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Abstract

An exact expression is derived for the partition function of a directed vesicle, in the form
of a staircase polygon, when one or both ends are grafted onto an attracting wall. The
method of solution involves solving a set of partial difference equations with a Bethe Ansatz.
The solution is expressed as a “constant term” formula which evaluates to sums of products
of binomial coefficients. The major advantage of this method is that it, unlike many other
single walker methods, generalises to an arbitrary number of walkers.

The vesicle critical temperature is found, at which a binding transition takes place, and
the asymptotic forms of the associated partition functions are found to have three different
entropic exponents depending on whether the temperature is above, below, or at its critical
value. The expected number of monomers adsorbed onto the surface is found to become
proportional to the vesicle length at temperatures below critical. Scaling functions near the

critical point are determined.
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1 Introduction

A vesicle with a preferred direction, or ‘directed vesicle’, can be modelled by a pair of fully
directed polymer chains joined in parallel where only configurations in which the chains avoid
one another are allowed. In two dimensions the configurations of a single chain can be assumed
to be the possible space-time trajectories of a one dimensional random walker who at each tick
of a clock moves unit distance in either the positive or negative direction. The links of the
chain are therefore in the direction of one of the two vectors e = {—1,1} and es = {1,1}
which form the basis vectors of a directed square lattice which we think of as being oriented at
45 degrees to the horizontal so that time increases from left to right. Since the first and last
link in each chain of the vesicle have fixed directions due to the mutual avoidance condition the
configurations of a pair of walkers which start at height z* and z° + 2 and end at 2/ and =/ + 2
after t steps will be enumerated corresponding to a vesicle of length ¢ + 2. The adsorption of
the vesicle by an attractive wall will be considered so that in calculating the partition function
a vesicle configuration with m monomers adsorbed onto the wall will be given weight ™ where
k = exp(—es/kpT) > 1. The quantity €5 is the energy of contact with the wall. The wall will
be positioned along the line x = 0 with the vesicle restricted to the half space z > 0 and if
the beginning of the vesicle is grafted to the wall only monomers at even distances along the
chain may be adsorbed (see Figure 1). Earlier work on polymer networks made from long chains
in a good solvent both in the bulk and with a surface has recently been reviewed by De’Bell
and Lookman [1]. Adsorption of directed polymer chains onto a surface has been reviewed by
Privman and Svrakié [2]. They determined the grand partition function of a partially directed
polymer chain near an attractive wall and the same system with additional attractive monomer-
monomer interactions was solved exactly by Veal et. al. [3]. The adsorption of vesicles formed
from two partially directed chains was investigated numerically using a transfer matrix method
by Micheletti and Yeomans [4]. They also included the effect of a pressure difference between
the inside and outside of the vesicle by introducing an area fugacity. Their vesicle configurations
correspond to row convex polygons whereas the ones considered here are staircase polygons.
We shall denote the partition function for vesicles of length t+2 beginning at height 2?41 and
ending at height z/ + 1 by Z) (x/|2%; k). (Generically in this paper we shall use the superscript
V to denote quantities associated with vesicles, S for quantities associated with one walker (a
single polymer chain) and 7T for quantities associated with two walkers (polymer chains). Also,
we shall use an acute accent for quantities associated with walkers attached to the surface from
one end with the other end free (summed over), while the hat shall denote cases where both ends
are fixed to a surface.) In this paper we obtain exact expressions for these partition functions,

as well as the special cases when one end of the vesicle is grafted to the wall and the other is



either free to move, Z¥.(k), or fixed at distance 2/ from the wall, ZY (z]0; k). In the latter case
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where ¢ = 1(t — /). When one end is free we find, for ¢ even,

Z%wr=2:zwﬂ0m>=mn§:”+l<”+”>m—1w, (1.2)
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where C, is the " Catalan number,

1 2r
CT:r—i—l(r)’ (1.3)

and ZY. 11(k) is given by the same formula with C; replaced by C,41. If both ends are fixed on
the wall we obtain, setting 2/ = 0 in (1.1),
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The above sums have hypergeometric terms and using a program of Paule and Schorn [5],

which is an implementation of Zeilberger’s algorithm [6], we find, writing z.(k) = Z3.(k) or
ZY (), that in both cases

(e 1) g) 4 rhlo) gl + (0 D)
K 22r —1) 7 r+2

zr—1(k) = —2z-1(1) , (1.5)
where in the first case g(k) = h(k) = 1 and in the second case

g(k) = K* + 2K — 2 and h(k) = (k — 2)2 (1.6)

It follows that, for ¢ — oo, the partition functions have the asymptotic forms®

ZY (k) ~ pt t9 and ZY (k) ~ pt 9| (1.7)
where the growth parameter p and exponents g1, g11 are given in Table 1. The notation 73 — 1
and 17 — 1 are often also used in place of g1 and g1; respectively.

Notice that the growth parameter and exponents for K < 2 are independent of xk and hence
must have their £ = 1 values. Fisher [7] solved the x = 1 problem for fixed 7 in the continuum
limit when the walks become Brownian motion paths and the exponent we find for the discrete
problem is in agreement with his. Fisher’s work on one and two walkers was generalised to p

walkers by Forrester [8] who found

g=-0Bp*+p—2)/4 and gn=-p2p+1)/2. (1.8)

'Note, in this paper we take f(z) ~ g(z) to mean lim,_,., f/g = constant # 0 (rather than one). This avoids

the frequent introduction of constants.



Table 1: Summary of vesicle growth parameter and critical exponents.

