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1 Introduction

Consider an agent who makes decisions by proceeding through a sequence of criteria. For
any pair of alternatives, the agent checks whether the first criterion C; recommends one
over the other; if not, the agent proceeds to the second criterion Cy; and so on. If no
criterion ranks the pair, the agent decides that either one is acceptable. For example,
the field of alternatives might be a set of possible meals, C'; might categorize meals by
their meat content (vegetarian, red meat, white meat, all other cases), Cy by their cuisine
(French, Ttalian, Chinese, all other countries), C5 by flavor (predominantly salty, sweet,
or none of the above). Each criterion will order some of the categories it defines but a
criterion need not be transitive — it might cycle for example — and need not be complete.
We call a sequence of criteria a checklist.

A checklist C will always implicitly maximize a preference relation > that we call the
outcome of C. Conversely, given any preference >, there will under mild restrictions
be a checklist that leads to >=. Which preferences can be the outcome of the quick
checklists that employ the theoretical minimum number of criteria? The agents with
these preferences can make choice discriminations with great dispatch: for quick checklists,
the ratio of the number of criteria to the number of preference discriminations n rapidly
converges to 0 as n increases.

To ensure a fair test, we compare preferences with the same number of indifference
classes and give agents access to criteria that share the same capacity to discriminate
among alternatives. We show that if > is complete and transitive — the preference is
rational — there is always a quick checklist that leads to . In contrast, for any irrational
preference there is a discriminatory capacity for criteria such that the preference cannot be
the outcome of a quick checklist: each irrational preference fails to be the outcome of some
of the efficient decision-making procedures. So the set of efficient decision-makers always
includes the rational agents but, as we vary the discriminatory capacity, each irrational
agent will drop out of the set at some point. Even preferences whose only irrationality is
incompleteness, which might seem to require fewer decision-making discriminations, will

fail to be the outcome of some quick checklist. We arrive at similar results if we judge



the speed of decision-making by the expected number of criteria an agent must examine
before making a choice rather than by the total number of criteria in a checklist.

The ‘symmetry’ concept that underlies quick sequential decision-making is as impor-
tant as the specific results. An agent’s first criterion discriminates among alternatives
and thus partitions the domain of alternatives into a set of equivalence classes; the num-
ber of equivalence classes in fact defines the discriminatory capacity of a criterion. The
equivalence classes of the agent’s second criterion then partitions each of the first cri-
terion’s equivalence classes into finer subsets, and so on. For decision-making to be
quick, each criterion must fully exploit its discriminatory capacity, partitioning every set
of not-yet-discriminated alternatives as finely as possible. A criterion can accomplish this
only if it orders every set of not-yet-discriminated alternatives in the ‘same way’, that is,
order-isomorphically.

As we will see, there are irrational preferences that happen to have the required order-
isomorphic subsets. But these examples are unusual: the proportion of irrational pref-
erences that are the outcome of quick checklists shrinks to 0 at a super-exponential rate
as the size of the domain of the alternatives increases. And the examples are fragile:
there is no irrational preference that is the outcome of a quick checklist regardless of the
discriminatory capacities of the decision-making criteria.

Rational preferences in contrast can always be the outcome of a quick checklist for
the simple reason that rational preferences are endowed with the richest possible supply
of order-isomorphic subsets: for a rational preference, any two sets of indifference classes
of the same cardinality share the same linear ordering. No irrational preference has this
flexibility.

This study pursues an agenda that Mandler, Manzini, and Mariotti (2008) (henceforth
MMM) lays out but could not fully address. MMM considered checklists with binary
criteria that partition alternatives into just two equivalence classes. Any preference that
is the outcome of a binary-criteria checklist must be rational and conversely any rational
preference will be the outcome of some quick checklist that uses binary criteria. But
because binary criteria can never lead to irrational preferences, MMM could not stage a

race between rational and irrational agents. Notice that each criterion in our opening



‘meals’ example divides meals into at least three categories, not two; that example can
therefore admit irrational preferences.

Our results contrast with Herbert Simon’s (1990) view that utility-maximization places
‘a heavy (often unbearable) computational burden on the decision maker’. If we measure
computational burden by the number of checklist criteria, we come to the conclusion that
it is the irrational agents who bear the heavier burden. The difficulty with Simon’s and
kindred psychological views is that they take utility to exist independently of an agent’s
choices rather than being a mere representation of choice behavior; decision-making is
difficult because true utility can be hard to discover. If instead we take an agent’s
checklist as primitive then rational preferences can simply be the outcome of criteria that
are themselves rational. Indeed the most crude but maybe also the most procedurally
plausible criteria are the binary ones that divide the domain of alternatives in two, ranking
one half better than the other, and binary criteria necessarily generate rational preferences.
One of the least burdensome choice procedures imaginable necessarily leads to rationality.

Binary criteria in fact play a special role in the theory of sequential decision-making.
Suppose we judge checklists not by the number of criteria they employ but by the number
of rankings the criteria make, that is, by the number of decisions an agent has to make
to build the checklist. = We will see that binary criteria are always the cheapest by
this standard: the easiest way to use criteria to make any given number of preference
discriminations is to always divide each not-yet-discriminated set of alternatives into equal
halves. Since binary criteria must lead to rational preferences, rational preferences are
vindicated by this measure of decision-making burden as well. Binary distinctions are a
common tool of everyday decision-making; our analysis suggests that they are a sign of
efficiency, not mental weakness.

This paper simply assumes that choice behavior arises from a set of criteria, a frame-
work that has recently been the subject of intensive research. See Kalai, Rubinstein, and
Spiegler (2002) (henceforth KRS), Apesteguia and Ballester (2009a, 2009b) (henceforth
AB), and Manzini and Mariotti (2007). Besides MMM (2008), KRS and AB (2009b) are
closest to the present paper in that they assess a set of criteria by the number of criteria

in the set (what we call ‘length’). But KRS and AB pursue a different agenda; they seek



the most concise explanations of an agent’s decisions, not the minimum speed with which
an agent comes to a decision. The number of equivalence classes in criteria is therefore
irrelevant, whereas for our aim of comparing the decision-making efficiency of different
agents it is imperative to give every agent access to criteria of equivalent discriminatory
power. Also, agents in our model do not use an unordered set of criteria; they proceed
lexicographically through a fixed sequence of criteria, where it is the first criterion that
ranks x and y that determines the checklist’s overall ranking of x and y, as in Manzini
and Mariotti (2007), MMM (2008), AB (2009a), and much earlier the lexicographic utility
theory of Chipman (1960, 1971) (see also Fishburn (1974)). Chipman’s framework in fact
bears close resemblance to ours, but he let criteria make a continuum of discriminations;
our measures of decision-making efficiency then do no apply.

Outside of the sequential-criteria setting of this paper, others have found that ratio-
nality has appealing efficiency properties. Tversky and Simonson (1993) adopt a view
somewhere between Simon’s and ours; they recognize the dexterity of rational decision-
making and are thus forced to find it paradoxical that agents often depart from ratio-
nality when they attempt to reduce decision-making complexity. Salant (2003) provides

computer-science grounds for the efficiency of rational choice.

2 Criteria and Checklists

Fix a domain of alternatives X. An agent makes decisions by proceeding through a
sequence of criteria C, ..., Cr, where each criterion C}; is an asymmetric binary relation
on X. If there is a criterion in the sequence that ranks a pair in X then the first criterion
to do so determines the agent’s choice from the pair. These binary choices define a
preference > which is also an asymmetric binary relation > on X. Criteria will typically
divide X into a smaller number of equivalence classes (defined precisely in section 3) than
preferences do. For a variation on the example in the introduction, X could be the set of
all movies and an agent might chose between movie downloads by going through a list of
criteria: one criterion might categorize movies by the languages the agent speaks (movies

in French, movies in English, all others), a second by the type of movie (thriller, comedy,



science fiction, all others), and so on. Criteria need not be transitive and a criterion C;
need not rank every pair of the equivalence classes that C; implicitly defines.
The simplest criteria partition X into two equivalence classes, one ranked better than

the other, and are called binary, as in Example 1 below.

Definition 1 A checklist is a finite sequence of criteria C' = (Cy, ...,Cr). The preference
>~ 1is the outcome of C' if and only if

(1) each C; is an asymmetric relation on X, and

(2) x>=y< Jiwithl <i<T such that x C;y and not yC; z for all j < i.
The integer T' (the mazximum amount of time the checklist can take to rank a pair in X )

1s the length of C.

We will also say that the checklist ‘C' leads to the preference >’ if > is the outcome of C'.
Definition 1 amounts to a mild generalization of the Chipman (1960) lexicographic utility
representation, and of related concepts in set theory, e.g., Cuesta Dutari (1943, 1947).
We discuss a closely related concept for choice functions momentarily.

We will remain agnostic whether > or C' is primitive in Definition 1. In particular,
an agent with a checklist C' need not think about the preferences he or she is implicitly

maximizing though of course we may still deduce >~ from C' using (2) above.

