Il VECTORS

3.1 Vector algebra

3.1.1 Vectors

The naive definition of a vector (in three-dimensional space) is ‘a quantity which has
both magnitude and direction’. While adequate in many cases, this is not strictly
mathematically correct. A mathematician might well define a vector as ‘any quantity
which obeys the laws of vectors’. This definition certainly has the merit that it can’t
be wrong! Note that this discussion is not simply irrelevant mathematical rigour.
Rotation is a quantity which has both a magnitude (the angle of rotation) and a
direction (the axis of rotation, as specified by the ubiquitous right-handed cork-
screw). However rotations about different axes, as described by vectors in this way,
are not additive. And furthermore the order or performing the rotations is important.

The conclusion, for our purposes, is that we shall specify a vector as a quantity
which a) has magnitude and direction, and b) obeys the ‘parallelogram’ rule of
addition. Clearly this second requirement implies the associativity condition:

A+B=B+A.

In this course we shall take the laws of vector addition and subtraction as
known, and proceed directly to the various products of vectors.

We can express a vector in terms of its components. In rectangular Cartesian
co-ordinates we write
A=AX+AYy+Az
where x, yand z are the unit vectors in the x, y and z directions and 4,, 4, and 4. are
the components of A in these directions.

3.1.2 The dot product

The dot product, otherwise known as the scalar product, of two vectors P and Q is
written as P.Q and it is defined as the magnitude of one multiplied by the projection
of the other upon the first.

Dot product of vectors P and Q.
Since the projection of Q on P
is given by QOcosé, the dot product
IS
P.Q = PQcosé. (3.1)

projection of Q on P
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The scalar product of two perpendicular vectors is seen to be zero. Thus for
the unit vectors x, yand z:

X-y=y-z=z-x=0 (3.2)
and
X-X=y-y=z-z=1 (3.3)
If we express the vectors P and Q in rectangular co-ordinate form:
P=Px+Py+Pz, and Q = O, x +Q,y +0.7,
then we find for the dot product, in co-ordinate form
P.Q = PO, + P,O, + P.O. (3.4)
Note that from this the dot product is seen to be commutative:
P.Q = Q.P. (3.5)

The dot product operates on two vectors to produce a scalar. An example of a
dot product is the work 7 done when moving a displacement r in a constant force F:

W =r.F.

3.1.3 The vector cross product

The vector cross product of two vectors P and Q is written as P x Q and it is a vector
perpendicular to both P and Q in the direction of a (right handed) screw turning from
P to Q. The magnitude is equal to the product of the length of the vectors multiplied
by the sine of the angle between them.

+ A the vector cross product P x Q = PQsiné. (3.6)
Q Physically the vector cross product may
PQOsing be interpreted as the area of a

parallelogram of sides P and Q. This
vector “‘area’ is pointing normal to the
surface.

Recall we used the idea of vector area in
discussing electric flux in Section 2.4.

P

From the definition of the cross product we see that the order of multiplication is
important. The cross product is not commutative; it is anticommutative:

PxQ=-QxP. (3.7)
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From this we see that the various products of the unit vectors in rectangular Cartesian
co-ordinates are
XxX=yxy=zxz=0 (3.8)
and
XXy =2Z=-yXxX (3.9)
and cyclic permutations thereof.

If P and Q are expressed in terms of their Cartesian co-ordinates then the cross
product is expressed as

PxQ:(Pxf;+Py§r+}zi)x(Qx§(+Qy§r+in)
=x(P,0.-PQ,)+¥(PO,-PO.)+%(PO,~-PQ.).

This may be written as a determinant, a convenient form to remember the various
signs in the products

PxQ= (3.10)

Qv w
Q v«
Qv ~

An example of a cross product is the moment of a force, or torque I; this is
given by

I'=rxF.

This is the torque exerted about a point by a force F applied a distance r from the
point.

3.1.4 Multiple products

There are two ways in which three vectors may be multiplied together. You should
satisfy yourself as to their validity. A scalar is formed by the product

A.(BxC) = B.(CxA) = C.(AXB)
(A%B).C etc. (3.11)

This is known as the scalar triple product and it has a particularly simple
interpretation; it is the volume of a parallelepiped of sides A, B and C.