1% g1 | g1 | As
K <2 4 -5 | =3 0
K =2 4 -3 | -2 3
k>2 | 26/vVe—1| -2 | -3 1
which yields g; = —3 for p = 2. Fisher [7] also considered the effect of an attractive wall on

a single chain but his “necklace” technique does not extend to vesicles. It is one of the main
purposes of this paper to illustrate a powerful combinatorial technique [9] known as a “constant
term formula” which we have used to obtain equations (1.1) and (1.2). The growth factor for
K < 2 is the same as for a vesicle with no wall. However when x > 2 the asymptotic form is
dominated by the solution of the homogeneous part of (1.5) and has a factor 2 arising from the
entropy of the chain which is furthest from the wall and a temperature dependent factor arising
from the nearest chain, a macroscopic part of which is adsorbed onto the wall. As Kk — o0
the adsorption becomes complete leaving only the Boltzmann factor K2 arising from the single
configuration with half of the monomers adsorbed and the entropy of a single chain.

In the adsorbed region the critical exponent is independent of whether or not the end of the
vesicle is fixed to the surface or free to move, and is equal to that of a single chain with both ends
grafted onto the surface in the desorbed regime. We find g = —% which agrees with setting p =1
in the g1; formula of (1.8). At the critical point, x = 2, we shall show that ZY(2) = Z)(1) in
agreement with g11(k = 2) = g1(k = 1). Also we show that Z)(2) is equal to the x = 1 partition
function of a two-chain star polymer attached to the wall for which the exponent, g = —2, was
given by Forrester [8]. These results are respectively special cases of equations (4.16) and (4.14)
with £k = 1.

The critical point may be characterised as the temperature lower than which the expected
number of adsorbed monomers, <m>f(xf |0; k) becomes of order ¢. This quantity may be obtained

in the usual way by differentiating the partition function. Thus, for fixed z/, with the definition

V(|0 k) = Z >R (1.9)

m=0 veV(x|0;m)

where V;(2f|0;m) is the set of vesicle configurations with m adsorbed monomers, we have
(m)y (2710; &) = MY (2710;)/Z) (27|05 ) (1.10)

where

d
Y (210 k) Z Z mr™ = K%Ztv(xfm;li) . (1.11)

m=0 veVy(zf|0;m)



An explicit formula for M) (x/|0; k) may be obtained by differentiating (1.1) and, for 2/ = 0,
from an asymptotic analysis of the recurrence relation which results from using Zeilberger’s

algorithm we find, on dividing by Z)(0/0; k),
(m)y (0]0; k) ~ 2+, (1.12)

where the values of the ‘adsorption’ exponent A; are listed in table 1. This exponent is equal to
the ‘crossover’ exponent ¢4 (defined below) when x = 2. The same result is found for the case
when one end is free by using (1.2).

The scaling theory which applies near the binding transition has been discussed in the case of
the adsorption of undirected polymer chains by Eisenreigler et. al. [10, 11, 12]. For the present
problem we find the following scaling forms which are valid for kK — 2 and ¢ — co. When both

ends of the vesicle are grafted to the surface

N c —2
ZY (k)s 4190 pY (“2)%) : (1.13)
where ¢f; = —3, the value of g;; at kK = 2, and ¢, = 1/2. Also, as expected, [13], the scaling

function ¢Y(z) is an entire function with
() ~ (1.14)

The symbol « defines the assumed two-variable scaling conditions associated with critical points
[13].
There is a similar scaling form in the case of a vesicle with one free end with ¢f = —2 and
@Y (2) replaced by
ze” Z — 00
& (2) ~ (1.15)

Notice that the factor multiplying £ — 2 in the argument of the ¢ functions comes from (m)f(/@ =
2). These scaling forms together imply all of the data in Table 1. The complete scaling functions
are defined in terms of integrals given in section 4.

The grand partition function is often used as a computational aid in the theory of polymer
adsorption [10]. This is defined by

Y (u, k) = i ZY (k)ut (1.16)
t=0

where u is called the length fugacity. It may be deduced from the form of Z) (k) that GY (u, k) is

singular at u = u, = i which is physically the value of u at which the expected polymer length
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diverges. The form of Zgj (k) as t — oo implies that as u approaches u. from below
GV (u, k) ~ (1= pu) 71 (1.17)

where the critical exponent 1 = 1+ g;. Note, 71 takes on three values, 77 , 7¢ and ;" depending
on whether kK > 2, Kk = 2 or k < 2 respectively.
Near the critical point, (k = 2,u = i), the grand partition function has the scaling form

GV (u, k) (1 — pu) Y (M) , (1.18)

where @Z;V(z) is the scaling function, and 7§ = ¢g{ + 1. The grand partition function when both
ends are grafted to the surface has a similar form with ¢/V replaced by Y.

In section 2 we write down the partial difference equations to be satisfied by the single chain
and vesicle partition functions. In section 3 we illustrate the use of the constant term method
in the case of a single chain and in section 4 the method is used to produce explicit formulae for
the vesicle partition functions. In both cases we deduce the recurrence relations which lead to

the determination of the critical exponents and scaling forms.

2 Partial Difference Equations

This section contains the partial difference equations for the partition functions of a single chain
and vesicle near an attracting wall on the directed square lattice. Our approach to the vesicle
problem will be to first solve the problem of a single chain near an attracting wall using techniques
which have immediate extensions to the problem of two non-intersecting chains. The vesicle

partition function is then a special case of that for two chains.

