Exercise 8. Panel Data (Answers)
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1. Given yit = My + @ + U

It follows that Var(m;— ms) = Var(m,) +Var(mg) - 2Cov(mym;)

With panel data it is likely that Cov(m;mg)>0

(the values of any variable are correlated over time for the same individuals)

With pooled data then the cross-section units are independent over time and so Cov(m;ms)=0
Hence Var(m;— mg)"" < Var(m,— mg)"°*

And so panel data estimation is likely to give more efficient estimates of changes (assuming no
measurement error)

But pooled data is likely to give more efficient estimates of sums or averages since
Var(m; + mg) = Var(my) +Var(mg) + 2Cov(m,ms)
Note that the error terms from pooled estimation are positively correlated
Cov(e;s ey) =Cov(a; + uj1)Cov((a; + uj;) = Var(a) >0

so that estimated OLS standard errors in a pooled regression are inefficient
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2. yit = bo + biXqit + boXoit + baa; + Uit (1)
and ui ~ iid (0, %)
a) Show that 1% differencing will introduce negative autocorrelation into the (differenced)

error term with correlation coefficient p = -0.5

Assuming (as in the question) that the original residuals are homoskedastic and uncorrelated over time,
then 1° differencing (1) gives

AYit = by AXqit + ba AXoit + Auit i=1,....N
t=2,....T
which eliminates the fixed effect and gives consistent estimates as long as
Xkt — Xk t—1) (Ut — Ut _
plim| A%kt AU | (Xht =Xk t-D)Ue ~Ut-1) ) _ g for all t and all k
N(T -1) N(T -1)

This is satisfied by assumption (the observed X values are uncorrelated with the residual) as either T or
(more likely in a typical panel) N— o

[Note a similar argument applies to the consistency of the within-group estimator which relies on



N Y _ _
2 X (Xjt — Xj)(uig - ui)
plim| 1=1t=1 =0
NT

However in the 1% difference model
Var(Auy)= Var(u;— u.4) = Var(u,) +Var(uy.) - 2Cov(uy U.1) for all i

Assuming that these residuals are not correlated over time then Cov(uyu.;)=0 and
Var(Auy,) = of + ouz = 2c7u2
(constant, homoskedastic variance )

Similarly Cov(Au;, Auyq)=E(Au;, Auyq)
(since E(Auy) =E( Au.,)=0 )

=E[(Ur — Up1)( Up1 > Urz) ]
=E(ut2, Urg) —Efur1] + Efury , Ura] - Efur, urs]
=-0,

(since no autocorrelation the 2™ term is the only non-zero term. So the form of autocorrelation is AR(1).
This can be useful to know when trying to fix up the standard errors)

It follows that

AU g o2 —
Corr(AUit,AUit_l): COV(AU”,AU't_l) . oy _ oy :_1

(Var(auigVar (Auig 1 2 262208 200 2

So 1° differencing introduces autocorrelation into the residuals which leads to inefficient standard errors
Find the degree of autocorrelation induced by within-groups estimation of this model

Within-groups estimation implies estimate

yi—Y, =(Xi —)_(ijﬁ+(ui —l]ij fori=1,...Nandt=1,...T

Assuming no autocorrelation or heteroskedasticity in the uj error term then U =| Uj — ai ~ N(O, 0&)

Consider the covariance between any 2 within-group residuals

E[l—]il U;s} = E|:(uit _aij(uis _aiﬂ = E(uyU,) — E(U Ui) — E(u, ui) + E(Ui%)

Since
>
U;; 2 2
E|u, Ui | = E| u~2— |=F| 2 | =%
T T T



(assuming original levels residuals are not correlated ie E(uuu;s) = 0 all s not equal t)

Similarly
T2
zuit 2 2
- - To o
Elu’ |=E| L — |=—t =21
T T T
So
~ o~ 2 2 2 2
o o o o
E(UitUis) =0——4 ——L 4 -4 =——u

T T T T

which is also the equation for the covariance since
T

Zuit

E(un) = E(Us) = E(u,) - E(0) = E(u,) - E| 5~ | =0

COV(l]it l]is)

Hence corr(L] it l]is) = = =
\/Var(u i Var (Uis)

With Var(l]n) = E(l:lit)z =E(u, —ui)?