A vector is formed by the product Ax(BxC). Here the order of performing
the products is important. The vector triple product can be simplified to:

Ax(BxC) = B(A.C) — C(A.B). (3.12)
This is the so-called ‘bac-cab’ rule.
The product BxC is perpendicular to both B and C. And then the vector product of A
and BxC is perpendicular to BxC which means it must lie in the plane spanned by B

and C. Thus the vector triple product must have the form B + »C and this is indeed
the structure of Eq. 3.12.
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3.2 Vector calculus

3.2.1 Divergence
Gauss’s law involved the idea of the flux of a vector through a closed surface. Recall

that we wrote, in Equation (2.9):

gc_j) Eda=)0/s,.

closed i
surface

The flux of a vector out of a closed surface is an important property of the vector
field; it is related to the ‘production of szuff” within the enclosed volume — as we shall
see.

In this section we introduce a function of a vector field, the divergence, which
measures the flux emerging through the surface surrounding an infinitesimal volume.
The divergence of an arbitrary vector E, denoted by divE is defined by

. 1
divE = Ed 3.13
W volume # 2 ( )

closed
surface

where the limit is taken as the volume shrinks to zero. The divergence is a scalar
quantity. Note that this definition is independent of any co-ordinate system, and that
it measures a physical property of the vector E.

We shall now calculate the divergence of a vector in rectangular Cartesian co-

ordinates.
z
| AE
|/

Calculation of the

b divergence of vector E
Vb R —r through the cubic
volume dxdydz.

We shall evaluate the flux of E through each of the six faces of the cube. Assuming
the value of E is known at the centre of the cube, we can find the value of the relevant
components at the centre of each face using a Taylor expansion. Because the cube is
assumed to be infinitesimally small, we can approximate the value of E over the face
by the value at the face’s centre.

Considering the face pointing in the +x direction, here we need to know the
value E perpendicular to the face, that is, the value of E,. Since the face is a distance
dx/2 from the origin, at the centre of the face we have:

o, dr

E =E°+ :
} Soox 2
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In a similar way we can evaluate the perpendicular component of E at the centre of
each face, giving

+xface: £, =E3+%d—x —xface: E, :Ej—%d_x
ox 2 : ox 2

OF OF
+ yface: E :E‘V’+—yd—y —yface;E.:EO__yd_y
oY oy 2 U oy 2
+Zface:Ez=Ef+aEzd—Z —zface:EZ=Ef—aEZ%
oz 2 oz 2

Each of these components of E must be multiplied by the area of the face to give the
flux E.da through that face. And for each of the three directions we must subtract the
flux through the — face from that through the + face: we consider the total flux out of
the surface. Thus for the x direction we have

Eda=[ 50+ 2 O Vg [ o - O 0% )y
ox 2 ox 2
_ % rdydz.
ox

observe the occurrence of dxdydz, the volume of the element. With similar
calculations in the y and z directions, we find

xdirection : E.da = “E= dydydz
ox
oy O

ydirection: E.da=—="dxdydz
oy

~ direction : E.da = aaEz drdydz
Z

so that for the entire closed surface of the elemental cube the sum (integral) of the flux
of E is given by

OE
§p Eda- [aEx O O jdxdydz (3.14)
closed ax 8_)/ 82

surface

But since dxdydz is the volume of the element, recalling the definition of the
divergence of E in Equation (3.13):

) 1
divE = E.da
volume ﬁ)

closed
surface

as the volume shrinks to zero, we have, in rectangular co-ordinates, the expression for

divE as

OE, OE, OE,
r 4 +

ox oy Oz

divE = (3.15)
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3.2.2 The divergence in electrostatics

Introduction of the divergence was motivated by the property of the E field which was
expressed in Gauss’s law, Equation (2.9):

<J-j.f> Eda=)0/s,.

closed i
surface

If we divide both sides of this equation by the volume enclosed within the surface,
then using the definition of the divergence, we may write

divE=p/g, (3.16)
where p is the density of electric charge:
o =0/volume, (3.17)

as the volume shrinks to zero.

We see that Equation (3.16) is another statement of Gauss’s law, this one in a
slightly more concise form.

3.2.3 Curl

We saw that the electric field E is a conservative field, and that that property could be
expressed mathematically in terms of the /ine integral property in Equation (2.13):

§Edr:O.

closedloop

The line integral of a vector around a closed loop is another important property of a
vector field. We now introduce a function of a vector field, the cur/, which measures
the line integral around a loop bounding an infinitesimal surface area. The curl of an
arbitrary vector E , denoted by curlE is defined by

curlE = —— jSE.dr (3.18)

closed loop

where the limit is taken as the area shrinks to zero. The curl is a vector quantity; it
points in the direction of the surface normal. Note that just as with the definition of
the divergence, the curl as defined here is independent of any co-ordinate system, and
that it measures a physical property of the vector E.