2.1 Single Chain

A vesicle is constructed from two chains only one of which makes contacts the wall so here we
consider a single polymer chain (one walker) of length ¢ (having ¢ + 1 monomers) which starts
at ' > 0 and terminates at 2/ > 0. For given x/ the partition function Z{ (x/|2%; &) is defined
by (1.9) with the set of vesicle configurations replaced by chain configurations. Since a chain of
length ¢ can be made by appending a single step to a chain of length ¢ — 1 we get the partial

difference equations

Z2(x|zh k) = Z8(z—1)2bk)+ 28 ((x +1|2tk) >0, t>0 (2.1)
Z2 (02 k) = kZP,(1]2% k), =0, t>0 (2.2)

§(xz,z") for ' >0

kd(x,0) for z¢=0.



where the last equation is the initial condition which can also be rewritten more compactly as
75 (@f 2% 1) = [1+ (5 = 1)3(2",0)] (2, 2"). (2.4)

These equations may be programmed recursively to obtain Z¢ (xf|2%; k) for increasing values of
t and the computing time is polynomial in the length ¢. From the exact solution (given below)
or by iterating the difference equations, the first few terms when the chain starts and ends on

the the wall are given by

Z5(0|0;k) = &
Z$(0]0; k) K2
Z$(0[0;k) = K24 K3 25)
Z$(0|0;k) = 2K+ 2K+ K4
Z$(0]0; k) 5k%+ 5k + 3K* + KO
Z5(010;k) = 14K% +14x3 4+ 9r* +48° 4+ 10 .
For a chain starting at the wall and ending at 2f = 2
Z§(210;5) = 0
Zs (2]0; k) K
75 (2]0; k) 2K + K (2:6)
73 (2]0; k) 5k + 3K+ K3
75 (2|0; k) 14k+9r%2+4k3+ k4
Z55(20;5) = 42K+ 28K%2 4+ 1483 + 5K + KD,
and for a chain which starts and ends at x = 2
Z§(212;5) = 1
75 (2|2; k) 2
75 (2]2; k) 5+k 2.7)
Z§(2|2; k) 14+ 4k + K2
Z$(2]2; k) 42 + 14k + 5 K? + K3
Z55(212;k) = 132+ 48k +20K% + 6 k3 + k4.

We obtain a general formula for these polynomials in the section 3.

2.2 Two Chains and Vesicles

In calculating the vesicle partition function it is necessary to consider the configurations of two

polymer chains of length ¢ the first of which goes from z% > 0 to ."L‘{ without crossing the wall

and the second goes from % to xg , where all intermediate positions satisfy o > x1 > 0, that is,



without touching the first walk. For fixed final positions, and for ¢ > 0, the partition function

Zg'(arl,x2 |z, x}; k) satisfies the partial difference equation

ZT (x1, w2t abi k) = Z] (21 — 1,20 — 1|2}, 2b: k)
—i—Zt Wz + 1,29 — 1ah, 2b; k)
Dz — 1,20 + 1)28, 2 k)
T (z1 + 1,20 + 12k, b 5), 0<zy<m2, t>0, (2.8)

Z7(0,20]28, 24 k) = KZL (1,20 — 1|2}, 2% k)
+6Z] (1,29 4 1|2, 2h; k) 0=z <z, t>0, (2.9
Z] (w1, m|al, 2 k) = 0, vi=as, t>0,  (2.10)

§(xq,28)8(wg,24)  for 2% >0
Z§ (w1, x2]2}, o k) =
kO (w1, 28)0(20, 24) for a4 =0.
(2.11)

Equation (2.10) ensure the walkers never cross. The last equation is the initial condition. For
any given initial and final positions the partition function may again be computed from these
equations in a time which is polynomial in ¢. We now illustrate this in the case of vesicles for
which 7} = 2% + 2 and x2 = x{ + 2. Thus the partition function defined in the introduction for
which the initial monomer of the lower chain is grafted to the surface and the other end is fixed

at distance x is obtained by setting x{ = z and calculating

ZY(x|0; k) = Z] (z, 2+ 2(0,2; k) (2.12)
using the above equations. The first few terms are

( ) = K

( ) K

( ) = K24+2k3 (2.13)
ZY(0|0;k) = 3k?+6k3+ 5K

( ) 14k2% + 28 k1 + 28 K5 + 14 K°

( )

= 84k% 4+ 168 kK3 + 180 k* + 120 Kk° + 42 K5 .



The first few terms for the case of one free end are

ZY(k) = &

ZY (k) K

ZY (k) K+ K

ZY (k) 2k + 2 K7

ZY (k) = 4k+4K2+253 (2.14)
ZY(k) = 10k +10k%+5k>

ZY (k) 25k + 25 K2 + 15 K3 + 5 K?

ZY (k) 70k + 70 K2 + 42 k3 + 14 K%

ZY (k) 196k + 196 k2 + 126 &% + 56 x* + 14 K°

ZY (k) = 588k +588k2 + 378 k3 + 168 k' + 425 .

3 A Single Chain near an Attractive Wall

There are many ways of solving the problem of a single chain interacting with a wall. In this
section an explicit formula is obtained for the partition function defined by the equations of

section 2.1 using a method which can be generalised to more than one chain.

3.1 Solution of a Single Chain with Both Ends Fixed
3.1.1 Derivation of Z(zf|2%; k).

To solve (2.1) we begin by separating the variables with a trial solution of Z¢ (z|2%; k) = Pi(z, k) =
Al exp(ikx) which requires
A = A\(k) = exp(ik) + exp(—ik) . (3.1)

If we substitute this trial solution into (2.2) then the equation is satisfied only provided A =
A, = k/v/Kk — 1 and exp(ik,) = v/x — 1. This gives us a particular solution. However, P;(z, k) =
Alexp(ikx) and Pi(z,—k) = Al exp(—ikz) satisfy the bulk equation so we try a more general
form of solution, Ry(z,k) = A(k)'(A(k)exp(ikz) + B(k) exp(—ikx)) for Z7 (x|2?; k). If this is
substituted into (2.2) then we must have 5= S(e™*), where the “surface scattering” amplitude,
S(z) is given by
z+ZzZ—KZ 1
= - Z = —. 2
5(z) 2+Z— k2 S (3:2)
Thus the most general form of the solution for Zf (x]2%; k) satisfying the bulk and boundary
equations is
Wi(z; k) = / Ry(x, k) dk 4 CA;, exp(ikyx)
0
= / ME) B(k) {exp(—ikx) + S(e*) exp(ika:)} dk
0