Example 1 Some seemingly crude decision procedures while clearly sequential may not
at first appear to qualify as checklists. Suppose an agent chooses between two cars x and
y by proceeding through a list of ‘properties,” Py, P, Ps, ... , where each P; is a subset of
the domain of all cars X. The agent first checks if  and y have property 1 (i.e.,if z € P,
and y € P;). If only one car has property 1 then the agent chooses that car. Otherwise

the agent proceeds to property 2, and so on. Here is a sample of possible properties:

P; = {all cars that cost less than $15,000}
P, = {all four-door cars}

P; = {all Japanese cars}

So this agent first sifts by a price cut-off, then sifts by whether a car is a four-door, then

by whether the car is made in Japan, and so on. This list of properties, an example of the



model in MMM (2008), qualifies as a checklist of criteria since the agent could make the
same decisions by using a binary criterion C; that ranks any car in P, as strictly superior
to any car in X\ P, a binary C5 that ranks any car in P, as strictly superior to any car

in X\ P,, and so on. n

We will see in section 7 that binary-criteria examples such as this have unique efficiency
properties.

A checklist C' can have a small number of criteria relative to the number of indifference
classes in the > to which C leads; the checklist then makes choice discriminations quickly.
Our program is to see which >’s with a given number of indifference classes are the
outcome of the quickest checklists.

Checklists can evidently be seen as a way to choose from sets A that consist of two
elements. Given A = {z,y}, the agent proceeds through the checklist until he comes to
the first criterion C; that ranks x and y and then eliminates the Cj-inferior item; if no
criterion ranks x and y then the agent deems both to be acceptable. But checklists can
also be applied to larger choice sets: if we feed an arbitrary choice set A to the checklist
C = (Cy,...,Cr) we eliminate in each round i any element of A that has survived so far
and that C; ranks as inferior to some other survivor. We thus define ‘survivor sets’ S;(A)

recursively by

So(A) = A
SZ(A) = {l’ S Szfl(A) : iﬂy c 5271<A) with yCz QJ} for i = 1,...,7T,

as in Manzini and Mariotti (2007), AB (2009a), MMM (2008). Suppose c is a choice
function on a domain D of nonempty subsets of X that includes the two-element sets; for
every A € D, ¢(A) is a nonempty subset of A. We can then define a choice function ¢ to
‘be the outcome of the checklist C” if Sp(A) = ¢(A) for all A € D. While this setting is
the principal interpretation we have in mind for checklists, the extra generality of A’s with
more than two elements would be pointless for our purposes. As we will see, a rational
preference > can be the outcome of the shortest possible checklist; and it will be clear

that a choice function defined on arbitrary sets that maximizes > can be the outcome



of exactly the same checklist. Thus rational choice functions can be the outcome of the
shortest possible checklists. We will point out in section 5 that the converse that holds
for preferences also holds for choice functions: only the choice functions that maximize a
rational preference can be the outcome of the shortest possible checklist regardless of the

discriminatory capacity of the criteria.

3 Indifference and equivalence classes

Our first measure of the speed or efficiency of a checklist will be the number of criteria
it uses, that is, the checklist’s length. The minimum length of a checklist that leads
to some > is determined in part by the number of indifference classes in > and in part
by the number of discriminations that checklist criteria make. We need a definition
of equivalence classes for asymmetric relations that gives an accurate count for both

purposes.

Definition 2 Given an asymmetric relation > on X, the binary relation ~ on X 1is

defined by
rryes{zeXiz>rp={zeX:z>yland {zreX:z>z2}={z€ X 1y >z}

and is called the equivalence (or indifference) relation of >.

It is easy to confirm that =~ is in fact an equivalence relation and thus furnishes an
appropriate definition of indifference for preferences. For a textbook discussion of =,

specialized to the case where - is transitive, see Fishburn (1970).

Definition 3 Given an asymmetric relation > and its equivalence relation ~, a >-
equivalence class is a nonempty I C X such that (1) x,y € [ = x =~y and (2) (x € I

andr~y)=yecl.

Given an asymmetric relation > on X, the >-equivalence classes form a partition of X.
When we apply Definitions 2 and 3 to a preference > we use ~ to denote the equiv-

alence relation of > and call it an indifference relation. To keep our terminology clean,



we reserve equivalence for equivalence relations of criteria. We assume throughout the
remainder of the paper and without further remark that any preference > has finitely
many indifference classes.!

To see how the count of criterion equivalence classes works, consider again the ‘meals’
example at the beginning of the paper. In that example, two of the criteria partitioned
meals into four categories and one partitioned meals into three categories. For example,
for the criterion C5 that uses the ‘cuisine’ categories — French, Italian, Chinese, and a
remainder of all other countries — to form equivalence classes, if x and y are, say, two
French meals then = C5y must not obtain and further C; must rank 2 and y the same
way relative to any non-French meal z. The criterion C5 will then have no more than
four equivalence classes (it may have fewer if two categories have identical upper and
lower contour sets but this will not occur when C5 actually ranks each pair of cuisine
categories).

In Example 1, each criterion specifies just two equivalence classes, those items in a
property and those items excluded, and is therefore binary. Notice that any binary
criterion is transitive.

Turning to preferences, a word of explanation is needed on why we use a strict pref-
erence > to define indifference classes rather than using a weak preference 7~ and letting
the symmetric part of 7~ be our definition of indifference. The difficulty with the latter
tactic is that a 7~ might generate two or more indifference classes that are unranked by
>~ but that have identical upper and lower contour sets; that is, we might have = and y

such that neither z 7~ y nor y 7~ x holds but where

{zeX:z>z}={zeX:z>yland {zeX:x>z2}={2€ X :y >z}

where > denotes the strict part of 7. In such a case, x and y are fully interchangeable
from a behavioral point of view. In particular, any checklist that leads to >~ would

have to place x and y in the same >-indifference class. So if we nevertheless labeled x

1Our framework extends to preferences with an arbitrary number of indifference classes and to check-
lists that consist of an infinite sequence of criteria but both Observation 2 and Theorem 2 would no longer
obtain.



and y as being in separate indifference classes, we would give a checklist that leads to
>~ unwarranted credit for tackling more indifference classes than show up in the agent’s
behavior. Conversely, 2~ might classify two elements as indifferent when their upper and

lower contour sets do differ and hence would have to be distinguished by some criterion.

Definition 4 A discriminatory capacity is a sequence of integers d = (di,ds,...) such
that each d; > 2. The checklist (Cy, ...,Cr) is a d-checklist if and only if each C; has d;

or fewer C;-equivalence classes.

When we say ‘C'is a (dy, ..., d;)-checklist’ we mean that C' is a checklist of length ¢ where
each C; has d; or fewer equivalence classes. We exclude criteria C; with d; = 1 since
they make no discriminations (if d; = 1 then C; = @). We use special labels for the
following checklists: a (2,2, ...)-checklist is a binary checklist and a (3, 3, ...)-checklist is a
3 -checklist.

4 Checklists that lead to rational and irrational pref-
erences

We use a definition of completeness that applies to asymmetric relations.

Definition 5 An asymmetric relation > on X with equivalence relation ~ is complete if

and only if for every x,y € X either x (> U ~)y ory(>U =)z or both.

Equivalently, > is complete if and only if for all >-equivalence classes I # J, either I > J
or J > 172

We define an asymmetric relation > to be rational if and only if > is complete and
transitive. It is easy to confirm that an asymmetric > is complete and transitive if
and only if it is negatively transitive (where = % y % z implies = ¥ z), the traditional
definition of rationality for asymmetric relations.

One way that a rational > can arise is when each criterion C; in a d-checklist C' =

(Cy,...,Cr) is itself rational (complete and transitive) on X. To see this, define d =

2For any binary relation R on X, any subsets A, B C X, and any ¢ € X, we use A R B to mean a Rb
foralla € Aand b€ B, cRA to mean cRa for all a € A, and A Rc to mean a Rc for all a € A.



max{dy, ...,dr} and, for any z € X and criterion i, let z; be the number of Cj-equivalence
classes J for which x C; J. We can then identify = with the integer whose expansion in
base d has z; as its ith digit: call this integer Int(z). If C is a checklist that leads to -,
then x > y if and only if the first criterion C; that ranks x and y has x C; y, i.e., the first
digit i where Int(z) and Int(y) differ in base d (reading from the left) has z; > y; and
so Int(z) > Int(y). It is also easy to confirm that x ~ y if and only if Int(z) = Int(y).
Since Int(x) may therefore serve as a utility number for any x € X, > has a utility

representation and is therefore complete and transitive:

Observation 1 If each criterion in a checklist C is complete and transitive and C' leads

to >, then > 1is complete and transitive.

So, if we think of the checklist rather than > as primitive, we come to a conclusion
that differs from Herbert Simon’s. It is not difficult for an agent to be rational; rational
preferences can merely indicate that an agent uses a checklist with complete and transitive
criteria. Indeed, the crudest criteria — the binary criteria that arise from properties where
the discriminatory capacity d is (2,2,...) — are automatically complete and transitive.
Hence the preferences that are the outcome of binary checklists are necessarily rational;
the properties in Example 1 may look primitive, but they lead to choice behavior that
Simon took to be demanding.