Our continental brethren sometimes use the designation rotation for the curl
and you might find books referring to rot E. This is simply another name for curl.

We shall now calculate the curl of a vector in rectangular Cartesian co-
ordinates.
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y

E Calculation of the curl
of vector E around the
square area dxdy.

A

7
1 )
Note that the curl is a vector
quantity. As the square here
. is in the x—y plane we are
> calculating the z component
—r
dx of the curl of E.

We shall evaluate the line integral of E along each of the four sides of the square.
Assuming the value of E is known at the centre of the square, we can find the value of
the relevant components at the centre of each side using a Taylor expansion. Because
the square is assumed to be infinitesimally small, we can approximate the value of E
over the edge by the value at the edge’s centre.

OF
side 1: E.dr = [Ef + 3 . %xj dy side2: E.dr= —(Ef +%d7yj dx

X oy
OF
side3: Bdr=—| B0 -2 %) 4 sided: mar= |£0-EW g
Yoox 2 oy 2

The line integral around the loop is found by adding the contribution from the four
sides:
)

(6Ey _OE,

ﬁEﬂr=

closed loop

—= dxdy
x ) (3.19)

This line integral was evaluated for a surface in the x—y plane. The normal to this
surface points along the z axis (and it is actually the +z direction when the direction of
the line integral is taken into account). Thus, recalling the definition of the curl, in
Equation (3.18), we see that what we are in the process of evaluating is the z
component of the vector curlE. For our surface dxdy:

OE, o
1 ﬁE.dr= S E|
area ox Oy :

closed loop

(3.20)

In a similar manner we may evaluate the other two components of the curl. In
practice these are most simply obtained by cyclically permuting the x, y, z in the
above expression. And assembling the three components into the vector

curlE = curlE| i+curIE|y y+curlE| z,

the curl of E may be expressed in the convenient form
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curlE = (3.21)

5 Qo w
Nm g)|Q) N>

X
o
ox
Ex

in terms of a determinant. One should, however, appreciate that this expression is
essentially an aide-mémoire, strictly speaking the elements of a determinant should all
be of a similar type.

3.2.4 The curl in electrostatics

Introduction of the curl was motivated by the conservative property of the E field
which was expressed in Equation (2.13),

§Edr:O.

closedloop

If we divide both sides of this equation by the area enclosed by the loop, then using
the definition of the curl we may write

curlE = 0 (3.22)
as the area shrinks to zero.

From this we see that Equation (3.22) is an equivalent statement of the
conservative character of the E field.

3.2.5 The gradient

We have introduced the gradient of a scalar field already when we explored how to
obtain the value of the electric field E from a knowledge of the electric potential 7,
the result of which was expressed in Equation (2.19)

E=—gradV .

Here we shall examine the gradient function in a slightly more abstract (and
therefore more general) manner. In particular we shall, as we did with the divergence
and the curl functions, define the gradient in a way that is independent of any
particular co-ordinate system.

The gradient turns a scalar into a vector. To be more precise, it gives a vector
from a scalar field. Given an arbitrary scalar field J(r), the gradient of 7, denoted by
grad V' is a vector that points in the direction of the most rapid variation of 7 with
position. And the magnitude of grad V is the value of the derivative evaluated in this
direction.

In rectangular Cartesian co-ordinates we may evaluate the three components
of the derivative of " with respect to position and then combine them together to form
a vector. Now

PH2420 / © B Cowan 2002 3.8



Il Vectors

Voo . L.
aa— is the component in the x direction
X
o . . N
. is the component in the y direction
y
o . . N
. is the component in the z direction
zZ

so that we may assemble these into the vector:

gradV:a—V§+a—V§r+a—Vi (3.23)
ox oy 0z

And we recognise this to be the Cartesian form of the gradient as used in
Equation (2.18).

3.2.6 An application of the gradient

An important example of the use of the gradient, which transcends electromagnetism,
is in the evaluation of the (infinitesimal) change in a scalar function of position, say
V(r), as one moves a displacement dr. Essentially this is simply an application of the
multidimensional form of Taylor’s expansion, expressed succinctly in vector form.