¢ (w/V/E—1) (s — 1) (3.3)

9



It remains to choose the two arbitrary constants B (k:) and C such that the initial condition (2.3)
is satisfied. If we choose B = Bylexp(ikz’) + S(e~ ) exp(—ikz')] and call the integral with that

choice in (3.3), K;(z|z?), then by a few changes of variable we can rewrite the integral as

Ki(z|z') = Bo/ Ak)! [exp(ik(m — z%) + S(e™*) exp(ik(x + x’))} dk . (3.4)
When ¢t = 0 this integral can be evaluated using the contour illustrated in figure 2. It has a pole
at »
k= %log(m -1) (Binding pole) (3.5)
We find that

Ko(z|z®) = 27By (5(:5, ') + (k —1)6(x, —:I:Z))
+7Bof(k — 2)(2k — K2) (K — 1)@ 422 (3.6)

where 6 is the Heaviside step function. The last term arising from the residue of the pole. Thus
we see that in order to satisfy (2.3) we have two cases depending on whether « is greater than or
less than 2, ie. whether the pole is outside or inside the contour. Case a: 1 < k < 2 — no interior
pole (unbound phase). In this case we must have C = 0 and By = 1/27. Case b: k > 2 — an
interior pole (bound phase). In this case we must have By = 1/27 and

C= g(n —2)(k — 1)~ @+2/2 (3.7)

We denote the solution which satisfies (2.3), the initial condition, by Z{ (z|2%; k) = Sy(z|z’; k).
For 1 < K < 2, to find S(z|z%; k) for t > 0 we need to evaluate the integral in (3.4) by a different
means. First, make the change in variable to z = exp(ik), then expand the denominator of the

S amplitude to give

; 1 —gt z+xt d m m ., xt dz
Si(z|z'; k) = 2mj|§ X [At (z’C — 2%t ) —(1-1/2% Z AlmmpEtE 2
2= m=1
K (k2)'(z — 1/2) 4 iqi dz
v A TR et 22 3.8
+2 ']|{| 1 A —kz “ z (3.8)

d
Now, using the result f MEE 27id(M,0), with M an integer, as well as the fact that the
|2[=1 z

last term vanishes, gives

Sy(z|zs k) = S (z|zt) + S (|2t k) | (3.9)

. t t
St(O)(x’w ) = (t—x—f—xi) - (t—m—xi>’ (3.10)
2 2
Se(alatsk) = D x thotai=2 | T | tratai | (- (3.11)
2 2

10
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Since the binomial coefficients vanish outside their natural domain of definition S;(z|z’; k) is, as
expected, a polynomial in k. Also note that ¢ 4+ ¢ + 2f is always even due to the formulation of
the problem we have chosen. Now, since St(o) (zf]x%) is simply the x = 0 value of S;(2/|z%; k) it
is therefore the number of walks which avoid the wall. Hence we can also interpret Sgl)(:l:f |25 k)
as the partition function for walks which touch the wall at least once. These equations correctly
reproduce the ¢t < 10 polynomials given in section 2.1 so that although they were derived for
1 < k < 2 they are therefore valid for all . Note that equation (3.10) follows from the well-known
reflection principle [14].

In conclusion, our solution is
Z8 (2|2t k) = Si(af |2 k) (3.12)

where S;(z/|z%; k) is given in equations (3.9), (3.10) and (3.11).

3.1.2 The Constant Term Formulation

We illustrate the method for a single chain. The action of the integral in (3.8) is formally
equivalent to extracting the constant term of the integrand in (3.4). If z := exp(ik) is regarded

as a formal variable then
22 (2l |2 k) = Syl o’ k) = CT [(2 4+ 2) (2"~ + 8(2)2"7)] (3.13)

where CT[] denotes the constant term of the argument, ie. the coefficient of z°. Separating the

parts which correspond to walks which touch the wall, and those that do not, gives the kK = 0

term as
S0 o’y = OT [(z 4 2)!(z—" = 2=+ (3.14)
and the complement as
StV (@l 2% k) = K CT (2 + ) D(2)2""+] (3.15)
where )
1—2
Di)=r11+8(2)=——". 3.16
()= 1+86) = T (3.16)
When k = 2, D(z) =1 and we obtain the simple form
. t
St(l)(:z‘f|1:1; k=2)= 2<t_xf_l,i> . (3.17)
2

This result has an interesting combinatorial interpretation — see section 3.4. For future reference
we note from (3.15) that St(l) (zf|2%; k) depends on z' and 2/ only through their sum (z/ + 2%),
so that

St(l)(a:f|:vi; K) = Sgl)(xf + 2|05 K) . (3.18)

11



3.1.3 Formulae for Walks Beginning on the Surface

Interesting and convenient formulae can be obtained for the special cases where walks begin at

the surface, that is z* = 0. Let us define
Uy(2f k) = SN (2510, + 1) /(7 + 1) = 25 (2710, k) /¢ (3.19)

which is proportional to the partition function for walks that finish at z/ after beginning at 0

(by definition this implies it touches the surface x = 0 at least once), where

F=k—1. (3.20)
Using (3.15) we have
1—22
) — =\t T
Ui(z;5) = CT | (2 +2) Tt ] . (3.21)
Expanding the denominator in (3.21) gives
%(t—:t)
Un(w;7) = > F"CT (2 +3)'(1 - 22)2m+] (3.22)
m=0

However we note

Ui(2:0) = CT (2 +72)"(1 - 2%)2"]