Since only rational preferences can be the outcome of binary checklists, a checklist
that leads to an irrational preference must have a discriminatory capacity d with some
coordinates d; > 2. The following observation shows that for an arbitrary irrational >

we need only go to a d where d; > 3 occurs sufficiently often.

Observation 2 Any preference > with n indifference classes can be the outcome of some

d-checklist if at least n coordinates of d have d; > 3.

If there is no restriction on the number of d;’s at least as big as 3, a simple way to
build a d-checklist that leads to > is just to list the preference rankings in >: for any two
~-indifference classes I and J with I > J, define a criterion C; ; by x C; ;v if and only if

x € I and y € J, and then form a d-checklist C' that assigns the C; ; in any order to the
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C; with d; > 3. For the C; with d; = 2 (when they come before the final C; ; in C), set
C; = @. Such a C evidently leads to > and C is a d-checklist since each C; ; has three
equivalence classes: I, J, and X\(/UJ). An alternative and usually shorter construction
is to define for each >-indifference class I a criterion C; by y C; z if and only if x € [ and
y = x, and form C by assigning the C} to the C; with d; > 3, again arranged in any order.
Now we get a d-checklist that leads to > where the number of nonnull criteria equals the
number of —-indifference classes n, thus establishing Observation 2. If > is complete,
our first construction in contrast uses (") = =1 ponnull criteria. The worst case —

2 2

where the quickest d-checklist has n nonnull criteria — can in fact occur (see Example 3).

5 The comparison of decision-making speed

It may well be that an irrational agent, overwhelmed by the difficulty of making decisions,
makes only a few preference discriminations; such behavior, not surprisingly, can be the
outcome of a very short checklist. So, to compare like with like we consider preferences
that share the same number of preference indifference classes and let the length of the
shortest checklist that can lead to those preferences be the measure of decision-making
speed.

To determine this length, it is useful to generalize slightly the standard logarithm: for
any discriminatory capacity d, let [log,n| denote the smallest integer ¢ such dyds - - - dy >
n. When each d; equals the same integer — as with binary checklists — [log, n] is indeed

the ceiling of log,, n.?

Theorem 1 If a d-checklist C' leads to a preference with n indifference classes then C

has at least [log,n| criteria.

Proof. If a preference with n indifference classes is the outcome of a d-checklist of length

T, the Singleton Indifference Class Lemma in the appendix implies there is a d-checklist

3If we define logyn = s + r where (s,7) solves dy -+~ dsdl; =n (for n > 0, s € {0,1,...}, r € [0,1],
and d > (1,1,...)), then throughout the paper we can use the standard definitions of [-] and |-|. That
is, for a real number a, [a] is the smallest integer b such that b > a and |a] is the largest integer b such
that b < a.
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C of length T' that leads to a > with n singleton indifference classes. We show that
T > [logyn].

Given a d-checklist C” of length k, define a C’-undecided set to be a A C X such that
xz,y € A= (for each i = 1,...,k, 3 a Cl-equivalence class I such that {z,y} C I), define
a mazimal C'-undecided set to be a C'-undecided set A such that no C'-undecided set B
has |B| > |A|, and finally define the mazimal C'-undecided cardinality to equal |A| where
A is a maximal C’-undecided set.

We show, by induction on k, that if the C' that leads to > has length k then the maximal
C-undecided cardinality is greater than or equal to (d - - - d;) 'n. This claim holds for k =
1 since if every Cj-equivalence class has strictly fewer than d; 'n elements we would have
| X| < n. Assuming then that the claim holds for arbitrary k, let C' = (C4, ..., Ck, Ck11)
be a d-checklist of length k + 1. So there is a (C}, ..., Ck)-undecided set A with |A| >
(dy---dg)~'n. Since the djy1 Cjii-equivalence classes, Iy, ..., Iq, ,, form a partition of
X, thesets 1 N A, ..., Iy, N A partition A; hence one of these sets, say I; N A, must have
at least (dy - --dg+1) 'n elements. And since I; N A is a (CY, ..., Ck, Ck41)-undecided set,
the maximal (C, ..., Ck, Cy1)-undecided cardinality is at least (dy - - - dip1) 'n.

Since C' leads to >, the maximal C-undecided cardinality must equal 1. If not there
would be distinct z,y € X and a Cj-equivalence class I; for each ¢ = 1,...,T such that
{z,y} C I for i = 1,....,T; and then, Vz € X, (xC;z & yC;2) and (2C;z < 2C;y)
which implies that = and y are in the same >-indifference class. Hence the previous
paragraph gives 1 > (dy -+ -dp)™'n, that is, dy---dp >n. SoT > [log,n|. m

Theorem 1 leads to the following definition of a quick checklist.

Definition 6 Given a preference = with n indifference classes, define a d-checklist that

leads to = to be quick if it has [log,n] criteria.

The label ‘quick’ is well-deserved: if we fix d, then, as the number of >-indifference classes
n increases, [log,n| increases at a less-than-polynomial rate. Since the ratio of [log,; n] to
n converges to 0 rapidly as n increases, quick checklists are highly efficient discriminators.

We use Definition 6 to run the contest between rational and irrational agents: which
class of preferences is more often the outcome of a quick checklist? This way of posing

the question judges preferences by their potential decision-making speed; we pin down the
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preferences that can be the outcome of the quick decision-making procedures. While any
preference can be the outcome of a checklist with arbitrarily many criteria — criteria can
make few or no discriminations and a checklist can even pointlessly use the same criterion
more than once — the potential discrimination speed of a preference is a clear-cut marker
(see also section 8).

Theorem 2 will show that, for any complete and transitive > and any discriminatory
capacity d, > is the outcome of a quick d-checklist: rational agents can potentially make
choice discriminations at least as quickly as any other type of agent. The proof of
Theorem 2 will establish this formally (and applies to the binary checklists not covered

in the statement of the theorem), but an example will be instructive.

Example 2 For X = {1,2,3,4,5,6,7,8,9}, let > be the usual ordering of the integers.
The unique quick 3 -checklist (where 3 = (3,3,...)) that leads to > is then the (C, Cy)

given by

{9,8,7} C, {6,5,4} C1 {3,2,1} and {9,8,7} C, {3,2,1}
{9,6,3} C5{8,5,2} C»{7,4,1} and {9,6,3} C»{7,4,1},

which is pictured in Figure 1. Criterion C; divides X into a top third, a middle third,
and a bottom third, and then ranks these thirds as > does, while C5 groups together
the top items from the three C'i-equivalence classes, the middle items from the three C;-
equivalence classes, and the bottom three items of the three C-equivalence classes, and

then linearly ranks the tops over the middles over the bottoms. [ ]

Example 2 reverse engineers the construction used for Observation 1 and provides a
model, for any rational >, of how to build a quick checklist that leads to >. One begins
by partitioning X into d; C}-equivalence classes that are ordered by . Then at each
subsequent stage i, for each maximal A C X that has not yet been divided into distinct
criterion equivalence classes, partition A into d; cells so that these cells are ordered by
>~ and group together all the cells across A’s that have the same rank according to >
to form the Cj-equivalence classes. When the number of >-indifference classes exactly

equals d; - - - dr for some integer T, the cells at each stage must contain the same number
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of —-indifference classes; in all other cases, there will be some latitude in how to apportion
the —-indifference classes but one may always partition each A into cells where the number
of >-indifference classes differs by at most one. See the proofs of Theorems 2 and 6.

The checklists built by this method do not have to be seen as decision-making proce-
dures for agents with preexisting preferences. If there are features of the alternatives that
map into a one-dimensional scale, then an agent could just proceed through the features
in some sequence, at each stage ¢ dividing X into d; categories as ordered by feature i’s
scale. If X were a domain of cars, as in Example 1, examples of such features could be
price, horsepower, prestige, and so forth. An agent who follows this method will build a
quick checklist and the preference that is the outcome will turn out to be rational.

The critical feature of any of the preferences = that the above checklists lead to, and
the key to decision-making speed, is that each subset of not-yet-discriminated alternatives
is ‘ordered the same way’ by >. Rational preferences always display this ‘symmetry’:
for a rational > any two sets of >-indifference classes with the same cardinality will be
order isomorphic.? Consequently a criterion can order any family of sets of ~-indifference
classes in a way that respects . In fact, only rational preferences have such a rich supply
of order-isomorphic subsets; the above order-isomorphism property fully characterizes the
rational preferences with at least four indifference classes (see Mandler (2009)).

We have seen that any complete and transitive > is the outcome of a quick checklist
that consists of complete and transitive criteria and, conversely, Observation 1 reported
that any sequence of complete and transitive criteria will lead to a > that is complete
and transitive. To consider the decision-making efficiency of agents who do not end up
maximizing a rational preference, we begin with an example of a preference that cannot

be the outcome of any quick 3 -checklist (and hence cannot be rational).

