Lectures 5 & 6: Hypothesis Testing

. in which you learn to apply the concept of “statistical significance” to OLS
estimates, learn the concept of “t values” , how to use them in regression work and
come across the idea of “confidence intervals” and “p values” in the process



Hypothesis Testing

Given now understand how to estimate the slope and intercept using OLS (and that OLS
is the most efficient of all unbiased estimation procedures given the 4 Gauss-Markov
assumptions hold). The next thing is to focus on the contribution of the individual right
hand side variables. Just because a variable has a large coefficient does not necessarily
mean its contribution is significant. This means we need to understand the ideas behind
the t value and how to use t values in applied work
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If wish to make inferences about how close an estimated value is to a hypothesised value
or even to say whether the influence of a variable is not simply the result of statistical
chance then need to make one additional assumption about the behaviour of the (true,
unobserved) residuals in the model

We know already that ui ~ (0, 0%,)

Now assume additionally that residuals follow a Normal distribution ui ~N(O, O'Zu)
(Since residuals capture influence of many unobserved (random) variables, can use
Central Limit Theorem which says that the sum of a set of random variables will have a
normal distribution)

If u is normal, then it is easy to show that the OLS coefficients (which are a linear function

of u) are also normally distributed with the means and variances that we derived earlier.
So

Bo~N(BoVar(f,)  and  f,~N(B.Var(B,)

Can use this to test hypotheses about the values of individual coefficients

If a variable is normally distributed we know that the distribution of values is
a) symmetric and b) centred on its mean value

and that:

66% of values lie within mean T 1*standard deviation
95% of values lie within mean T 1.96*standard dev.
99% of values lie within mean T 2.9*standard dev.

Easier to work with the standard normal distribution which has a mean of 0 and variance
of 1

- this can be obtained from any normal distribution by subtracting the mean and dividing
by the standard deviation

ie Given S, ~ N(B,Var(B,) then z=2=5 ~ N0y
sd.(5)






Since the mean of this variable is zero and because a normal distribution is symmetric and
centred around its mean, and the standard deviation=1, we know that

66% of values lie within 0 1 1
95% of values lie within 0 = 1.96
99% of values lie within 0 2.9
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Here is a graph of a normal distribution with zero mean and unit variance
Can use this to construct confidence intervals of the form
P[-0<=z<=98]=1-qa

which says that the probability of any value drawn from a standard normal distribution
lying between the values T 5is1-a%

a is the size or significance level of the test, 0<a<1
0 is the limit or critical value of the interval

For example, given a standard normal variable we can be 95% confident that all values
will lie in the range +1.96

or
(1) Pr[-1.96 <=z<=1.96]=1-.05=0.95
Why?
- since we know 95% of all values of a variable that has mean 0 and variance 1 will lie
within

07 1.96*standard deviation






If an estimate falls within this range it is said to lie in the acceptance region

(95 times out of a 100, estimates will lie in the range 0+ 1.96*standard deviation)

Testing A Hypothesis Relating To A Regression Coefficient

Model: Y=0Bo+B1X+u
Null hypothesis: HO: B; = B/°
Alternative hypothesis: HO: B1 # B+°
Example

Cons = 3y + B4lncome + u
Null hypothesis: HO: B, =0
Alternative hypothesis: HO: B,/ #0
In order to be able to say whether OLS estimate is close enough to hypothesized value so

as to be acceptable, we take the distribution of estimates implied by the estimated OLS
variance and look to see whether this range will contain the hypothesized value.

We now know that

1= Pmh N0y
sd.(8)

sub. this into (1) gives

Pr|-1.96 < L:Bl <1.96 |=0.95
sd.(8,)

or equivalently multiplying the terms in square brackets in (2) by s.d.(5,)
-1.96*s.d.(8,) <= p,— B, <=1.96*s.d.(5,)

and taking £ 1 to the other sides of the equality gives
Pr[ﬁl—l.%*s.d.(ﬂl) <P <L ,81+1.96*s.d.(,31)} =0.95

which says that given an OLS estimate and its standard deviation we can be 95%
confident that the true (unknown) value for 4 will lie in this region






Unfortunately we never know the true standard deviation of B4, only ever have an
estimate, the standard error

SZ

S.e.(ﬁl) = Wf(x)

So have to replace the standard deviation with this in the above. When we do this we no
longer have a standard normal distribution, but instead the statistic

(LB Pim BN Var(X) (N -K)
se.(B,) >

is said to follow a t distribution with N-k “degrees of freedom”
N = sample size

k = no. of right hand side coefficients in the model

(so includes the constant)