V' is a function of position; in other words, it varies as a function of the co-
ordinates:

V(r) = V(x,y,z)

if we adopt rectangular co-ordinates. The value of 7 a small distance along from x, y,
z, at position x + dx, y + dy, z + dz, is given by the Taylor expression

V(x+dx,y+dy,z+dz)=V(x,y,z)+aa—de+a—de+aa—de
Z

X oy

taken to first order. But observe that the second part of this expression, representing
the change in V, may be expressed as the dot product of dr with grad(¥):

V(r+dr)=V(r)+dr.grad (V)
or simply
dV =dr.grad(V) (3.24)

3.2.7 Summary of vector calculus identities

We shall first state three important theorems of vector calculus. Although commonly
regarded as theorems that must be derived through mathematical manipulations, we
shall see from our physical definitions of the gradient, curl and divergence, that these
results follow directly and quite trivially as identities.
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Gauss’s (divergence) theorem
This follows from the definition of div, Equation (3.13)

. 1
divE = E.da
volume #

closed
surface

as the volume shrinks to zero. If we multiply by the volume enclosed and integrate
over this we obtain

jj divE dv = 9‘35 E.da (3.25)

volume bounding
surface

and this is referred to Gauss’s theorem in vector calculus.

Stokes’s (curl) theorem
This follows directly from our definition of the curl, Equation (3.18)

1
CurlE=—— j?E.dr
area

closed loop

where the limit is taken as the area shrinks to zero. If we multiply by the area
(strictly, we take the dot product with the area, since the above definition gives the
component of the curl in the direction of the surface normal), and integrate over this
we obtain

curlE.da= E.dr (3.26)
Il §

area perimeter

and this is referred to as Stokes’s theorem in vector calculus.
Gradient theorem
This follows directly from the “chain rule’ expression involving the gradient,
Equation (3.24):
dV =grad(/).dr.

This gives the small increment in the scalar field quantity 7 in moving a small
displacement dr. For a general displacement from r; to r, the change in 7 will then be
found by integrating, so that

[orad ().r =7 (1)~ (r) @3.27)

n

and this is referred to as the gradient theorem of vector calculus.

Collection of other identities

There follows a collection of identities relating to the operators div, grad and
curl, most of which we will not prove. Students should, however, be familiar with
them from their courses in vectors. This summary is compiled from the book
“Advanced Electricity and Magnetism” by W. Duffin and elsewhere. First we
consider operations on the products of two vectors.
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1 grad(UV) = Ugrad(V)+Vgrad(U) (3.28)
2 grad(A-B) = (A-grad)B+(B-grad)A+AxcurlB+BxcurlA

3 div(VA) = Vdiv(A)+A-grad(V) (3.29)
4 div(AxB) = B-curl(A)-A-curl(B) (3.30)
5 curl(VA) = Veurl(A)—Axgrad(V) (3.31)
6 curl(AxB) = (B-grad)A—(A-grad)B—BdivA+AdivB

The operator A-grad in the second and fifth are given, in Cartesian co-ordinates by

(A-grad)B, = 4, B, 4 B + A4, 9B,
o Y oy oz

Next we consider the successive application of two vector differential operations.

7 curlgrad(¥) = 0 (3.32)
8  divcurl(A) = 0 (3.33)
9 divgrad(V) = V¥ (3.34)
10 curlcurl(A) = graddiv(A)-V?A (3.35)

Of these, the seventh and ninth are particularly important; they will be proved below.

The tenth result is slightly odd since it involves V? of a vector quantity. In

rectangular Cartesian co-ordinates this is simply the vector whose x component is V?
of the x, and similarly for the y and the z components. In other, general, co-ordinate

systems the curl curl expression may be taken as the definition of V? of the vector.

The following two proofs are established using rectangular Cartesian co-
ordinates. Since the div, grad and curl have been defined independently of any co-
ordinate system, it follows that any convenient co-ordinate system can be used and the
result will be true in the general case.

Proof of curl grad(/)=0

Let us evaluate the x co-ordinate of curl grad(»). Denoting the vector grad(¥)
by A, the x component of the curl is given by

o, o

curl (A)| = o

But since A is given by grad(¥), the components 4, and A4 are given by

P
Yoy Oz

from which we see that the x component of the curl is
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oV o

I(A) = - .
Cur( )" 0z0y 0yoz

The two second derivatives in this equation differ solely in the order of
differentiation. However we know that it is a general rule of calculus that for
differentiable functions the order of differentiation is unimportant. Thus the two
terms in the above equation cancel, so that the x component of curl grad vanishes.
And so in general any component will vanish by a similar argument, leading us to the
general conclusion that for an arbitrary differentiable scalar function of position ¥(r),

curl grad(V)=0
the result we required to prove.