Example 3 For X = {w,z,y,z}, let = be defined by w > = > y = z (so > is both
incomplete and intransitive). Set d = 3. If there were a quick 3 -checklist that leads
to >, it must have length 2 = [log;4]. So then either C} makes two out of the three
>-rankings — that is, C; hasw Cy x Cyy or x Cy y Cy z or (w Cy x and y C; z) — or C; makes

one >-ranking and C5 makes the other two. If the criterion C; that makes two rankings

4Two sets, where each is endowed with a binary relation, (A,>4) and (B, >pg), are order-isomorphic
if and only if there is a bijection f : A — B such that, for all z,y € A, z >4 y & f(z) >5 f(y).
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has w C; x C; y then the omitted item z must be placed in the same Cj-equivalence class
as one of {w,z,y} and thus be ranked by C; vis-a-vis z if joined with w or y or ranked
vis-a-vis w if joined with x, contrary to the rankings given by >=. The C; that makes two
rankings similarly cannot have z C; y C; z. And finally if C; has (w C; x and y C; z) then
(since d; = 3) either {w,y} C;{z, 2z} or wC;{z,y} C;{z}, which again imposes rankings
not given by >.

The shortest-length 3 -checklist that leads to = has length 3. Here are two samples:

C defined by wCi x, x Cyy, yCs 2
C"' defined by w Cj z, x Cyy, yCy z,y Cy x.

For Cy, the three Cj-equivalence classes are {w}, {z, z}, and {y}.

The above > is not quite the worst case for '3 -checklists. The =’s that come in
last in the race are the =’s with n indifference classes that require a 3 -checklist of
length n. The smallest n where such a > arises is 5: let > on {a,b,¢,d, e} be the cycle
a>b>c»d»e>a The argument that there is no 3 -checklist shorter than length
5 that leads to this > is similar to the case above and we leave the details to the reader

(see also Mandler (2009)). u

The moral of Example 3 is that while it may seem that an incomplete > should have a
speed advantage (the criteria that lead to > need to make fewer rankings), incompleteness
forces any >-unranked pair to be unranked by every criterion. This restriction burns up
criterion equivalence classes and hence slows down the quickest checklist. In sequential
decision-making, the conventional description of incomplete preferences as ‘indecisive’
turns out to be apt.

In some carefully constructed cases, however, irrational preferences can be the outcome
of a quick checklist. As we have seen, if a checklist is quick then after the application
of the first k criteria each set of alternatives A that has not yet been discriminated by

criteria 1 through & must be =-order-isomorphic.” While an irrational preference does

®More precisely, if C1, ..., Cy are the first k criteria then these not-yet-discriminated sets A are the cells
of the coarsest common refinement of the partitions Cy, ..., Cx, where each C; is formed by the C;-equivalence
classes. Furthermore, a quick checklist requires only that each of these cells can be >order-isomorphically
embedded in the cell with the largest number of >-equivalence classes.
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not enjoy as rich a supply of order-isomorphic subsets as a rational preference does, it
still might have enough — given a particular discriminatory capacity d — to form a quick

d-checklist.

Example 4 Let X = {a,b,c,d,e, f,g,h,i} and define > by

{ab.ch = {de, f} = {g.hi} and {a,b,c} = {g, .1}
a-b>c>aandd>e> f>dandg>h>1>g.

Thus there are three triples that > orders linearly but within each triple > orders the
items as a cycle. The 3 -checklist (C1, Cs) defined below and pictured in Figure 2 both
leads to > and is quick:

{a,b,c} C1{d,e, f} C1{g, h,i} and {a,b,c} C1{g, h,i}

{a,d, g} Cy{b,e,h} Csy{c, f,i} Cy{a,d, g}. u

The only important difference relative to Example 2 is that C5 in Example 4 is a cycle
rather a line. Both cases share the indispensable feature that the C-equivalence classes
are »—-order isomorphic. We can in fact mimic Examples 2 and 4 to generate all of the >’s
with nine singleton indifference classes that are the outcome of a quick 3 -checklist. In
any such (C1, Cs), each C; must have three C;-equivalence classes and each Cj-equivalence
class must consist of three >—-indifference classes. Moreover, we must put the three -
indifference classes in each Ci-equivalence class into separate Cs-equivalence classes. A
3 -checklist that does not meet these requirements would have to put some nonindifferent
pair x,y in both the same Ci-equivalence class and the same Cy-equivalence class, and
then since x and y would be ranked the same way relative to every other z € X we would
have x ~ y (see the proof of Theorem 1). Now up to an order isomorphism there are only
four asymmetric orderings R of three equivalence classes. Labeling the equivalence classes
a, b, and ¢, these are defined by: (1) aRbRc and a Re, (2) aRbRcRa, (3) a Rb and
bRc,and (4) a Rb.S By letting C order the Cj-equivalence classes according to one of
the orderings (1) through (4) and letting Cy order the items in each Cj-equivalence class

according to one of the same orderings (the same ordering for every Cj-equivalence class),

SThe orderings defined by (a Rb,c Rb), (a Rb,a Rc), and the empty ordering do not qualify since they
have 2, 2, and 1 equivalence classes respectively.
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we can generate, up to an order isomorphism, all of the preferences > with nine singleton
indifference classes that are the outcome of quick '3 -checklists. Evidently there are 16
of which we have seen two: the > in Example 4 is the outcome of criterion orderings (1)
and (2) and the > in Example 2 is the outcome of two copies of ordering (1). Since
15 of these 16 preferences are not rational and since, up to an order isomorphism, there
are approximately 400 billion irrational >’s with nine singleton indifference classes it is
apparently exceedingly unusual event for a > in this class to be the outcome of a quick
'3 -checklist.

We further pursue the count of how many irrational >’s are the outcome of quick
checklists in section 6. Here we pin down the unique flexibility of rational preferences by
showing that for any irrational > there is always a discriminatory capacity d such that > is
not the outcome of a quick d-checklist. Since any rational preference can be the outcome
of a quick d-checklist for any d, the property of being the outcome of a quick d-checklist
for all d’s in fact characterizes rationality. One proviso is necessary however: since only
rational preferences can be the outcome of binary checklists, the characterization should
not use a binary checklist to show that an irrational preference cannot be quick — otherwise
we would just be repeating the substance of Observation 1.

The delicacy of the checklist in Example 4 illustrates the logic of our main theorem.
To achieve quickness, the items in each of the three C;-equivalence classes must be ordered
by > in the same way. But the very fact that > has three >-order-isomorphic subsets can
make it impossible to partition X into a different number of >-order-isomorphic subsets,
as a d-checklist with d; # 3 will require; an irrational preference may have a particular
combination of order-isomorphic subsets but it cannot have all the combinations that
quick checklists can require. Indeed the > in Example 4 is not the outcome of either
a (5,2)-checklist (a checklist (Cy,C5) with 5 and 2 equivalence classes respectively) or a
(2,5)-checklist. A preference with a smaller number of indifference classes gives a simpler

example of the same point.

Example 5 To see that a preference can be the outcome of a quick checklist for some but
not all discriminatory capacities, let = on X = {a, b, ¢, z,y, 2z} be defined by a = b > ¢ = a

and x = y > z > x and {a,b,c} = {z,y,2}. Then > can be the outcome of a (2, 3)-
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checklist, e.g., where C is {a, b, c} Cy {z,y, z} and Cy is {a,x} Cy {b,y} Cs {c, 2} Cs {a, x}.
Note the characteristic >-order isomorphism of the two C}-equivalence classes. But this
> cannot be the outcome of a (3, 2)-checklist. Since > is complete both criteria must be
complete; so, given >, the first criterion of a (3, 2)-checklist must cycle. The only viable
candidates for the first criterion must therefore include the rankings a C; b C4 ¢ C; a and
x Cyy Cy 2z C x; but since only 3 C'-equivalence classes are allowed C; would have to rank

some element of {x,y, z} superior to some element of {a,b, c}, contrary to . [

Given n, we say that the discriminatory capacity d is admissible if and only if d; > 2 for
some i € {1,..., [log;n]}. As always, any discriminatory capacity d, whether admissible

or not, satisfies d; > 2 for all i.

Theorem 2 A preference = with n > 5 indifference classes is rational if and only if, for

any admissible d, >~ is the outcome of a quick d-checklist.

Extension to choice functions. We saw in section 2 that any checklist defines a choice
function ¢ that selects from arbitrary choice sets. If ¢ maximizes a rational preference >
then ¢ can be the outcome of the quick checklist that the proof of Theorem 2 uses. For a
converse, fix the domain of choice functions to include all of the two-element subsets of X.
Let us say that ¢ ‘can always be the outcome of a quick checklist’ if, for any admissible
d, ¢ can be the outcome of a d-checklist with [log,n| criteria, where n is the number of

" Theorem 2 then implies that ¢ can always

indifference classes in the base relation R of c.
be the outcome of a quick checklist if and only if its base relation is rational (and n > 5).
It is easy to see that any choice function ¢ that is the outcome of a checklist has a rational
base relation if and only if ¢ maximizes a rational preference. A full equivalence therefore

obtains between choice functions that maximize rational preferences and choice functions

that can always be the outcome of a quick checklist.

We give the proof of the ‘only if” half of Theorem 2 here and relegate the lengthier
proof of ‘if’ to the appendix. That part specifies a set of three discriminatory capacities

such that any irrational > with n > 5 will fail to be the outcome of a quick d-checklist

"R is defined by a Rb < (c({a,b}) = {a}).
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for at least one d in this set.®

Half of proof of Theorem 2. Let > be a preference on X with n indifference classes
that is complete and transitive. Fix some d which in this half of the proof we can allow
to be not admissible. For any x € X, let [z] be the >~-indifference class that contains .

