VI MAGNETIC EFFECTS OF CURRENTS

6.1 Ampére’s investigations

It was Ampere who first established and quantified the force that occurs between two current-
carrying conductors. Thisis not quite as simple as the Coulomb law for the force between
charges as there are more directions to consider. Aswell as the separation of the force-
producing objects (the current elements), in this case the directions of the two currents are
important.

Here dF; is the contribution to the force on the e ement dl,
of loop 1 from the element dI, of loop 2.

If 6, isthe angle between dl; and the normal to the plane
spanned by r»; and dl,, and 6, is the angle between dl, and
r 21, then the conclusion of Ampere was that the magnitude
of the force dF; behaved as:

dF, o 1110l Sin6,sn6,

r.12

The observation is that the magnetic force between two current-carrying elements dl; and dl,
variesinversely as the square of their separation — once again we have an inverse square law.

Introducing the constant of proportionality u,/4r , and taking account of the
direction of the force by writing thingsin vector form we have

oF, = Mo I1I2dI1><(3dI2 XTp)
4Arr (9
and the expression for dF; is obtained by swapping the 1 and 2 in the expression.

(6.1)

The constant o is referred to as the permeability of free space. Itsvalueis defined to
be

U, = 4m x107" newtons/ ampere”

: (6.2
or henries/ metre.
It might seem surprising that the value of o is defined rather than being determined
experimentally. The reason is that the magnetic force formulais actually used as the
definition of the ampére, the unit in terms of which | ismeasured. (And in fact the coulomb
then follows as the charge transferred when a current of one ampére flows for one second).
The numerical value chosen for i, allows the traditional electrical units (actually predating
the metric system) to be incorporated into the SI scheme.
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VI Magnetic Effects of Currents

['Y ou might think that a more straightforward way of introducing magnetic forces would be to
start immediately with moving point charges instead of elements of current-carrying
conductors. Indeed the results of Ampére quoted above could be re-expressed by saying that
acharge Q. moving with velocity v, will exert aforce F; on a charge Q; moving with
velocity v, given by

F _ & QlQZ
1= 4 3
72
This force (which only occurs when both charges are moving) isin addition to the Coulomb
force, which applies even when the charges are stationary.

le(VZXrlz)'

Thereis adistinction between this approach and that of Ampere. Ampere' s results apply to
elements of conductors carrying currents. These are electrically neutral since the background
positive stationary charge cancels the negative charge of the carriers. In that case thereis no
Coulomb force and only the magnetic force is observed.

Although this approach might seem more straightforward, we have preferred to follow the
historical argumentation of Ampere.

It isalso of interest to note that the above equation for the (extra) force between moving
charges could be derived from the Coulomb force using special relativity on the assumption
that electric charge isinvariant. However, again we have opted to follow the historical route
whereby the Coulomb force together with the Ampére formula may be regarded as separate
experimental observations leading, ultimately, to special relativity. |

6.2 Magnetic field

In an analogous manner to our introduction of the electric field, we shall break the symmetry
of the magnetic force law and interpret it as one current producing a magnetic field B and the
other current responding by experiencing aforce in the field. Accordingly, we split

Equation (6.1) as

a8, =Ko |, d2XMu 63)
4r (]
and
dF, =1,dl, xdB, (6.4

where B, is the magnetic field produced by loop 2.

Thus Equation (6.3) describes the active aspect of a current element, while
Equation (6.4) describes the passive aspect.

Active aspect of current Passive aspect of current
An electric current | produces a An electric current i responds to
magnetic field B. amagnetic field B.
dp = Moy X1y dF =idl, x dB

47 ry
| is the source of B. i respondstoB.
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VI Magnetic Effects of Currents

6.3 Field of along wire

We shall calculate the magnetic field produced by along straight wire carrying a current of |
amperes. Let usfirst consider the direction of the magnetic field
| at the point P. From Equation (6.3) we see that the direction

A information is contained in dl xr , which points into the page.

i Thus the lines of B form concentric circles around the wire. Since
di4 | all contributions to the magnetic field at P point in the same
direction, only this component need be considered. We then find
the value of B by integrating the contributions from along the
length of the wire.