Proof of div grad (V) =V

The derivation of this is quite straightforward. Writing, as above, the vector
grad(¥) as A, the components of A are

£ vl
ox Yoy Oz
Then taking the divergence,
04
divA = o4, +—+ o4,
ox Oy Oz
oV oV o

+ +
ox® oyt o7
and we recognise the second line as the Laplacian, V?, so that

div grad (V) =V
which is the result we required to prove.

3.2.8 Nabla — or Del notation

The operations of grad, div and curl have been related to different ways of
differentiating vectors. We now introduce a general vector differentiation operator V,
called del (or nabla in old English), in terms of which these three vector calculus
functions can be expressed in a unified manner. The del operator is defined by

V=x—+y—+z— (3.36)

Observe that V is a vector; it has components, here, in the x, y and the z direction.
Also, note that it is an operator. The derivatives are ‘open’; they are waiting for
something to operate on.

Del applied to a scalar function, say ¥(r), will give a vector:
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which we immediately recognise as the gradient of V-
VvV (r)=gradV (r). (3.37)

If we apply del to a vector function then we must ask how to do the vector
multiplication. Since del is a vector we can dot it onto a vector to give a scalar, or we
can cross it onto a vector to give another vector. Let us examine the dot product first.

Let us apply del to the vector E as a dot product. Thus we want to evaluate

VE=|32452 30 || ExvE§+E3
ox "oy oz ’

In accordance with the rules for the dot product, the x component of the first term
goes with the x component of the second term, and similarly for y and z. This gives

OE, OE, OE.
+ +

ox oy oz

which we recognise as the divergence of the vector E:

V.E =

V.E(r)=divE(r) (3.38)

If we apply del to the vector E as a cross product,

veE=|32 492420 W Ex+E§+E2
ox "oy Oz ’

we may evaluate this using the determinant mnemonic for the vector cross product:

X y 1z
vxg=|Z 2 ©
ox 0oy oz
E. E, E,

This, we immediately recognise, is the expression for the curl of the vector E,
expressed in rectangular co-ordinates:

VxE(r)=curlE(r). (3.39)

We now consider a double application of the del operator. Del operating on a
scalar function ¥(r) gives the gradient of V, a vector. We shall convert this back to a
scalar by dotting a further del onto this, that is, taking the divergence:

divgrad ¥ (r)=| 8 2 +§5 2420 x5 L5 L4z 2 v (r).
ox "oy Oz ox "oy Oz
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The two brackets may be regarded as a scalar operator, produced by dotting del onto
itself. Thus we may write

divgrad = V.V = V?, (3.40)
where
¢ ¢ 0

Vies——+—+—.
ox*  oy* oz’

(3.41)

This is known as the Laplacian operator, or simply just “del squared”. In some books
it is denoted by the symbol A.

Finally we examine another double application of the del operator. This time
we will take the curl of the gradient of a scalar:

curlgradV (r)=VxVV (r)
which may be written as

(aVA ov . aVAJ
VX| —X+—y+—12
ox oy 0z
or, in determinant form:

X y z

0 0 90

ox Oy oz V(r)zO

0 0 90

ox 0Oy Oz

This expression is zero because we observe that two rows of the determinant are
identical. Recall that particular property of determinants. Actually, we are being a
little sloppy here. Think this one through.

Thus we conclude that the curl of the gradient of any scalar function is zero.
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3.3 Vector Differential Operators in Various Co-ordinate Systems

3.3.1 Cartesian co-ordinates

z

length element

®
z
y y
y
K
0y .0y .0y
rady (x,y,z)=X—+y—+72——
grady (x,y,z) =X o ¥ B2
04
diVA(x,y,z)z Ax+ 4 aAZ.
ox Oy 0Oz
N 0A -
CurIA(x,y,z)zx aAZ— 4 +y(aAX—aAZ
oy 0Oz 0z Ox
X y z
_|9 9 2@
ox Oy oz|
A, A, A
o’y oy Oy
\Y WV zZ)= + +
vlans)=gr gt 5