For any >-indifference class I C X, define
r(I)=|{J C X :Jisa > -indifference class such that I >~ J}|,

which can be viewed as the common utility number of the elements in /. We can identify
each integer r in [0,n — 1] with its expansion in the mixed-radix number system (see
Knuth (1997b)) with bases dy, ..., dr, where T = [log,n]. That is, for each r there is
a unique sequence of 7' integers, k(r,1),...,k(r,T), where 0 < k(r,j) < d;, such that
r=k(r,T)+ > k(r.j)(dpdr_1 -+~ djy1). For j =1,..,T, define C; by  C;y if and
only if k(r([z]),7) > k(r([y]), 7). For any z,y € X, suppose there is a smallest integer i in
[1,T] such that k(r([z]),i) # k(r([y]),7). If say k(r([z]),?7) > k(r([y]),?) then r[z] > r[y]
and so x > y. Moreover, x C; y and not y C; x for all integers j < i, as desired. If on the
other hand k(r([x]),7) = k(r([y]),4) for all integers i in [1, T, then r([z]) = r([y]) and so
x ~ 7. And then not 2 C;y and not y C; x for all 7 in [1,7]. =

6 The proportion of irrational preferences that are
the outcome of quick checklists

We consider the proportion of preferences that are the outcome of a quick d-checklist
as the size of the domain increases. Throughout this section we fix the discriminatory
capacity at a d such that there is a d with d; < d for all i € N.  We first deal with

the proportion of all preferences that are the outcome of a quick checklist — it is a more

8 An earlier version of this paper provided a variant of Theorem 2: for any irrational = with n > 10
there is always a subdomain of X on which > is not the outcome of a quick ?—checklist, while a rational
> is the outcome of a quick d-checklist on any subdomain and for any d. See the Conclusion for a brief
discussion of subdomains. This variant has the advantage that it establishes a speed failure of irrational
>’s using only one type of checklist, but with the cost of resorting to subdomains and an extremely
lengthy proof. For an outline, see the extended abstract, Mandler (2009).
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straightforward calculation — and then turn to our real concern, irrational preferences.
For any n, let X, denote a generic domain of n objects, {1, ...,n}, let >=(n) denote the

set of all preferences on X,,,

=(n)={~C X, x X,,: > is asymmetric},

and let |~(n)| denote the cardinality of >~(n). As for quick checklists, let ¢(n) denote the

set of preferences on X,, that are the outcome of a quick checklist,

q(n) = {=¢€>(n) : > is the outcome of a quick d-checklist},

and let |g(n)| denote the cardinality of ¢(n).

Theorem 3 The proportion of preferences on X, that are the outcome of a quick d-

checklist converges to 0 at a super-exponential rate as n — oo. That is, for any k > 0,

| converges to 0.

For all but the smallest values of n, the set of possible preferences on X, is vast. Only
a comparative handful of these are rational; when n is reasonably large, most preferences
on X, have n indifference classes, and yet there are only n! preference relations on X,, with
n indifference classes that are complete and transitive (and up to an order isomorphism
there is only one rational preference on X,, with n indifference classes). It is therefore
no surprise that the conclusion of Theorem 3 continues to hold if we narrow our focus to
irrational preferences.

Let =i (n), |=i(n)], ¢ir(n), and |gi:(n)| denote the restriction of =(n), [>~(n)|, ¢(n),
and |q(n)| to preferences that are not complete and transitive (e.g., =i, (n) = {= € =(n) :
> is not complete and transitive} and ¢;,(n) = {> € = (n) : = is the outcome of a quick

d-checklist}).

Theorem 4 The proportion of irrational preferences on X, that are the outcome of a
quick d-checklist converges to 0 at a super-exponential rate as n — oco. That is, for any

k>0, ek”% converges to 0.
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The size of the domain n need not be at all large for the proportion of irrational
preferences that are the outcome of a quick checklist to be extremely small. To illustrate,
the following table reports for 3 < n < 9 the number of preference relations on X, that
fail to be complete and transitive, the number of those preferences that are the outcome of
a quick ?—checklist, and the ratio of these two numbers, i.e., the proportion of irrational
preferences on X,, that are the outcome of quick 3 -checklists. To keep the count under
control, we give only the number of preferences — both for the total and for preferences that
are the outcome of a quick checklist — that are unique up to an order isomorphism. The
count here does not suppose that indifference classes are singletons, unlike the discussion

in section 5.?

n | # irrational preferences | # with quick 3 -checklists ratio

3 3 311

4 34 31| .91176471
) 566 226 | .39929329
6 21,448 1,084 | .05054084
7 2,142,224 3,847 | .00179580
8 575,016,091 11,143 | .00001938
9 415,939,242, 776 217,902 | .00000052

7 Rational preferences are the easiest to build

So far we have taken the discriminatory capacity d to be exogenous; we had no choice
since a fair comparison of the decision-making speed of different preferences requires that
each preference can be the outcome of criteria of the same power. Here we reverse
perspective and ask: for an agent who uses criteria to build his preferences, what is

the best d to use? Specifically, which d lets preference relations be constructed at the

9Since there are only five relevant C; orderings of C;-indifference classes when d = ?, it is feasible
to enumerate the irrational preferences on X, that are outcomes of quick 3 -checklists and then weed
out the preferences that are order isomorphic. I am indebted to Claire Blackman for writing code that
performs this enumeration (it is available on request). The total number of preferences on X,, up to order
isomorphism is given in Harary (1969); for the number of irrational preferences we subtract the number
of rational preferences, which equals 2"~ !, from the Harary total.
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lowest cost as measured by the number of criterion rankings the agent has to make?
To evaluate the d’s on a level playing field, we compare checklists that distinguish a
common number of preference indifference classes. The answer is that the minimum cost
is achieved only by the checklists with binary criteria (where d = (2,2, ...)). So any agent
who uses the minimum number of binary criteria — minimum for the number of preference
discriminations the agent ends up distinguishing — is making preference discriminations as
cheaply as possible. Since binary criteria necessarily lead to rational preferences, we have
another advantage of rationality: only those agents who construct rational preferences
can make the smallest decision-making effort.

We do not measure the cost of building a checklist that makes n preference discrimi-
nations by its length; by that standard it would always be cheapest to set d; = n since
then an agent could make do with a single criterion. Length moreover does not take
into account the cost of making the judgments that define a checklist’s criteria. So in-
stead we measure the cost of a criterion C; by the number of pairwise comparisons of C;’s
equivalence classes: for any two Cj-equivalence classes the agent must decide whether one
or the other is superior or whether they are unranked. The cost of a criterion with d;
equivalence classes is therefore given by the binomial coefficient (dgl) = % and the
cost of a checklist as a whole is given by the sum of the costs of its criteria.

Increasing the discriminatory capacities d; seems to present a trade-off: while criteria
become more expensive to form one can make do with fewer of them. The first effect
turns out to dominate the second: the criterion-building cost of larger d;’s outweighs the
advantage of using fewer criteria. As a consequence the binary criteria that arose in
Example 1, which at first glance appeared very crude, end up being the cheapest. To
illustrate suppose there are n = 9 indifference classes. A quick binary checklist will
require [log, 9] = 4 criteria and hence 4(3) = 4 criterion decisions whereas a quick 3-
checklist, seemingly a better fit with n = 32, requires [log;9] = 2 criteria and hence
2(3) = 6 decisions.

Letting e(C;) denote the number of equivalence classes of a criterion C;, we define the
cost of a checklist C = (C4,...,Cr) to be 3.1 (e(g,-))‘ A more-than-binary checklist is a

(Ch, ..., Cp) such that some C}, j € {1,..., T}, has strictly more than 2 equivalence classes.
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Theorem 5 Any more-than-binary checklist that leads to a preference with n indifference
classes has a cost that is strictly larger than the cost of a quick binary checklist that leads

to n indifference classes.

Proof. A quick binary checklist that leads to a > with n indifference classes uses [log, 1]
criteria and by the proof of Theorem 2 such a checklist exists for rational . So the cost
of a quick binary checklist that leads to n indifference classes is sz:lgz "] (3) = [logy n].

Let ¢ : R, — R be defined by c(r,n) = "= log n. Then Zc(r,n) = (2 —

2
(r=1)
2Inr

)log, n which is strictly positive for any (r,n) € R? with 2 < r < n. Thus for
integers r and n such that 2 < r < n, we have ¢(r,n) > ¢(2,n). In addition, it is readily
confirmed that ¢(3,3) —¢(2,3) > 1 and that 6 : R, — R defined by d(n) = ¢(3,n) —¢(2,n)
is an increasing function. Hence ¢(r,n) — ¢(2,n) > 1 when n > r > 3. Therefore, for
integers r, n, and t with 2 < r < n and t > 0, we have (g) log, n > logsm + 1 and hence
(5)t > logyr' + 1.