The contribution dB, from the element dI of the wireis
given, from Equation (6.3), by

dB:&I dlzr :&I dIS|2n9

4 r 4 r

It is convenient to express everything in terms of the angle ¢ and the perpendicular distance
a
| =atang
dl = asec® ¢ d¢
r =a/cosg,
from which we obtain
_ Mo "? asec® ¢ d cosg cos’ ¢
4, a’
/2

Ho |
=2_ | cosod
47raj ¢d¢

-m/2

B

and on performing the integral

B =%. 6.5)

6.4 Force between two long parallel wires

The magnetic force between two long parallel wires each carrying a current | could be
calculated directly from the force expression, Equation (6.1).
I | However, sincethis case has a particularly smple geometry, itis
A A more convenient to obtain the force from the magnetic field
calculated in the previous section. The magnetic field B at wire 2 due
a towire 1 is given, from Equation (6.5) by

g Hol |
2ra

Thus the force on unit length of wire 2 is given by
2
F oMol (6.6)
2rna
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VI Magnetic Effects of Currents

This expression isthe basis of the definition of the Ampere. Recall that the numerical value
of Mo is4mx10~’. The force between two long wires, one metre apart, carrying one Ampeére,
will be 2x10~" Newtons per metre of length; this defines the Ampére.

We now consider the direction of the force. From the previous section we saw that
the B field at 2 pointed into the page. Now the direction of the force goesas| x B, which
points to the left. Thus the force between wires carrying current in the same direction pushes
them together. One concludes: like currents attract, unlike currentsrepel. Thisisthe
converse of therule for charges.

6.5 The Lorentz force

Thusfar, in treating magnetic effects, we have considered the force on an electric current.
Now we shall examine the force on a single electric charge moving in a magnetic field.

dl The force on the element of wire due to the applied
> magnetic field B is, from Equation (6.4)

N D.

area d . .
\ . a Now we can write the current | asj . da or, from

the expression for j, Ngv . da. TheforcedF is

then
dF = Ng(v.da)d x B.

Note that v and dl are parallel, so that they may swapped in the above equation, giving
dF = Ng(dl . da) v x B.

But dl . daisthe volume of the element of wire, and N is the number of charges per unit
volume and since g is the magnitude of each charge, it followsthat Ng(dl . da) is the total
charge Q in the element. Thus we conclude that a charge Q moving with avelocity vina
magnetic field B experiences aforce F given by

F = QvxB. (6.7)
We know that a chargein an electric field E experiences aforce

F =QE,
and now we have seen that if the charge is moving and if there is a magnetic field, then there
will be amagnetic force given by Equation (6.7). In the presence of both an electric field and
amagnetic field, it follows that a charge g moving with avelocity v will experience atotal
force given by

F = g{E +v xB}. (6.8)

Thisforceis called the Lorentz force.
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VI Magnetic Effects of Currents

6.6 Ampére’s law

Ampeére’slaw dealswith theline integral of B around aclosed loop. There are essentially
two reasons for being interested in this. Firstly it will provide a means for calculating
magnetic fields, athough only in cases of high symmetry. Secondly, from the line integral of
B we will be able to evaluate its curl: part of our programme of obtaining Maxwell’s
equations.

Let us evaluate the lineintegral of B around the indicated circular oop.
AI In Equation (6.5) we saw that the magnitude of the field adistance a
from awire carrying acurrent | is

g tol
2ra

And we saw that the direction of B is aong the loop. Since B is constant
around the circular loop, whose length is 2ra, the line integral is given

by
B.dl =yl . (6.9)
closed loop
Observe that the a, the radius of the loop, has vanished. Thisindicates that the radius of the
circle for evaluating the line integral is not important. But more significant than this, we can
deform the contour of the integral just as we did in evaluating the curl of E from which we
conclude that the result of Equation (6.9) holds for a closed loop of arbitrary shape.