= ¢ t 2 +x) [t
N (T) N (t‘§‘2> - t+x+2<t—2w> ; (3.23)

so that we can identify the coefficient

CT [(2 +2)!(1 — 22)22m+] (3.24)
of £ in the expansion (3.22) of U(x; k) as Us(x + 2m;0). Hence we can write

3(t—o)
2
U(a;k) = Y E™Up(z + 2m;0). (3.25)

m=0
The fact that the expansion of Uy(z; &) in the variable & has as its coefficients positive numbers
suggests they have a combinatorial interpretation. Indeed they can be interpreted in terms of
“terraced walks” [15].
We will use the function Uy (z; &) as the basis for our analysis of the behaviour of Z$.(k), the

partition function for walks that begin and end on the surface. We have from (3.19),

Z5 (k) = Z5.(0]0; k) = kUs(0;5 — 1) = & Z (k —1)"Usr(2m;0). (3.26)
m=0
with
1+2m 2r
Usr(2m;0) = —— . 3.27
20 (2m; 0) 'r—l-m—i-l(r—m) ( )

12



For Z8(k), the partition function for walks that start on the surface with the other end free (i.e.
summed over), we have
Z8 k) = ZZ (@ |0sk) =k Y U(alin—1). (3.28)
zf>0 zf>0

3.2 Single Chain with Both Ends Fixed, One End on the Surface: Recurrence

Relations and Critical Exponents

From inspection of (3.26) and (3.27) we see that U;(0; k) is a sum of hypergeometric terms and
the same can be seen for the more general U;(x; &) by inspecting the combination of (3.25) with

(3.23). Using Zeilberger’s algorithm [6] Ui(x; &) is found, for ¢ > z, to satisfy the recurrence

relation
(k — V)U(2; ) — k2Up_o(2; ) = —A(x; R) | (3.29)
where (wR) (-2 )
q\T; k) (U —2)q(T; K
Ay(x; k) = Up—o(x;0) @0) 2(EE)(HE)! (3.30)
with
q(z;R)=(x+ 1)t —x) — k(z —1)(t + x) (3.31)

and U (t; k) = 1. Equation (3.29) has a direct combinatorial derivation [15]. In Appendix 1 we
show that the equation
ur — G(r)u,—1 = H(r) (3.32)

has two solutions with the asymptotic form
Up ~ p'r? (3.33)

where the constant p may take values p; and ps with corresponding exponents ¢’ and ¢” obtained
from the expansions

/ /" "

Gmwmué+ﬁ+m)mdﬂmquywﬂ+%+ﬁmy (3.34)

In the case that p; = po it is shown that the critical exponent may take values ¢’ or ¢” + 1

normally depending on which of these values is greater. Now

Ay R) 4(t —2)(t — 3)qi(w; R)

Ap_o(x;R) - (t—2x)(t+z)g—2(x;R) (3.39)
and (2:7) . .
q2r\T; K
Gor (w5 R) H r O(ﬁ) . 1330
Since H(r) = As(x;R)/(k — 1) we find
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I gii | g1 | hui |

3 1 3 1

k<2 2| 72|72 | "2
k=2 2 -3 00| 3
k>2 | k/VE—1] 0 0 1 1

Table 2: Summary of the growth parameter and critical exponents for a single walk grafted to a
surface at one (subscript 1) or both (subscript 11) ends. The g exponents are associated with the
partition function and the h exponents with the first moment of the distribution of the number

of contacts.

It is interesting to note that to order 1/r the coefficients are independent of xk and = as expected
from universality but the order 1/r? term is a rational function of both of these variables. This
will also be true of all subsequent recurrence relations to be considered. Setting u, = Us,(z;R)
or Ug,y1(x; %), depending on whether z is even or odd, gives G(r) = k?/(k — 1) and the critical
parameters are therefore p; = £2/(k — 1),p2 = 4,¢/ = 0 and ¢” = —3. The value p; in the
regime x > 1 is convex having its minimum value 4 when x = 2. For k < 2, p; is decreasing and
since from its definition the partition function increases with s the asymptotic behaviour must
be governed by the bulk value p = po = 4 which is the same as when no wall is present and the
restriction to x > 0 just changes the exponent g from —% for a free walk fixed at both ends to —%
in agreement with Forrester’s formula (1.8) with p = 1. For k > 2, p; is an increasing function of
k and p = p; = k?/(k — 1) determines the asymptotic form with exponent g = 0 corresponding
to a bound phase in which the walk sticks close to the wall. The critical value x = 2 at which
this binding transition takes place corresponds to the second pole moving inside the contour in
the integral formulation of the previous section. When x = 2 the relation (3.29) has a particular

solution satisfying
4t(t — 1)
2 — 2

which together with U,(z;%) = 1 gives another route to (3.17). The solution U; = 2! of the

U(x;1) = Up—a(z;1). (3.38)

homogeneous equation is therefore not required in this case. From (3.38) it follows that the critical
exponent is g = —% which is equal to g” + 1. This is an exception to the rule found in Appendix
1 since the solution having the more dominant exponent ¢’ = 0 does not contribute. The other
special case is k = 1. In this case equation (3.29) gives the explicit formula U;(z;1) = —Asqa(x; 1)
having the bulk critical point and exponent. The exponents are summarised in Table 3.2 in the

column headed ¢;1.
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3.3 Single Chain: One End Free

We now consider the partition function,

ZP (@' k) = > 7 (2l ]2t k) (3.39)

zf>0
for walks of length ¢ with the beginning fixed at distance z’ from the wall and the other end free
to be at any value of 2/ > 0. The usual ‘free end’ partition function Z5 () = Z5.(0; &) is simply

a sub-case. Now using (3.9) we can write

Z3 (2t k) = S't(o) (") + 5’,5(1)(38"; k), (3.40)
where
=3 592t (3.41)
xf >0
and
= Z St(l)(acf|xi;/ﬁ) . (3.42)
2/ >0
Note that firstly
590y =0 (3.43)

and that further for * > 0 the asymptotic form of gt(o) (x%), which is the x = 0 solution, as
t — oo is either sub-dominant (for k > 2) or co-dominant (for k < 2) to Sgl)(xi; k). Hence we
shall examine §§1)(xi; ) more closely.