Let C = (C4,...,Cr) be a more-than-binary checklist that leads to some > with n
indifference classes and let € = max{e(C}),...,e(Cr)}. So e > 2. Letting ¢; be the
number of criteria in C' with exactly j equivalence classes, the cost of C' is given by
Z;;Q (é)t] Since (g)tj > log, j% + 1 for j > 2 (by the previous paragraph) and since
(2)t2 = log, 2%,

e

Z (g)tj > Zbg2jtj +12 10%2(Hjtj) + 1,
=2

Jj=2 Jj=2

and given that Theorem 1 shows that He , gl >,
‘7:

logQ(H §Y9)+1>1logyn+ 1> [logyn] .

=2

So binary criteria have the potential to generate preference discriminations more effi-
ciently than any other type of criteria — though keep in mind that to achieve this potential
the binary criteria have to form a quick binary checklist. It is therefore only the agents
who end up being rational who have preferences that can be built with minimum effort.

There is practical advice in Theorem 5. Returning to the restaurant meals that opened
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the paper, suppose you want a method for ordering meals that discriminates sufficiently
into preference classes but that requires the fewest decisions. Theorem 5 instructs you to
use binary criteria with a specific structure: as you proceed through your criteria, each
binary distinction must divide the not-yet-discriminated meals into halves. It is not hard
to identify categories that will accomplish this goal. As mentioned in section 5, if the
attributes of alternatives can be put on a one-dimensional scale — for example, in the case
of meals, their calorie count, their cost, their spiciness, etc., then a line can be drawn
to divide each set of not-yet-discriminated alternatives into equal halves with more and
less respectively of the attribute. Some attributes that are not one-dimensional — meat
versus fish — may also happen to divide sets of meals into approximately equal halves.
The upshot of Theorem 5 is that a binary structure such as this is the most efficient way
to partition meals into n indifference classes. Notice that if one can find the required
binary distinctions, the efficiency advantage will remain even if on each day you go out to
eat your ranking of some of the binary categories changes — one day you prefer fish and
the next you prefer meat.

The binary checklists we have described order the set of all possible meals while a
particular restaurant offers a smaller choice set, namely its menu, but a binary checklist
can evidently also serve as a way to search a menu. Of course, a checklist might not
generate enough indifference classes to pick out a single meal from a menu; at this point
the meals that have survived all of the binary comparisons would be declared indifferent
and the agent would pick an arbitrary survivor. This binary method may not be a bad
description of how people sometimes decide. Our analysis pushes Rubinstein (1996) one
step further: not only do linear binary relations stand out in their usefulness but those
that stem from binary categories stand out within the class of linear binary relations as

the easiest to construct.

8 Minimum expected run time

While rational preferences agents can always be the outcome of checklists with the min-

imum number of criteria, the possibility remains that compared to their irrational coun-
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terparts rational preferences may be the outcome of checklists that in expectation proceed
through more criteria before coming to a decision. Subject to one proviso this turns out
not to be the case; rational preferences are not only the outcome of the shortest checklists
but also of checklists that on average execute the most quickly.

Let each preference in this section be defined on a common domain X that has n
elements. Suppose the preference > is the outcome of the checklist C' = (C4, ..., Cr). For
any pair {z,y} C X, let tc(z,y) = tc(y, x) be the index of the criterion that determines
the agent’s decision between = and y: to(x,y) is the largest integer i € {1,...,7} such
that (not x C;y and not y C; z for j € {1,...,i —1}). Soif z and y are not ranked by >
then to(z,y) =T. We define the ezpected run time of C' to be

1
Ele = Z tc(fay)m-
{zy}c Xty

Since 2"("~1/2 = (7} is the number of unordered pairs in X, Etc is the expectation of
the number of criteria the agent must examine, assuming each pair is equally likely. We
could apply any strictly increasing transformation to t- (to measure psychic costs that
might not be a linear function of time) without affecting the conclusion of the theorem
below.

A preference = has singleton indifference classes if each =-indifference class consists
of a single element of X.

A preference > with singleton indifference classes has minimum expected run time if,
for any discriminatory capacity d, > is the outcome of a d-checklist C' and Fto < Etc: for
any >’ with singleton indifference classes and any d-checklist C’ that leads to >'. Also,
= has strictly smaller expected run time than ' if, for any d, > is the outcome of a
d-checklist C' that satisfies Ftc < Etc for all d-checklists C’ that lead to >, and, for
some admissible d such that =’ is the outcome of a c/i\—checklist, strict inequality always
holds, that is, > is the outcome of a d-checklist C' where Ete < Eter for all d-checklists
C’ that lead to »'.

Theorem 6 Any rational preference = with singleton indifference classes has minimum

expected run time. If a =" with singleton indifference classes is not rational and n > 5
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then = has strictly smaller expected run time than >'.

A > with minimum expected run time in fact terminates very quickly in expectation:
one may easily show that if > has minimum expected run time and C achieves this
minimum for some d then Fto < 2.

Why the restriction to singleton indifference classes? If C'is a checklist that leads to
> and > has multiple-element indifference classes then any pair of indifferent elements
will be decided only by the final criterion in C'. So preferences with more pairs of
indifferent options will run more slowly, even when they are rational. And even looking
at preferences with the same number of indifferent pairs, it could be that the quickest
checklist that leads to a preference decides between singleton indifference classes with its
initial criteria and between multiple-element indifference classes with its later criteria,

which again will slow average run time.

9 Conclusion

Rationality may not be as difficult as Herbert Simon supposed. If we identify a preference
relation with a decision procedure and not with an agent who must uncover from his mind
a preexisting utility function, then there need be no intrinsic challenge to choosing ratio-
nally. For agents who use checklists, rational preferences will emerge if the constituent
building blocks of a checklist — the criteria — are themselves rational; moreover criteria
are necessarily rational when agents use simple binary criteria. Irrationality is still possi-
ble, of course, but there is no computational argument in its favor in the present setting.
Indeed, it is the rational agents who hold the advantage. The agents who use rational
criteria can potentially make choice discriminations with strictly greater efficiency than
the agents who do not.

While irrational agents are all slow compared to the potential speed of rational agents,
the techniques in this paper can be used to determine the comparative slowness of different
irrational preferences. Given a preference >, let A C X and B C X contain disjoint
sets of —-indifference classes. If the >-indifference classes in A and B are >-order

isomorphic then there is a quick checklist on the subdomain AU B: the restriction of > to
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AU B will be the outcome of a (2, ds)-checklist where dy is the number of ~-indifference
classes in A (or B). Subdomains can be interpreted as restricted sets of conceivable
consumption alternatives — suppose that every so often, say on the first of the month,
the agent discovers that decisions in the coming month will involve only alternatives
drawn from the subdomain. Of course, analogous checklists arise for all k-tuples (rather
than pairs) of disjoint sets of >~-order isomorphic indifference classes. A preference’s
endowment of order-isomorphic subsets thus measures its decision-making speed across
domains and discriminatory capacities. As we have seen, by this measure too the rational

agents always defeat the irrational agents.

A Appendix: Remaining results and proofs

Singleton Indifference Class Lemma. If a preference with n indifference classes is
the outcome of a length 7" checklist then there is a preference with n singleton indifference
classes that is also the outcome of a length 7" checklist.

Proof. For each —-indifference class I, let e; be an arbitrary element of I and for
any x € X, let [z] denote the >-indifference class that contains x. Given a d-checklist
(Cy,...,Cr) that leads to >, define the checklist C' = (C1, ..., C}.) by

x Cl/ Y < €[g) C; €[y]

fori=1,..,T and all z,y € X. It is easy to confirm that each C! is asymmetric and has
no more than d; equivalence classes. Letting =’ be the outcome of C’,

Ty & ey ey e thefirst C; that ranks ey, e, has e, Cj ey
& the first C that ranks 2,y has v Cjy <z ="y,

where in fact the indices ¢ and j coincide. Since any a,b € X with a ~ b are always in
the same C/-equivalence class for i = 1,..., T, the binary relation > on {I C X : I = [z]
for some = € X} defined by [a] > [b] if and only if @ = b must also be the outcome of a
d-checklist of length 7. W

Remainder of Proof of Theorem 2.

It remains to show that if a = with n > 5 indifference classes is the outcome of a
quick d-checklist for each admissible d then > is rational. In step 1 we establish a simple
consequence of the assumption that some (2, ’—g-‘)-checklist leads to >~. We use this
consequence in step 2 to show that any (3, (%W )-checklist that leads to > must have a
linear C';. We in turn use this fact in step 3 to show that if > is also the outcome of a quick
(3,2, ...,2)-checklist then > is rational. Given the proof of the Singleton Indifference Class
Lemma, we can assume for each checklist C' that each >-indifference class is contained in
exactly one Cj-equivalence class for each C; in C'. Also, for two >-indifference classes x
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and y, we use x L y to mean —(z > y) and —(y > x).

Step 1. Let L and U be the Cj-equivalence classes for some (C, Cs) that is a (2, [2])-
checklist that leads to > where UC} L and therefore U > L. Given the proof of Theorem
1, any pair of >=-indifference classes must either be in distinct C or C5 equivalence classes.
Hence if n is even the Ci-equivalence classes contain 7 ~-indifference classes each and if
n is odd the C}-equivalence classes contain ng and {%W >—-indifference classes.