The above result is known as Ampere' s law, which may be stated as: The line integral
of B around an arbitrary closed loop is given by o times the total current through the
enclosed area.

6.7 The curl of B

The curl of B follows immediately from Equation (6.9) above, using the definition of the
curl:

curIB:i 95 B.dl
ar.eaclosedloop

asthe area shrinks to zero. From Equation (6.9) the curl of B isthus given by pl/area, and
the direction is along the current flow. Now let us consider a distributed distribution of
current, described by a current density j. We know that the total current threading a
(perpendicularly oriented) loop of areaais given by ja, from which it follows that curlB is
given by

curlB = . (6.10)

Thisisamost aMaxwell equation. It was Maxwell’s genius that led him to realise that this
equation was incomplete, and he made a crucial modification, which we will encounter
shortly.
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VI Magnetic Effects of Currents

6.8 The divergence of B
Thereisapractical aspect and a philosophical aspect to the question of the divergence of B.
The magnetic flux ® penetrating a surface is defined as the integral of the normal component
of B over the surface:

©= |[ Bda. (6.11)

surface

This definition is similar to that for the electric flux ®g in Equation (2.6). The magnetic flux
does not need a subscript; whenever @ iswritten it is understood that it refers to magnetic
flux.

The divergence of B isrelated to the flux of B through a closed surface enclosing a
given volume. It is convenient to choose a shape that reflects the symmetry of our system. So

let ustake acylinder around a straight wire carrying a
I 5 | current I. Since the lines of B form concentric circles, B is
normal to the enclosing surface everywhere: on the curved

side and on the ends. Thus there is no flux of B through a
closed surface. Thisargument clearly generalisesto arbitrary geometry.

From the definition of the divergence it then follows directly that the divergence of B
(the flux through a closed surface divided by the enclosed volume) is zero:

divB = 0. (6.12)

The philosophical question relates to what the source of a magnetic field might be.
The conclusion of Equation (6.12) above isthat for magnetic fields produced by moving
electric chargesthe divergence is zero. But are there any other sources of magnetic fields?
In particular, isit possible to have a magnetic monopole, a magnetic charge: an isolated north
or south pole. In the early days of electromagnetism, there was a branch called
magnetostatics which parallelled electrostatics. In terms of this, if pn, is the density of
magnetic charge then there would be an analogue of the divE equation stating:

divB = Hopm.

The existence of magnetic monopolesis till an open question. They are required by the
Grand Unified theories, but thus far there has been no convincing evidence of their existence.
There is also atheory due to Dirac whereby the discrete nature of electric charge is connected
to the existence of magnetic charge. If eisthe fundamental entity of electric chargeand g is
the fundamental entity of magnetic charge then Dirac found the relation

eg=h
where h is Planck’ s constant.

The equation divB = 0, which is one of the Maxwell equations, is often interpreted as
being equivalent to the statement that magnetic monopoles do not exist. Of more practical
importance, however, is the point that lines of B have no beginning or end; they close on
themselves.
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VI Magnetic Effects of Currents

When you have completed this chapter you should:

know the physical phenomena contained in Ampere's formula;

e know the units of the physical quantitiesin Ampere's formula;

e befamiliar with idea of the magnetic field;

e appreciate the active and passive aspects of electric currents,

e beableto calculate magnetic field of along straight wire and an arrangement of currents,

e be ableto calculate the force between two long parallel wires and relate this to the
definition of the ampere;

e beableto calculate force on amoving charge in a given magnetic field;

e calculate the force on amoving charge in an arbitrary combination of electric and
magnetic fields;

e befamiliar with Ampere'slaw for the line integral of B around a current-carrying wire.
e understand how Ampere'slaw relates to the curl of B;
e befamiliar with concept of magnetic flux and the connection with the divergence of B;

e understand that divB = 0 implies there are no magnetic monopoles.
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