Let us choose ' = 2y to be even and t = 2r also to be even. Summing (3.18) over (even)

x/ = 2¢ and using (3.25) with definition (3.19) gives, using r — y = ¢,

q qg—m
S5 (2y;R) = (R+1) S F™ Y Us(2y + 2¢ + 2m; 0) (3.44)
m=0 /=0

and using (3.23) we find that the inner sum telescopes to give,
r—y
= 2r
S 2y k) = (R+1) > &™ . 3.45
Pewm = (T (3.45)

Application of Zeilberger’s algorithm gives the same recurrence relation (3.29) as when both ends

are fixed but with A;(z; k) replaced by

(2r — 2)!q2, (2y; k)
2(r —y)l(r+y—1)!

By (2y;E) = (K +1) (3.46)

with gor(2y; R) given by
Gr(2y; ) =2[r —y —K(r+y —1)] , (3.47)
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and 5'5})(21“; k) = 1+ k. The asymptotic form of go,(2y; %) is again given by (3.36) but now

Bor(2y;5) _ 2(r —1)(2r — 3)g2,(2y; F)
Byr—2(2y;k)  (r—y)(r+y—1)gor—2(2y;R)

(3.48)

The discussion of the previous section therefore applies to S’é,{)(Zy; k) except that now ¢” = —%
in agreement with the value obtained by setting p = 1 in the formula (1.8) for g;. Comparing
(3.35) and (3.48) we notice that when x = 2 and 2* = y = 0 the recurrence relation becomes the
same as for the chain with both ends attached to the wall but now the partition function is a
linear combination of both solutions. To satisfy the initial conditions each of the two solutions

has Up(0; k) = 1 and the partition function is sum of the resulting functions

r

. 2
W07 =1) =22 + < T). (3.49)

The critical exponent is therefore g = 0 since the bulk solution 22" is dominant. The exponents
are summarised in Table 3.2 in the column headed ¢;.
A simpler recurrence relation results if both z? and ¢ are allowed to vary with ¢ = % fixed:

now allowing ¢ and z* to be either both odd or both even, which implies that z/ is still even.

- . - . - : t—1
7S (k) — (1+7)SY (a8 — 1;8) = =S (2" — 1;0) = —(1 + &) ( A ) (3.50)
2

with the boundary condition S’t(l)(—t; k) = (1 4+ &)L, However this relation cannot yield the

required asymptotic form for t — oo with 2* fixed.

3.4 Single Chain: A Combinatorial Interpretation of xk = 2

Let Wt(l)(q:i,xf ) be the set of all walks, from z to 2/, having ¢ steps, which do not cross the
wall, but have at least one contact with the wall. The contribution of such walks to the partition
function is

St(l)(ajf]:ni; K)=kK Z kS, (3.51)

weWw (i zf)

where ¢ is the number of contacts of the walk w with the wall other than the last. When x = 2
each contact with the wall contributes a factor of two to the weight of the walk. Thus a given
walk with ¢ + 1 contacts will contribute 2¢ to the sum. Instead of considering the given walk as
contributing a weight 2¢ one can think of this as 2¢ walks each contributing weight one. How
are these 2¢ new walks constructed? For each contact, other than the last, there is a factor of
two, we can get two walks by counting the original configuration as well as the walk obtained
by reflecting the segment of the walk between the contact and the next one to the right in the
t—axis. This is easiest to explain by illustration - see figure 3. If this reflection procedure is

carried out for each subset of the wall contacts (excluding the last), then the resulting set of
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walk configurations is the set of all walks from x* — z/ with no wall but which visit z = 0 at
least once. The number of such walks is equal to the number of walks from —z* to 2/ and hence
we obtain (3.17). The k = 2 partition function for a chain which starts at z° = 0 and ends at any
2/ > 0 has a similar interpretation. For a configuration which ends at z/ > 0 the last & factor
may be replaced by reflecting the part of the chain between the last contact and the terminal
monomer. Configurations which terminate at the wall have an additional factor of x which will
not be included by the reflection procedure. The partition function is therefore the sum of the
number of chains with one free end and no wall i.e. 2!, and the number of chains which start
and end at 2! = 0 with no wall i.e. (tf2), which gives (3.49).

Physically we can interpret these results as corresponding to the wall becoming completely
transparent. This is somewhat analogous to what happens at the theta point of interacting
self-avoiding walks in three dimensions were the self-avoiding walk behaves rather like a random
walk [16]. Intriguingly, this value, k = 2 is also the weight generated by the appropriate kinetic
growth walk near a surface [17].

An alternative combinatorial interpretation of the k = 2 partition function when one end is
grafted to the wall follows by setting & = 1 in (3.25). The left hand side is the required partition
function giving weight one to the grafted monomer. The right hand side is the total number of
t step walks which start at distance z* and end anywhere on or above the wall, visiting the wall

at least once.

3.5 Single Chain: The Mean Number of Contacts.

The mean number of contacts for a vesicle was defined in the introduction as the ratio of
MY (27)0; k), given by equation (1.11), to the partition function. A similar definition holds

for a single chain.