Step 2. Let I, J, K be the Ci-equivalence classes for some (C7, Cs) that is a (3, {%W )-
checklist that leads to . Using the fact that the intersection of each CY-equivalence
class and each Cs-equivalence class can contain at most one >-indifference class and
that C5 has (%1 -equivalence classes, it is easy to see that: if 0 = n(mod3) then each
Ci-equivalence class contains % --indifference classes, if 2 = n(mod3) then the Cj-

equivalence classes contain LgJ, (%-‘, and {%W —-indifference classes, and if 1 = n (mod 3)

then the C-equivalence classes contain either (ng, L%J, and (%W) or (ng -1, %L and

’—g-‘) —-indifference classes. It follows that the union of the two Cj-equivalence classes
with the fewest >-indifference classes has at least 2 QJ >—-indifference classes. If n > 6
then 2 LEJ > (%W and if n = 5 then ng + [%W = (% . Thus the same union always has
at least ﬂ —-indifference classes, a fact we use below.

We Sh(2)W that {I, J, K} is linearly ordered by C; and hence by . Since C; must have
exactly 3 equivalence classes — if ('] had k£ < 3 equivalence classes then k ’—;—ﬂ < n violating
Theorem 1 — the only other possibilities (up to order isomorphism) are (i) /C,JC1 KC,1,
(i) IC1JC K, and (iii) 1C}J, considered as (i)-(iii) below.

Given a (3, [2])-checklist (Cy,Cs) that leads to >, call a Cy-equivalence full if it
consists of exactly 3 >-indifference classes.

Lemma. At most two Cy-equivalence classes are not full.

Proof. If 3 Cs-equivalence classes were not full then those equivalence classes could
contain at most 6 >-equivalence classes. The remaining {%W — 3 (s-equivalence classes
could together contain at most 3( {%W — 3) »-indifference classes. Thus the entire set of
(%W Cs-equivalence classes could contain at most 3 (%W — 3 < n >-indifference classes, a
contradiction. [J

Case (i). We then have I > J = K = I. Choose the labels of the C}-equivalence
classes so that INU # @. Then, since K = [ and U = L, KNL = @. Hence KNU # &
and, applying the same argument, J N L = @. Hence JNU # & and, again, I N L = @.
Thus L = &, a contradiction.

Case (ii). We have I > J = K. For n > 7 the Lemma implies there must be a
Cs-equivalence class F that is full. For 5 < n < 6, (5 has 2 equivalence classes, hence
again a full Cs-equivalence class E. First suppose that JN L # @ and JNU # &.
Then I C U and K C L. Since the three >-indifference classes in ¥ must be in separate
Ci-equivalence classes, t = INFE # G and z = KN FE # &. Given that I and K are
not ranked by C7, we have x | 2, which contradicts the fact that / C U and K C L.
Next suppose that either J C L or J C U. Ifsay J C U then I C U and, since [ U J
must contain at least (%W >—-indifference classes, K = L. But then the presence of a full
Cs-equivalence class E again implies that there are two —-indifference classes x and z in
I and K respectively with x | z, again contradicting the fact that I C U and K C L.
The subcase where J C L is similar.

Case (iii). We have I = J. Observe first that each full Cy-equivalence class F must
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either be contained in L or U: letting the three >-indifference classes in I N E, J N E,
and K N F be denoted, respectively by z, y, and z, we have x 1. z and y L 2z and so
x Uz and y U z must both be contained in either L or U. In the following subcases there
must be a set £ of full Cy-equivalence classes such that |€] > [2]: n > 10 (since, by the
Lemma, at most 4 —-indifference classes are in Cy-equivalence classes that are not full),
n = 6,9 (since 0 = n (mod3) and hence every Cy-equivalence class is full), n = 8 (since
(%W = 3 and hence 2 Cy-equivalence classes must be full), and n = 7 and there are 2 full
Cy-equivalence classes. Since €] > (%1, there must two full Cs-equivalence classes, E
and F', such that £ C L and F C U. But for the indifference classes xt = E N[ and
y = ENJ we have y > x, a contradiction.

Two tedious subcases remain. The first is where n = 7 and there is one full C5-
equivalence class . Call the two nonfull Cs-equivalence classes F' and G. Assume for
concreteness that £ C U (the E' C L possibility is similar). Then I C U since IC,(JNE).
Hence (JU K) N (FUG) must contain at least three >-indifference classes that belong to
L and consequently both JU K and F'U G must each contain at least one —-indifference
class that belongs to L. Since £ C U and F intersects each C}-equivalence class, we must
have ECy(F U G). Now suppose I N (FUG) # @. Let us then choose the labels F'
and G so that I N F' # @. Then the two >-indifference classes in G are both in L: one
must be in J and the other in K. Consequently since (I N F) C U we must have FCyG.
Given that EC5G, that FCyG, and that J and K are not ranked by C7, we conclude that
the items in G cannot form two —-indifference classes (each item in G is =-worse than
the other 5 >—-indifference classes). On the other hand suppose I N (FUG) = &. Then,
if F" and G are unranked by Cy, (F'UG) N J cannot contain two >=-indifference classes
(each item in (FFUG) N J is >=-worse than the =-indifference classes in £ and >-unranked
relative to the >—-indifference classes in K\ E). While if F' and G are ranked by Cy — say
FC5G — then G cannot contain two >-indifference classes (each item in G is >-worse than
the other 5 ~-indifference classes). The second subcase is where n = 5. Since {%W =2,
one of the CUs-equivalence classes, say E, must be full and C5 must rank E and the other
Cs-equivalence class, F'. Since F is full and 3 = EL either ' = L or E = U. Suppose
for concreteness that £ = U (the E = L possibility is similar). If FF N[ # & then
F NI CU and hence U would contain at least 4 >-indifference classes. So FNJ # &
and F'N K # @ but, since £ > F and Cy does not rank J and K, F'N (J U K) cannot
form two distinct —-indifference classes.

Thus the set of Ci-equivalence classes above, which we now denote Z, is linearly
ordered by >.

Step 8. We conclude by showing that if > is the outcome of a (3,2, ...,2)-checklist
C with length 1 + ﬂog2 %w in addition to the steps 1 and 2 checklists, then > must be
linear. The length is chosen so that ﬂog2 %W, the number of binary criteria in C , equals
the minimum integer ¢ such that 3 x 2* > n. Each al—equivalence class consists of no more
than 2 [1og % | —-indifference classes and since each @, 1 > 2, is linear these >-indifference

classes are linearly ordered by >=. So we may instead consider a (3, o[loz: 5] )-checklist
(C1,Cy) that leads to > where Cy is linear and show that > is linear. As in step 2, (4
must have exactly 3 equivalence classes, which we again label I, J, and K. Since > is
linear if C is, it is sufficient to consider the nonlinear possibilities for C, which (up to
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order isomorphism) are (i) /C;JC1KC41, (ii) IC1 JC, K, and (iii) ICyJ. Case (i) repeats
case (i) in step 2.

Case (iii). We have [ = J. For any z € X or =-indifference class z, we use E(z) to
denote the Cs-equivalence class that contains z.

For any nonlinear >, there exists a »-indifference class & C K such that (I) there
is a >-indifference class i C I with —iCyk and (II) there is a >-indifference class j € J
with —=kCyj. To see this, suppose to the contrary that for every —-indifference class
k C K either (I) or (II) is violated. For example, let (I) be violated, i.e., every >-
indifference class i C [ satisfies iCyk . Then any >-indifference class x with x = E(k)NJ
satisfies zCsk and any >--indifference class x with E(k)NJ > z satisfies kCox — so in fact
E(E) consists of only one >—-indifference class. Consequently the checklist C’ where k is
‘transferred’ into J but is otherwise identical to C' is a checklist that leads to =; formally

b, = Cyand Cf = C1U{(a,B) : « € I and 8 € k}. Notice that either C’ is not of
type (iii) or, if it is (with C-equivalence classes I’, J', and K’ that satisfy I'C4.J’), then
k C J'. A similar construction applies when (II) is violated. Proceeding sequentially
through the --indifference classes in K, we eliminate all of the >-indifference classes in
K and conclude that there is a checklist (C7, Cy) that leads to > where each C; is linear.
Hence > is linear.