= E(uid) + E(0) - 2E(u, Ui)

2 2
_ 2,0y Oy
=0, t——<2—
T

T

Hence corr(u, u,) =

O-U O-U
o, +—4—
T T
2
- - _O'/
T -1
corr(u, u..) = =
(Ui ) Tol-o; T-1

T
so within-group residuals are also serially correlated, but as T— then p —0

(note that with T=3 the degree of autocorrelation is the same as that with 1* differencing. When T>3 then
autocorrelation in the within-group model is smaller than in the 1% differencing model)



3. Given Vit = b1 + boDi + baTit + baTi*Dy + Uit t=1,2
i=1,2 .. N

Then at time t=1

Yi1 = b1 if T=0

Yii =bq1+bs if T=1
At time t=2

Y,=bq + b+ b3+ by If T=1 & D=1

Yo=b1+ b If T=0 & D=1

So the change in the value of the dependent variable for those given the treatment is
(Yiz - Vi) ® = (by + by + bs + by) — (bs + bs ) = by + by

and for the control group

(Y- Yi)*"" = (bs + by) = (bs) = by

so the difference in difference estimator is given by

(Y,-2 _ YI_1)treated _ (Y’2 _ YI_1)controI — b4

which is the coefficient on the interaction term T*D in the model above

If T>2 then there are effectively several difference in differences in existence

(Y” _ y”_1)treated _ (Y” _ Ym)contro/ fOf t=2, 3 T

The problem then becomes whether the average of the difference-in-differences is significantly different in
the period after the intervention took place compared with the average in the period before

Suppose the intervention occurs at t=2

It follows that it = b1 + boy Yy + bsTit + baY{*Dy + uit t=1,2,.T
will do this since

the d-i-d before the intervention took place is

(Yiz = Yir) ™ = (Yiz = i)™ =[ (b +baz+bs ) ~(b+b2z+bs ) ] - [ (by +bzz) ~(b4) ] = 0

but in the period after the intervention

(Yia = Yi2) ™% = (Yig - Vi)™ =[ (by +bzs +bs + by) —(bs +boz+bs) ] - [ (b1 +b2s) —(bs+bz2 ) ] = by

and this holds for any t>2

So the coefficient b, measures the average



4. Since consistency of the within-group estimator relies on

N Y _ _
> 2 (Xjt — Xj)(ujt —ui)
i=1t=1

lim =0
P NT
T
2 Xit it 4 Xin b X0
where Xj=1=L i1t Ai2 +-AiT
T T

this effectively requires that the residual at time t is uncorrelated with the X values in ALL time periods
(this is called “strong exogeneity”)

and so any model with lagged values of X will be endogenous if estimated using within-groups estimation

5. Given the between group estimator

1 Y, =bo +b1)_(i +a + l:li i=1,....N
then OLS on (1)
A -1
B=| X'X| X'y
-1
~ xR X'y
and consistency of this estimator given by plimg = plim . plim E
-1
A — — — — —
plimfg = plim XT—X plim X (X f+aj+Vi)
-1
" X'(ai+vi) | | | X'
plimg =g+ plim X@i +vi) plim ==
A O-_
plimg = p+-Xa
2 X
. _'ai XX 2_
where plim 3 =0 _ and plim — =0°X



(Assuming plim % =0)

Since these are grouped residuals use result from Exercise 4 (Heteroskedasticity) that

2
— — o
ozx:Var(X)zTX

A o

and so plimﬂ=ﬂ+T%¢ﬁ
X

So in general the between-group estimator is inconsistent if the unobserved components are correlated
with the observed variable means

and the inconsistency in the between groups estimator will increase with the number of time periods T

(with the direction of the inconsistency depending on the covariance between a; and the group means X )

6. To show that pooled OLS is a weighted average of the within and between group estimators

-Assuming there are no unobserved individual effects then the pooled OLS model is
yit = Xitb + Uit (1)