3.5.1 Mean Contact Number of a Single Chain: Both Ends Fixed to the Surface.

When both ends are fixed M (2/|0; %) is obtained (noting (3.19)) by differentiating (3.25) with
respect to & and multiplying by x. We have done this for general z/ but only give the results

for 7 = 2 = 0 since the exponents turn out to be independent of 2/ as expected:

R (m + (r—1)(k — 2)2) Mg (k) — K> (n +r(k — 2)2) Ms. (k)
=~k (=34 F+3r—2Rr — &) (2r = 2)!/ri(r — 1! (3.52)

The values of the critical exponent hq1 of M; which follow from this recurrence relation are listed

in table 3.2. The expected number of contacts has critical exponent As = h11 — 911-
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3.5.2 Mean Contact Number of a Single Chain: One End Free.

The function M?(z%; k) for a chain with one end fixed at z’, that ends anywhere above or on
the wall, is given by differentiating the summand in (3.45) with respect to % and multiplying by
k. Note that gt(o) (2%) does not depend on k. With ¢t = 2r and 2! = 2y, applying Zeilberger’s

algorithm to the sum gives the recurrence relation
F(ry — (r—1)(k —2)) MS.(2y; ) — K2 (ky — 7(k — 2)) Map_o(2y; k)
_ 2 (TQ_Ty—_Q 1) (ky + (r — 1)(k — 2)). (3.53)
When x = 2 this reduces to

- ~ 2r —2
Mi(zy;2)—4M52<2y;2>—4< i ) (3.54)

and if further y = 0 we obtain the explicit form

~ 2r —1
MS(0;2) = 47‘( " ) (3.55)
T
Proceeding as in the case of the partition function we find for z* = 0, with M () = M (0; k),

MF ~ ptth (3.56)

where the values of h; are given in table 3.2. The expected number of contacts has critical
exponent As = h1 — g1, and satisfies AS = As = A,. This adsorption exponent also has the

same value as for the equivalent exponent in the case of vesicles (see Table 1), as expected.

3.6 Single Chain Scaling Form Near x = 2.

In the case of even ¢t = 2r and 2/ = 2y we consider Us,(2y; &) and the solution of (3.29) subject

to Usr(2r; k) = 1 may then be written in the form

1 T
Uar(2y; k) = ¥ "(1 — - E Ags(2y; R)w*™Y) (3.57)
s=y+1

where w = k/(k + 1)? = (k — 1)/k2. Noting that
Zs5.(2y]0; k) = KUz (2y; F) (3.58)

we can analyse the scaling behaviour of Z5. and Z$. via (3.28) and (3.26) respectively.

18



3.6.1 Single Chain Scaling Form: Both Ends Fixed to the Surface

Setting x = 0 in (3.30) gives A9, (0; k) = KC,_1 and hence the partition function for chains with
both ends grafted to the surface is given by

r—1
25 (k) = ww (1 % Y G, (3.59)
s=0

Now for k£ > 1 (that is, 0 < w < 1) w as a function of x passes through a maximum at x = 2
which is the value at which the polymer first sticks to the wall. It is a property of the Catalan

numbers that for |w| < %

s 1-+v1-4 —|k—2
St = w _ el —2) (3.60)
= 2w 2K
and hence ( )
. -2 e
75.(k) = 22 gk — 2 W' 61
5 () ——w 0k )+S§;:Cw (3.61)
The Catalan numbers have asymptotic form
48
CS ~ T3 as s - o0, (362)
mT282
which on substitution in (3.61), replacing the sum by an integral gives
78 (o) T2 g oy AT 1,3
Zs5. (k) W Ok —2)+ \/ﬁx(r log(4w), 2). (3.63)
where
o0 e_y(u_l)
x(y,n) :/ ——du. (3.64)
1 u

As k — 2, log(£) ~ $(x — 2)? and hence near the binding transition (x — 2 and ¢ — 00)

the partition function has the scaling form

25 (mye oSy, (3.65)
r2 2
where
~S 1 5 3 52
PP (2) = —=x(2%,=) +40(2)ze” . (3.66)

Integration by parts gives

3 1
X(227 7) =2- 222X(Z27 7) ’ (367)
2 2
and for z < 0 the substitution u2 = —v/z in the definition of y(z%, 1) gives
2 2 o0 2
~S z —v
z) = —&—+2ze° — e " dv
¢ (2) NG 7=l
2
= —+ 2zez2erfc(—z) . (3.68)

NG
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This form of $°(2) also gives the z > 0 branch correctly. Note that ¢°(2) is analytic for all z as
expected.

Now erfc(—o0) = 2,erfc(0) = 1 and (see [18]) for z — oo
1 3 15 1

2
thus
ﬁ for z — —o0
@5(2) ~ % +2z for z—0 (3.70)
4ze*’ for z— 0.

which gives values of g1 and p in agreement with table 3.2.

3.6.2 Single Chain Scaling Form: One Free End

In the case of chains of length 27 which terminate at any even value of z/ = 2¢ > 0, if the initial
monomer is grafted to the surface then setting 2° = 0 in (3.46) gives Bo,.(0; &) = (k—7(k—1))Cr_1.
Substituting in (3.57) gives

r—1
28 () = rw (1 — % 3" Gl — (5 — 2)s)w ) 3.71)
s=0
and using (3.60)
25 (k) = K" 0(k — 2) + % 31— (5= 2))e" (3.72)

where the step function is defined such that #(0) = 1. Proceeding as in the previous section we

see that near the binding transition the free energy has the scaling form

78 (k)s 4’"¢5((”2_2)r%) , (3.73)

where
FC) = () + (e (3.74)
= ezzerfc(—z). (3.75)

Using the above properties of erfc gives values of g1 in agreement with table 3.2.
Equations (3.68) and (3.75) are similar to those of Eisenreigler et. al. [10] for an undirected
polymer interacting with a wall. The form (3.75) is identical to that calculated for the partially-

directed partition function scaling form [19], as one expects from universality.
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4 Vesicles near an Attractive Wall.