VPA(x,3,2) =XV? A4 +§V?A +2V° A,

di=dxx+dyy+dzz
volume element dv =dx dy dz

(074, 0°A, O*A ) .[0°A, 0°A4, 0O°A,
=X 2 v 72 T2 |TY 2 T2 2
Ox oy 0z Ox oy 0z
(0°4., 0°A. O°A
+z 3 3 + 5 |-
Ox oy oz
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3.3.2 Cylindrical polar co-ordinates
X = pCoSe
y=psing

zZ=2Zz

A

unit vectors:
p=CosSpX+sinpy

— ¢=-sSinpX+Cospy
71=1
y
length element dl=dpp+ pdp@+dzz
volume element dv = pdpdedz
X
~0 ~10 ~0
gradt//(p,(p,z)=p—l//+(p——"y+z—l//.

op Yool 0z

Z

. 10 104, 04
divA (p,p,2) == (pa )+ =L O
iVA(p,0,2) pap(p p)+pa¢+az

A A A

pop Oz oz Op p\ op op
P PO 1z
_1¢6 9 9
plop O¢p Oz
A, pd, A
2 2
Vi (pupz) = L2 p 20| L2y By
op\" Op ) p°op° Oz
. oA, A . o4, A\ .
VA(p,p.z)=p| V’4 —%—4"——‘2’ +¢| V34 +%—p——§ +ZV?A,
T optop p "optop p

2 2 2
0°4, 18A2+81<ip+laAp_%8A¢_A_Z
op° p-0p° 0z pop p Op p
(GZA 10°4, 0°4, 104, 204, A4
+— +— -

(4

op*  ptogt o pop ptog pt

(10 04 ) 1 0°4 0°A
+z| ———| p t———t— |
pop\" Op ) p° Op 0z
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3.3.3 Spherical polar co-ordinates
x=rsindcose
y=rsingdsing
z=rCcosé

0
unit vectors:
A r=sindcospXx+sindsingy +cosfz

" 0 =cosOcosgX +CosOCcose y —sin Oz
/ @=-SinpX+Cospy

length element  dl = drf +7d0 0+ rsin 0de @
volume element dv = r*sin@drd@de

X

0y ~loy . 1 Oy
rady (r,0,0) =t —+0= "+ p— ",
grady (. 0,0) =1 o+ 0 O

. 16 1 o, 1 o4
divA(r,0,0)=——(r’4 - 04 k'
VA(r09)= o (FA) g g (N0 A) + o 80

~ 1 o0 /.. 04
curl A(r,0,p)=r ~ {ﬁ(sm QA‘”)_G_(Z}F

+é[ 1 oA, —lg(rA(p)}Hbl[i(rAe)— aA’}

rsin@ op ror r|or 00
For0  rsin 00

1 o o0 0

" 2sinflor 90 op

A4, rd, rsind4,

7

2
PR 74 N Y Y4 N

2ol or ) rsing oo 00 ) #’sin’0 o>
10(,0p) 10
Note that = —| r* - |==—
{ ¥’ or (r or ) r or (rl//)}
. 2 2 0. 2 o4
V’A(r,0,p)=r| V?4 —— A4 — —(sin@ 4,)- —
(r6.0) r( A T ine 26 S A)  rgng 8(0)

~ 04
+6 VZAH ) 402 +£28Ar - ic-oszg -
resincd r°op r°sin“d op

14| v2a - 4, . 2 aA,,+ 2c0s6 04, .
“ 1*sin@  r*sin@ 0p  1’sin®0 o
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When you have completed this chapter you should:

understand the distinction between scalars and vectors;
know the meaning of the vector dot product;
be able to manipulate expressions involving dot products;

know the meaning of the vector cross product and appreciate that it is an
anticommutative operation;

be able to manipulate expressions involving cross products;

understand the scalar triple product of vectors and interpret as the volume of a
parallelepiped;

be aware of the vector triple product and its expansion;

understand the divergence of a vector and its interpretation in terms of the flux
through a closed surface;

know the expression for the divergence in rectangular Cartesian co-ordinates;

understand the curl of a vector and its interpretation in terms of a closed loop line
integral;

know the expression for the curl in rectangular Cartesian co-ordinates;
understand the gradient of a scalar field function and its meaning as a vector;
know the expression for the gradient in rectangular Cartesian co-ordinates;

understand the use of the divergence in electrostatics and its connection with
Gauss’s law.

understand the various possible double applications of the above vector calculus
functions, including div grad = V* and curl grad = 0;

be familiar with the V operator, known as “del” or ‘nabla’ and its connection with
div, grad and curl;

be able to manipulate expressions using V;

relate the functions div, grad and curl to the properties of the electric field and
electric potential already encountered.
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