Summing over all observations on individual | and dividing by T (the number of time series observations)
gives the between group means model

yi = Xib+uj (2)
and (1) —(2) gives the within-group estimator

Yi — ¥ = (Xj — Xi)b+ (uj —uj)

it _ let
where y —t—l Xi

We know (see lecture notes) that the matrices of sums and cross products can be written as
N T N T N T
(X' X) =] X ZXitXit X'y=| X ZXitVit y'y=| X ZVitVit
i=1t=1 i=1t=1 i=1t=1
Similarly the within-group equivalents are
N T _ _ N T _ _ N T — —
> 2 (Xt — Xi)(Xit — Xi) > 2t —xi)(it - Yi) > 20t - ypyit - Yi)
i=1t=1 i=1t=1 i=1t=1

ie the deviations of each individual observation from its group mean



and the between group sums of squares are given by the deviation of each group mean from the overall
sample mean (across N individuals in any one of T time periods)

N_ =_ = N_ =_ = N_ = _ =
[_Z(Xi—x)(xi—x)'} [_Z(Xi—X)(yi—y)'} [_Z(yi—y)(yi—y)'j
=1 =1 =1

N_
= XX
where y—'—l x=1=1 N

It follows that the total variation in X across N individuals and T time periods can be written as

TN = = N T _ _ N_ = _ =
{Z Z(Xit—x)(xit—x)']=[z Z(Xit—Xi)(Xit—Xi)'}r[Z(Xi—X)(Xi—X)']
t=1i=1 i=1t=1 i—1

ie Total Variation = Within-Group Variation + Between-Group Variation
SXX - SWItthX + Sbetween

(a similar expression holds for Y or any continuous variable)

and also that
T N = = N T _ _ N_ =_ =
2 2t =¥t =y) | =] X 20t = xi)it = Yi)' [+ ZXi=x)0-Y)
t=1i=1 i=1t=1 i=1

_ qwithin etween
S,y = SV, + SPeteen

It follows that the Pooled OLS estimator of b in (1) in mean deviation form can be written as

-1

A N = =

AoLs = [ 206t X)(Xn - X)} ( 2 2 (it =x) (it - y)‘} (4)
t=1i=1 t=1i=1

N

-1
which using the above means that B g = (SWIthm b)%tweenj (S V‘{,Ithm b{?tween) (5)

Similar/y the between group estimator in (2) can be written as

between between
ﬂbetween = (S j (Sxy ) v
N . .
and the within group estimator from (3)  B\vithin = (SWIthmJ (S)\?}//Ithm) 7
so from (6) Wlthm Bwithin = SV\)//Ithm



and from (7)

sub. this into (5) gives

N N N

. -1 _
within between within between
PoLs :(Sxx +Sxx ) Sxx' Pwithint Sxx Phetween

Swithin A between n
= XX Buithin+ XX Y
within __cbetween within gWwithin __gbetween between
XX TOXX XX TOXX

so that the pooled OLS estimator is a weighted average of the within and between group estimates where
the weight reflects the contribution of each component to the total variation in X. The larger (smaller) the
variation in X between groups the closer (further away) the pooled estimator is to the between group
estimate (and therefore more like a cross-section estimate).
7. One assumption needed for unbiased OLS estimates in any model is that

E(X'u)=0
which in turn requires that for each row of the X matrix E[X;(y; -X{8) ] = 0

This is called a “moment restriction”

N N
1 N 1 N
and the sample equivalent to this is — Y Xjuj =— > Xj(Yj — Xj /)
N:_ N:_
i=1 =1
(so that on average the sample correlation between the observed x values and the residuals is zero)

Note that the value of B which minimises this value is exactly that which minimises the sum of squares in
the normal equations used to define the OLS estimator

[F.O.C. minimum

AN

QU _ ox'y42X'X B=0
op
which gives k normal equations X'Xpg=X"y ]

For this reason OLS is also known as a “method of moments” estimator

For the within-group model this is based on the idea that

El Xit— Xj Git =0 for all i and all t

N
where the within group residual Uit = (Yit —Y_|) - Xijt— )?i p=0

The moment condition (equivalent to minimising the sum of squares) can therefore be written as