Given that any >-indifference class k C K satisfies (I) and (II), (k = iork L i), (j >~ k
ork L j),and i > j. Step 2 then implies that i U j Uk € Z for some Z € Z. Suppose
YeZandY > Z. Any —-indifference class © C J satisfies 7 > = and so x cannot be
a subset of Y. For a —-indifference classes x C (Y N I) then we must have xCyk (since
otherwise k > x or k L x). To pin down the features of =-indifference classes in Y N K,
we use y(z), for any >-indifference class z, to denote the set in Z that contains z. Let z
be a >-indifference classes contained by YNK. To show that xCyw for all w C J, suppose
to the contrary that —zCyw for some w C J. Then y(z) % y(w). Since furthermore
i = w, we have y(w) % Z and, since 3 is transitive on Z, we get the contradiction that
x cannot be a subset of Y. For z C (Y N K) it must in addition be the case that xCsk.
Since £Cok and xCyw for all —-indifference classes w C J, F(z) must contain just one
—-indifference class: since i > J the only other possible >-indifference class in £(x) must
be a subset of I and any >-indifference class v with v > FE(z) N I satisfies uCoz and
any —-indifference class u with E(x) N[ > u satisfies xCyu. We conclude that if v is a
>-indifference class in Y then v is a subset of {a € I : aCsk} or {a € K : aCsk and E(a)
contains one -indifference class}. Hence each -indifference class in Y is in a distinct
Cs-equivalence class F' such that FFCyk. A similar argument shows that if Y € Z and
Z =Y then any >-indifference class v C Y is a subset of {a € J : kCya} or {a € K :
kCsa and E(a) contains one >-indifference class}, and so each >-indifference class in Y is
in a distinct Cy-equivalence class G such that kC>(G. Since the union of the two sets in Z
with the smallest number of >-indifference classes contains at most 2 L%J >—-indifference
classes (see step 2), there must be at least 2 [%J + 1 Cs-equivalence classes. But one may

readily show that 2 [ 2] 4 1 > 2[les2 5] 10

Case (ii). This case is similar to but simpler than (iii). We have I > J = K. If >
is not linear then there must be —-indifference classes ¢« C I and k£ C K such that —iCsk;

WFor any « > 1, including = = 2, 1+log, |x] > [log, #] and so 2 |z| > 2M'°&27T and 2 [z]+1 > 2Mes2 21,
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otherwise /CyK and hence I > K and so we could add IC{K to the original C thus
creating a checklist of two linear orders. Similarly to case (iii), 4, k, J, any >-indifference
class x C [ with :Csx, and any >-indifference class y C K with yC5k must all be subsets of
some Z € Z. SoifY € ZandY = Z and v is a —-indifference class, then v C I and vC5:
and therefore each =-indifference class in Y is in a distinct Cs-equivalence class F' such
that F'Cyi. Similarly, if Y € Z and Z > Y and u is a >-indifference class, then u C K
and kCyu and therefore each —-indifference class in Y is in a distinct Cy-equivalence class
G such that kCyG. Again the union of the two sets in Z with the smallest number of
>—-indifference classes contains at most 2 L%J >—-indifference classes and so there must be
at least 2 L%J + 1 Cs-equivalence classes, a contradiction. W

Proof of Theorem 3.

Since there are @ unordered pairs of elements in X,, and since for any x,y € X,,
an asymmetric relation > must specify one of three possibilities (x = y, y > x, or (not
x>=yandnoty = x)), |>~(n)| =32 2l

The number of ways that X,, can be partitioned into d cells is given by the Stirling
number of the second kind S(n, d) (see Goldberg et al. (1972) and Knuth (1997a) and for

the formula for S(n,d) we use below). The number of asymmetric binary relations on
the domain {1, ...,d} is 345 , a total that includes all of the asymmetric binary relations

with m equivalence classes for any m < d. Hence S(n, k)3 AL _provides an upper bound
on the number of asymmetric binary relations C; on X,, with d or fewer C;-equivalence
classes. Finally, since a preference on X,, has at most n indifference classes, a quick
d-checklist has no more than [logzn] criteria (Theorem 1). Hence an upper bound U (n)
on |g(n)| is given by

Un) = (S, k3" ”)ﬂogd "l

Since (Goldberg et al. (1972)) we may write S(n,d) as

we have

Hence there is a 7 > 0 such that S(n, k)3 252 is bounded above by ™. Hence

U(n) < (,rn>1+10ggn — e(1+10ggn)nlnr.

So, for any fixed k > 0, " |q(n)| is bounded above by e(!*lesgmninr+kn — GQince |~ (n)| =
n(n—1) n(n—1)
372 =—¢ 2z In3

and since

n—oo

—1
lim (% In3 — ((1+loggn)nlnr + kn)) = 00,
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Proof of Theorem 4.
Only one adjustment is needed to the previous proof. For each asymmetric binary
relation >, _; on X,,_; we may select a binary relation R on X,, that only ranks n relative

to the elements of X,,_; (each ordered pair in R has n as one of its coordinates) such that
.. (n—1)(n—2) .
n—1 UR isin > (n). Hence 37 2 can serve as a lower bound for |~ (n)|. Since
(n=1)(n—2) (=) (n=2) |, 5 .
2 =e 2 and since

lim ((n — 1)2(n —2) In3 — ((1+loggn)nlnr+ kn)) = 00,

n—oo

we conclude that e’m%
Proof of Theorem 6.

Let - on X be a rational preference with n singleton indifference classes and fix some
discriminatory capacity d. We recursively define a d-checklist C' = (C4, ..., Cfiog,n]) that
leads to > as follows. R R

Set Co = @. Given the binary relation C; on X, let Z; denote the partition of
X whose cells are the Cj-equivalence classes. So in particular Zp = {X}. Given the
partitions fo, ...,i of X, we let jT =V =0 fj denote the coarsest common refinement

— 0 asn — oo.

A~ A~

of fo, ...,i\}. For the recursion, take Cj,...,C;_; as given and define for each J € :7;,1
a partition {J(1),..., J(q)} of J, where ¢ = min[d;,|/J|], such that (1) each cell contains
either L%lJ or {%-‘ elements and (2) J(r) = J(s) if r <s. If |J| <d;, set J(m) = & for
|J| <m < d;. Foranyk=1,..,d; such that |, 7  J(k) # &, define a Cj-equivalence
class by fl(k‘) = Ujez_, J(k) and then set C; by Ii(r) C; Ii(s) if and only if r < s and
both 7;(r) Aand TL(S> are nonempty. It is easy to check that each J € jﬂog ,n] is a singleton
and that C' = (C4, ..., Cliog,n]) is a d-checklist that leads to .

The nested division property of ceilings and floors, LMJ = LLJ and {MW =

dit1 didiy1 dit1
T |» implies that for any i = 1,..., [log;n] and any J, K € T, I|lJ|—|K]|| < 1. It
will be useful for the final paragraph to note that if a partition £ of X contains only cells
with cardinalities that differ by at most 1 then £ contains only sets with either L%ﬂ or

L%J elements.

Let >' be an arbitrary preference on X with singleton indifference classes and let
C' = (C1,...,C%) be a d-checklist that leads to >='. It is sufficient to show that for
any 7 < T the first 7 criteria in ¢" make no more discriminations than do the first
min|7, [log, n|] criteria in C'. Let Ty henceforth denote min[r, [log, n]]. That is, if we
define, for an arbitrary checklist C,

De(r) = {{z,y} € X : 3j with 1 < j <7 such that either z C; y or y C; z},

it is sufficient to show that ‘D6<Tmin)‘ > |Dei ()] for any 7 < T.
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Before proceeding, define for any partition £ of X the set
Dy={{z,y} c X :3I,J € Lsuchthat x € [,y € J, and I # J}.

Given criteria (C1, ..., C;) and the partition Z; of X that consists of the equivalence classes
of C;, we have [J; = \/j:1 .... .Z; as usual. So Dy, is well-defined. Since z and y are in
different cells of J; only if z C; y for some j € {1,...,t}, |Dg| > |Dc(t)|. Since inequality
can occur only if some C; is incomplete, for any initial segment 61, . C; of the criteria
in the C we defined that leads to >, we have Dzl = |D5(z)| Notice also that if each C}
in (C4, ..., Cy) has at most d; equivalence classes then J; can have at most min[d; - - - d¢, n]

cells but J; has exactly min[d; - - - d;, n] cells.

To get our result, fix some 7 < 7. For i = 1,...,7, let Z! denote the partition
formed by the equivalence classes of C. Beginning with J' = \/ j=1...+ L;, we define
a new partition by taking any pair /,J € J! of maximal and minimal cardinality and

[1UJ]

replacing them with two sets that partition / U J into sets with cardinalities [TW and

[1UJ]|
2

then ||K| — |J|| <1 and where || = |J/|. It is easy to confirm that when this operation
is applied to £, to generate Ly, we have |Dg,| > |Dg,|. So |Dk| > |Dg:|. As noted

earlier, each K € K has {%W or {

By iterating this operation, we arrive at a partition K such that if K,J € K

J elements and each J € mein has [L—‘ or

n_
K] -

{#J elements. Hence, since || < min[d; - - - d,,n] and |ijm| = min[d; - - - d;,n], we

min

have

K| > |J| forany K € K and J € imin. It follows that ‘Da(r)} = |Dijin| > | Dg|.
Since |Dg,| > |Der(7)], we have | Dg(Tmin)| = |Der(7)] as desired.

As for the second sentence of the theorem, Theorem 2 implies that for any =" with
n > 5 that is not rational there is an admissible d such that >’ is not the outcome of
a quick d-checklist. By replacing enough coordinates d; where i > [log;n| with 3’s,
we arrive at a d such that =’ must be the outcome of a d-checklist. So there is a d-
checklist C" = (C1, ..., C7.) that leads to =" where tc(z,y) = T for some {z,y} C X and
T > [loggn]|. Since ts(z,y) < T for all {z,y} C X and |Da(Tmm)| > |Der(7)| for any
7 < T, > must have strictly smaller expected run time than >'. W
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