .Eq. 6 can explain why infectivity seems to
accumulate faster than PrP-res. Compartments of
small polymers may grow faster than compart-
ments of large polymers, causing the overall mean
size to fall over time.

Analysis of the breakage rate can have practi-
cal implications. For example, a drug which cures
prions in vitro could act by increasing the break-
age rate. If the effective dosage is lower in vivo,
such a drug could well accelerate disease progres-
sion.

5.2. Comparing the parameters a and d

In Appendix A, we show that

r Ž .af 7R y10

In Table 5, we use this equation to calculate a
from the measured quantities r and R . Our0
estimate of a is highly sensitive to that of R ,0
which in turn is highly sensitive to the data, so
our estimate of a is not very precise.

Nevertheless, af0.02]0.2 dayy1 seems rea-
sonable as an order of magnitude calculation.
Section 3.3 quantifies df3]5 dayy1. This esti-
mate comes from a completely different experi-
mental system to the ones used to quantify r and
R . This is a plausible comparison between a and0
d, and so quantifying parameters has led to rea-
sonable results.

5.3. Other mechanisms

We can compare alternative mechanisms of
prion replication using our mathematical frame-
work. Some formulations of the heterodimer
model allow for aggregation, but do not require it
for the PrP-res state. This is equivalent to a
special case of our model, derived by setting
ns1. This is a simpler model than ours, but has

w xbeen shown to be kinetically implausible 8 .
Other proposed mechanisms involve co-oper-

w xative autocatalysis 8,9 . This is different to our
model in two ways. Firstly, our model simplifies
the conversion of PrP-sen to PrP-res to a single
kinetic step. Autocatalytic models often contain
two separate terms for aggregation and confor-

Table 5
Calculating the PrP-res degradation rate a

Ž .r R as rr R y10 0
y1 y1Ž . Ž .day day

Chandler mouse scrapie 0.17 2 0.2
Sc237 hamster scrapie 0.11 1.5 0.2
Fukuoka-1 mouse CJD 0.05 3 0.03
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mational conversion. Secondly, even if the two
processes are combined into a single kinetic rate
equation, b is not constant for iGn in an auto-i
catalytic model. Both of these modifications make
the model mathematically more complicated and
probably intractable. The kinetic model devel-
oped here has the advantage of simplicity.

Assuming constant b is plausible for a linear
polymer but not for a globular aggregate. The
support for this assumption rests on the linear
appearance of scrapie-associated PrP as seen un-
der electron microscopy.

5.4. Concluding remarks

A mechanism of protein self-replication may
have wider implications. Although mice lacking
PrP show no obvious phenotype, the rich diversity
of prion strains suggests that PrP conversion and
polymerisation is unlikely to be some freak acci-
dent not yet eliminated by natural selection. It is
more likely that the pathogenic conversion process
has a non-pathogenic counterpart serving some
function in vivo. Modern biology is very heavily
based on molecular genetic techniques, and the
study of prions may provide a rare insight into
post-translational molecular events. The prion
analogues found in yeast may be useful in dissect-
ing the mechanism, and much of the mathemati-
cal analysis presented here also applies to these
systems.

Quantifying parameters for a formal model of
nucleated polymerisation leads to consistent and
realistic values. Nucleated polymerisation cannot
be ruled out on kinetic grounds, and is a rela-
tively simple and plausible mechanism worthy of
further investigation. The formal model pre-
sented here provides a framework for explaining
old experiments, and for designing new experi-
ments to specifically test the mechanism.
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Appendix A: Detailed nucleated polymerisation
model

The definition of the model given in Section 2
gives the equations

ny1 `d x slydxyb xyq2b iyÝ Ý jd t
is1 jsiq1

d yi Ž . Ž . Ž .sb x y yy yay yb iy1 y 8iy1 i i id t
`

q2b y for iGnÝ j
jsiq1

y s0 for i-ni

This system can be closed by summation and
described by three differential equations

d x Ž .slydxyb xyqn ny1 byd t

d y XŽ . Ž .syayqbzy 2ny1 by 1d t

d z Ž .sb xyyazyn ny1 byd t

Similar summation is possible when the concen-
tration of polymers below size n are in a steady
state rather than zero.

While x is steady at X slrd, the average size0
sszry of the polymers quickly converges accord-
ing to the differential equation

d s Ž . Ž . Ž .sb X yn ny1 bqsb 2ny1ys 90d t

until it reaches the equilibrium

b X b X1 1 10 0ssny q q fny q( (2 4 b 2 b
Ž .29

s4n so b X 4b, and the approximation is valid.0
After the average size reaches equilibrium, ex-
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ponential growth in the abundance of PrP-res
over time t occurs according to

Ž . Ž . r t Ž . Ž . r ty t sy 0 e and z t sz 0 e

Ž .where rsb sy2nq1 ya

Ž . Ž .f b X b ynbyaq br2 39' 0

until x begins to decline.
Compare wild-type mice to mice with an al-

tered level of PrP expression. Assume that l is
the only parameter that varies between strains,
and let ¨ s l rl be the ratio of PrP expression0 1
between wild-type and mutant. Some criteria, such
as the onset of the first symptoms, is used to
recognise a time point in disease progression, and
let us t rt be the ratio of the times taken to0 1
reach this point. Assume that exponential growth
occurs at a constant rate from the time of inocu-
lation. At some point a growth plateau may occur,
but we assume that the plateau occurs after the
measured point. Assume that the mice have the
same levels of PrP-res in their brains at the given
point. There is not a great deal of evidence avail-
able on this point, but most available evidence
suggests that when mice develop symptoms, they
have the same level of PrP-res in the brain,
independently of their incubation period and level

w xof PrP-sen expression 37]39 or route of inocula-
w xtion 22 . One study contradicted this assumption

w x31 , but here we accept the majority result and
assume that sick mice have equal levels of PrP-res.

For two mice with different PrP expression
levels,

Ž . r0 t0 Ž . Ž . Ž . r1 t1y 0 e sy t sy t sy 0 e ,0 1

giving

Ž . Ž . Ž .b b X r b¨ y nq 1r2 ya't r 00 1us s ft r Ž . Ž .1 0 b b X rb ynq 1r2 ya' 0

Ž .10

From this we derive

b X b'1yu 0 Ž .f fR 590Ž .' aqb ny1r2Ž .1r ¨ y u

Ž . Ž .Eqs. 2 ] 4 give expressions for s, r and R .0
These can be rearranged to be expressed in terms
of a, b and b X .0

r
bs Ž . w Ž .xsyn 1y 1rR0

Ž .R ny1r 0 Ž .as 1y 11ž /R y1 Ž .syn0

Ž .r synq1
b X s0 w Ž .x1y 1rR0

Since s4n, we have

r Ž .af 79R y10
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