N 2 _ B A
DIEDY [Xit—xiJ{(Yit—Yi)—[Xit—Xi}ﬂ}0 ”
i=1t=1

(this is called the sample moment restriction since it is unique to this particular sample)

when T=2 then

2 2
> Xit Vit
goot=l _ Xig+ Xj2 co_t=l Vil tVi2
i = = Yi = =
2 2 2 2

and (1) can be written as

8 {2528 - 203220522
o8 (i35 (- (52 - (25252 3 -
oy )
B () ) )
e Rt
e (e T

N N
= _Zl(xiz - Xil)[(YiZ -¥in) - (Xi2 - Xil)ﬂJ =0
1=

which is exactly the 1° order condition used to minimise the sum of squares in the 1* differenced model
Ay =AX B + Au
Yio - Yir = (Xi2- Xit)B + Uiz =i

Note that this equivalence does not hold when T>2 since



N 3 — _ 1] N

_ 3
XX I Xie=Xi | Vit =Y - | Xit = Xj |[f |2 X X (Xit—Xi,t—l (vit — Yit—1) — (Xijt — Xjt—1)

i=1t=1 i=1t=2

8. Show that the fixed effects estimator is consistent in an unbalanced panel

In an unbalanced panel some observations for some (but not necessarily all) individuals are missing in
certain time periods

Given the panel data model yit = Xitb + Uit

The usual within-group fixed effects estimator can be written as
N

N T _ _ (NT _ _ NT~~ YNT~ ~
BEe =| Z Z(it —xi)Gt —Xi)' | X X4t —Xi)(Yit = Yj) [=| 2 ZXit Xit'| X X Xit Vit
i=1t=1 i=1t=1 i=1t=1 i=1t=1

Letd;=(di; diz,....dir ) be a 1 by T vector of dummy variables (sometimes called selection indicators)
taking the value 1 if individual I is observed in time period t , equal O otherwise. Then for an unbalanced
-1
A NT ~ -~ NT ~ ~
panel the fixed effect estimator can be written as ffe =| >, > Sjt Xit Xit' 2 2Sit Xit Yijt

i=1t=1 i=1t=1

NT o~ o~ )T NT -~ ~

“INTLY wsipxitxit'| |NTEE Ssit xit Vi
i—1t=1 i—1t=1

Sub. in for y;

NT ~~ VYHYNT -

A A | 2 2ZSit Xit Xit' 2 2Sit Xit Ujt

_ | i=lt=t i=1t=1 ;
PEg =P8 N N (1)

NT -~ N T _
> Tsitxitui | | = 2 Sit) Xit = Xi Uit
So consistency depends on I=1t=lN = 1=1t=1 .

Since this involves the within-group mean of x this relies on a strict exogeneity condition — the assumption
that the residual in period t is uncorrelated with the x values from any period (just as the consistency
requirement for a balanced panel). The introduction of the indicator term s; does not change this
requirement and so the proof of consistency is the same

(note that the convergence to a finite value of the first term in (1) in the limit rules out any time-invariant
variables, since they would be collinear and so an inverse of this matrix will not exist)

9. Consider a simple 2 variable panel data model
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yit=int*+fi+Uit i=1,....N t=1,...T
where now the x variable is measured with error X*it = Xjt + €jt

so that the observed model is y;; = bx;; + fi + (ugtbeir) = bxi + fi + vt (2)

Consider the consistency of the pooled OLS estimator

A voN—1/ .
OLS on (2) gives 8 = (X'x) Lx'y = [ﬁ) (ﬂ]

NT NT
N T N T, » *
: 2 XXitVit 2 X (X it —eitj(bx it +fj +Vitj
Considerplim(ﬂ = plim i=1t=1 plim i=1t=1
NT NT NT
= b0'2* +0 4 since all other correlations vanish at the limit
x f
Similarly
N T N T, & -
X 2 XXXt z X (X it —eit)[x it —eit)
liml 22 | = plim| ==L g )im| 1211
P [NT) P NT P NT
=0'2*+0'g
X
A bo'2*+6 *f (o2 *f b 2
so plimpoLs =—5 5 =b+— -t 3)
O . *+0¢ O 4, +t0g O 4 +0¢
X X X

Hence in the presence of measurement error in panel data the pooled OLS estimator is inconsistent due
to

a) the usual attenuation effect from measurement error (the third term in (3) )

b) an additional bias due to the presence of the fixed effect f;

(note that the fixed effects estimator will be inconsistent only because of any measurement error.
A between-group estimator in the presence of measurement error can be shown to be consistent with the
individual specific dummies acting as instruments for the mis-measured x variable)
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