Things to do In Lecture 2
e OLS implies “minimising the sum of
squared residuals”

e Derive formally how to estimate the
value of the coefficients we are
Interested using OLS

e Run an OLS regression
e Interpret the regression output

e Measure how well the model fits the
data



The Idea Behind Ordinary Least Squares (OLS)

Which line (and hence which slope & intercept) to choose?

- The one that minimises the sum of squared residuals

X



We can then compare fthis predicted
value with the actual value of fthe
dependent variable and the difference
between the actual and predicted value

gives the residual A
Ur =Yij =Y,
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Which since yi =bo+b1 Xj
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gives Ui =Yj—VYj=VYi—Bo= P X



The difference between the actual and predicted value is the residual
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We can then compare this predicted value with
the actual value of the dependent variable and
the difference between the actual and predicted
value gives the residual

N N N N

uj =yj—yj=y—bo—b1Xj

(where the i subscript refers to the ith individual
or firm or fime period in the data set)



Things to know about residuals

N N N N

Uj = yj —yj =y —bo—b1 Xj

1. The larger the (absolute) value of the residual the
worse the prediction

So intuitively then the line of best fit should be the
one that delivers the smallest residual values for
the each observation in the data set



2. Since the difference between the actual and
predicted value gives the residual

N\ N\ N\ N\

Ui =Yyj—yj=y—-bo—b1X;

a positive residual means

ui = yj -y >0 so the model underpredicts
andsimiarly ;- Yi —¥j <0 The model over-

predicts
(larger than actual)



Given this..

Suppose we tried to minimise the sum of all the
residuals in the data in an attempt to get the
ine of best fit

N/\
2. Uj
1=1

Whilst this might seem infuitive it will not work
because it is possible that any positive residual will be
offset by a negative residual in the summation and
so the sum could be close to zero even if the overall
fit of the regression were poor



We can avoid this problem is use instead the
principle of Ordinary Least Squares (OLS)

Rather than minimise the sum of residuals, minimise
the sum of squared residuals

N’\2

2. Uj

1=1
- Squaring ensures that values are always positive and
SO can never cancel each other out

-Also gives more “weight” fo larger residuals and so
harder to get away with a poor fit, (the larger any one
residual in absolute value, the larger is the sum of
squared residuals (RSS)



Consider the following simple example

N=2 and want to fit a straight line y=b, +b,X
thru’ the following data points using principle of OLS
(min sum of squared residuals)

(Y,=3 X, =1) (Yo=5 Xp=2)

It follows that can write estimated residual for the 15" obbservation

N\ N\

Uul=¥1-"%1

N\ N\ N\
) N\ N\ N\
N9 y1 =bo—b1(X1) y1 =0b0+b1(1)
. N\ N\ N\
andy,=3 SO u1 =3-bo-b1 (1)

N\ N\ N\ N\

and similarly for the 2" observation  yo = yy - yo =5-bo—b1(2)



OLS: minimise the sum of squared residuals

A2 A2 AN A A

S=u1+u? S=(3—b()—b1)2+(5—bO—2bl)2

Expanding the terms in brackets

N N N

S = (9+bo +b1 —6bo 6bl+2bgbi)

N NN

+(25+bo +4b1 —lObo 20b1+4bo by)

Adding together like terms

N NN

S = (2bo +5b1 —16bo 26b1+6bo b1+ 25) (A)



N

Now need to find values of b and bl

N NN

which minimise this sum, S = (2b02+5b12—16bo— 26b1+6bo b1+ 25)

Using the rules of calculus we know the first order condition for
minimisation are:

s _, s _,
dbo d b1
.

4b o +6b1-16=0 6b , +10b1—26=0



This gives 2 simultaneous equations

which can solve for unknown values of bo and bl

using rules for simultaneous equations

N\ N\

bo =1 b1=2

So the estimated regression line becomes Y =1+2X

le the intercept (constant) with the y axis Is at 1 and the slope
of the straight line is 2



Basic idea underlying OLS 1s to choose a “line of best fit”

-Choose a straight line that passes through the data and
minimises the sum of squared residuals

Now need to do this more generally so can apply the technique
to any possible combination of (X, y) data pairs and any number
of observations



If we wish to fit a (straight) line through N (rather than 2)
observations, then the OLS principle is still the same ie choose

N N

bo and bl to minimise

/\2 /\2 /\2 ’\2 A
N N 2
S=ur+u2+...un = XUi =X (Vi —VY;)
i:l |:1

(where now the summation runs from 1 to N rather than 1to 2 )
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sub.in y; =by—Iy X

JAN N 2 FAN FAN 2
S=(Yp—bg—by X1)" +..+(Yy —bo—by Xy)
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= Y12+ bO + bl X12— ZbOYl_ 2b1X1Y1+ 2b0b1X1

+ ..
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+ Y2+ by + b XZ— 2bgYy— 2b XY, + 2byby X
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=YY2+Nby +b IXZ-2by XY, 2b12XY +2by by T X

This Is just a generalised version of (A) above



FAN AN

Again, find values of bo and bl

which minimise this sum, using the same simple calculus rules

A and A



Now these two (15t order) minimisation conditions give

AN N\

d

S _0 = 2Nbg-2Y+2b1xXj =0 (1)
obo
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oS 2

D=0 = 2bIXE 22T X{Yj +2bg T Xj =0 (2)
o

and again we have 2 simultaneous equations (called the normal
equations) which can again solve for

AN

bo and bl



Using the fact that the sample means of Y and X

N N
2 _ N _ XX - N
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can re-write (1) 2N bo—-22Yj+2b1> X =0

N N

2Nbg—2NY+2biN X =0

and so obtain the formula to calculate the OLS estimate of the intercept

N A (3)
bo=Y—Db1 X (*** learn this **)



N\ N\

Sub. bo=Y—b1 X Into (2)
N\ N\

2013 X2~ 2% 5 X{¥j +2bg £ Xj =0
N\ N\

b1 3 X2~ 3 Xj¥j + (Y —bg X)L Xj =0

and simplifying

b1 3 X2 5 X{¥; + (Y ~bg X)NX =0

collecting terms

N\

bl(zxi2 - Nizjzzxm ~ NXY

gives



Dividing both sides by 1/N

N

bl(lz x-z—xz)zlzxivi ~XY
N~ N

bl(;z(xi —X)ijsz(xi —X)(Y; -Y)

which gives the formula to calculate the OLS estimate of the slope

N\

b1 Var(X)=Cov(X,Y)

" Cov(X.Y)
b1 = Var(X)

(**** learn this ***¥*)



/\ /\ N\
— — ~ Cov(X,Y)

are how the computer determines the size of the intercept and
the slope respectively in an OLS regression

The OLS equations give a nice, clear intuitive meaning about
the influence of the variable X on the size of the slope, since it
shows that:

i) the greater the covariance between X and Y, the larger the
(absolute value of) the slope

i) the smaller the variance of X, the larger the (absolute value
of) the slope




It Is equally important to be able to interpret the
effect of an estimated regression coefficient

Given OLS essentially passes a straight line through the datq,
then given

N\ N\ N\
y =bo—b1 X
N\
dy .

b1
dX
So the OLS estimate of the slope will give an estimate of the
unit change in the dependent variable y following a unif
change in the level of the explanatory variable

N\ N\

dy = by dX

(so you need to be aware of the units of measurement of
your variables in order to be able 1o interpret what the OLS
coefficient is telling you)
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