Now this distribution has its own set of critical values at given significance levels
which vary, unlike the standard normal distribution, with the degrees of freedom in the
model, (which in turn depends on the sample size and the number of variables in the
model)

Nevertheless the general rules established above apply

The t distribution will be centred on zero (if the hypothesised value B+ and estimated

value g,

are the same then
0

E — &1_ :A81
se.(f,)

will be zero )

then given a large sample (>150) we can be 95% confident that the true (unknown) value
for B4 will lie in the region

Pr{&l—l.%*s.e.(,%l) <pB < ,&1+1.96*s.e.(b1)} =0.95

To test if an estimated value comes close enough to a hypothesized value [310 to be
acceptable use

n

t= Lﬂlo ~t(N = k)
se.(f,)

Intuitively the further the estimate from the hypothesised value, the larger the estimated t
value
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The standard error allows the “acceptable” distance between estimate and hypothesised
value to vary with the precision of the estimate. The more precise (efficient) the estimate
the smaller the distance needed to stay in the acceptance region.

This gives rise to a general rule for hypothesis testing

“If absolute value of t > critical value, reject the null hypothesis at the a% significance
level.”

So if

N b _ﬂo

t =2 >ty reject the null
se.(f,)

A b _ﬂo

t| =2 <t accept the null
se.(f))

A large estimated t value means that g, is sufficiently different from the hypothesised

value, even allowing for random statistical variation (through the standard error), to be
acceptable with a% degree of confidence

(ie p, lies outside the a% acceptance region generated by the hypothesised value B+°)

The most common levels of significance of a test are
a =0.05 (5% significance)
a =0.01 (1% significance)

- most econometric computer packages routinely report the t value for a null
hypothesis that that particular coefficient is zero (the variable has no effect)
Usual convention is to base a t-test using the critical values at the 5% level of

significance.

- This in part depends on sample sizes and also the prevalence of Type | and Type Il
error
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By reducing the size of the test (a) we increase the acceptance region for a given t
estimate (and reduce the range of estimate that fall in the rejection region)

The danger of this is that increase the chance that the null hypothesis could be false, but
that we accept it.

This called Type Il error

By increasing the size of the test (a) we reduce the acceptance region for a given t
estimate (and increase the range of estimate that fall in the rejection region)

The danger of this is that increase the chance that reject the null hypothesis even though
it is true.

This called Type | error

Clearly to reduce Type | error we increase the acceptance region by choosing a smaller
size of the test, but the cost of this is that it increase the risk of Type Il error

So what to do?
- depends on which is the most serious
- the more you believe that avoiding Type 1 error is more important than avoiding
Type Il error, then the larger the acceptance region (confidence interval) and the
smaller the size of the test (a).

Since rarely know the costs of these errors, have to settle on critical values which balance
the two errors
- which is why the 5% level of significance is the one usually used.

It is true however that there is some trade-off between the sample size and the
significance level of the test.

(It is more common to use the term “significance level” of the test than “size”.
Unfortunately it is sometimes confusing, since to increase the significance level of the test
usually means reduce the size of the test ie go from 5% to 1% level)

SZ

Since we know s.e.(3,) =

N *Var(X)
Then tN — | se.(f,)
A 0
and hence because tzm this will 1 estimated t value
se.(8)

So estimates from larger samples will tend to have smaller standard errors and larger t
values than estimates from smaller samples, other things equal.

Sometimes therefore might want to impose different significance levels depending on the
sample size.
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There are no rules on this but might want to think about the following guidelines:

N in the 10’s use a =10%
N in the 100’s use a =5%
N in the 1000’s use a =1%

A useful corollary to the discussion on hypothesis testing is to be aware of the p value of
a test

The p value is the lowest significance level at which the null hypothesis can be rejected
(the exact probability of committing Type | error)

In practice this amounts to finding the significance level a which, given sample size N and
no. right hand side coefficients k, equates the critical and estimated t values
t=tis

Intuitively if can ta a lot (and in so doing reduce the acceptance region) and still accept
the null hypothesis, this suggests the null hypothesis is likely to be true.

So a high p value (high a) is evidence in favour of the null and a low p value is evidence
in against the null

More formally if in the regression output
p < chosen level of a (say 0.05 =5%)
reject the null hypothesis

Statistical v. Practical Significance

Just because a variable is statistically significant in a regression does not mean that it has
a large economic impact on the dependent variable

May have a large t values (and .". be statistically significant from zero) but if the estimated
coefficient

f = % is small then

the impact of a change in Xony S0oX =0y
would also be very small

Moral: Significance and size of effect are both important. When reporting the effect of
coefficients

1. Check variable is statistically significant from zero

2. Ifitis then (and only then) discuss the size of the effect as implied by the
regression coefficient
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