4.1 Constant Term Formula for the Two Chain Partition Function.

We now derive a constant term formula for the partition function of two chains. The formula will
“automatically” produce both the method of images involution and the Gessel-Viennot involution
for non-intersecting chains [20]. We must solve equations (2.8) to (2.10), to do this we try the
Ansatz
ZT (x|x% k) = Qu(x; k) = A(ky, ko) Z z Z A 511’52 exp(ieqs, k121 + ieg, kaxa), (4.1)
e1=xleg=x1l0€eP,
where 0 = (01,02), and P, = {(1,2),(2,1)} (we use the vector notation x = (x1,x2)). This
satisfies (2.8) if
Ak, k2) = M, Aj = exp(ik;) + exp(—ik;). (4.2)

Equation (2.9) is satisfied provided

(1,2)

A(€17€2)
G0 = -1, (4.3)
(e1,62)

(12)
(h22) - S(exp(iky)) (4.4)

S0 = S(exp(ika)) (4.5)

where S(z) is defined by (3.2). Thus we have the general solution
Z] (x|x'; k) = Ty(x; k) :/ / B(ky, ko) A(k1, k2)' F(k1, ko) dkydks (4.6)
0o Jo
where
.7:(/431, I{ZQ) = exp(ik:lxl + ’ikgfL‘Q) + S(exp(ikzl)) exp(—ik‘l:pl + ikgﬂ?g)
—exp(ikoxy + ik1z2) — S(exp(iky)) exp(—ikaoxy + ik1z2)
+S(exp(ik1))S(exp(iks)) exp(—ikixy — ikaxa)
exp(iksy)) exp(ikiz1 — ikox2)

+5(
—S(exp(ik1))S(exp(ika)) exp(—ikoxr — ikix2)
—S(exp(iky)) exp(ikoxy — ikyz2) . (4.7)

Once again we choose B(k1, k2) as 1/27 times the complex conjugate of F(ky, k2). This gives an
integrand with 64 terms. As in the case for a single chain the number of terms can be reduced,

resulting in an integral over only eight terms. Thus we obtain the result,

T (o ln A\ Syt 2l i
Z! (x|x";k) = CT | (21 + Z1)" (22 + Z2) 21 ' 292 D (21, 22; 27, 25) | (4.8)
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where

i _al_ad zt_a _al ab

D(z1, 29527, 24) = Z 22 + S(21)2,'25% + S(22)Z1" 25 +S(z1)8(z2)zl z2
9527 1 xé,x”i ,a:é xi

—Z1°Zy" — S(21)2,%%5" — S(22)%% 25 —S(Zl)S(ZQ)Zl zQ .

(4.9)

and z; = e with Z; = 1/z;. Each term can be interpreted diagrammatically as shown in figure

4. Combining the terms as illustrated in the figure leads to the determinantal form

_ai i _ai o
o Zit +S8(21)z Z12+ S5(z1)z
D(z1, 2052, 2%) = | "L, (1) TR (1) Lol (4.10)
If we generate on t then, with G7 (x/|x%;u, k) = >0 24 T (x|x%; k)ut, we get
, f . D
67 (s, ) = O |41 o33 DG zaiah, 2d) (4.11)
1-— u(zl + Zl)(ZQ —+ 2’2)

4.2 Explicit Form of the Partition Function for Vesicles Grafted to a Wall.

As a first step to finding the partition function for vesicles with one or both ends attached to
the wall we set 2} = 0 and z, = 2 in the formulae of the previous section. The determinant in
(4.10) may then be evaluated to give a simple generalisation of the constant term formula for a
single chain attached to the wall. As in the case of the one chain problem we also remove a factor
of k, which is always present for vesicles attached to the wall. Defining a specialised partition
function by

Ut(x{,xg; R)= /{_IZZ'(${,m£|O,2; K) (4.12)
gives

Ui(x1,z9; k) = CT [AﬁA;D(Z]_)D(ZQ)(Z% — 22)(Z — 2) 25 2} , (4.13)

where D(z) is given by (3.16) and A; = z; +Z;. Expanding the denominators in D(z1) and D(z2)
shows that Uy(z1, x2; k) may be expressed in powers of & with the coefficients determined by the

“k =17 solution.
o0 oo
Ui(z1,z9;R) = Z Z KUy (21 + 2m, 29 + 2n;0) . (4.14)
m=0n=0

For a vesicle we write x = x1 = z9 — 2 and separating the m = 0 term the partition function

may be written in the equivalent form

U(z,x + 2;R) = Z/{ Ui(z,x + 2n + 2;0) +Z Z R U (@ 4 2my 2+ 2050) , (4.15)

m=0n’'=0

where Uy(x1,x2; %) is defined in terms of the constant term formula (4.13).
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If we formally extend the definition of U(x,x + 2; k) to x1 > x2 using (4.13) then it follows
that U(z1,x2; k) = —Ui(x2, 21; K). Using this shows that the second summation in (4.15) is zero

and thus we obtain the final result

oo
Uz, x + 2;8) = > F"Up(z,2 + 2n + 2;0). (4.16)
n=0
The general vesicle partition function is

Z¥(@ly; k) = Z] (w0 + 2]y, y + 25 K) (4.17)

Hence the partition function for vesicles started at the surface and finishing at some height is

ZY (x)0; k) = Z] (z,2 +2|0,2; k) = kUs(x, x4+ 2; &) . (4.18)
Also, we have
ZY (k) = 2)(0)0; k) = 2] (0,2(0,2; 8) = KU (0,2; &) . (4.19)
Further
ZYX (k) =Y 2V (alysk) = > Z] (w2 + 20y, y + 2 K) (4.20)
>0 x>0
and so

ZY (k) = ZY (0;k) = ZZV z|0; k) = ZZtT(x,x—i—2|0,2;m):HZUt(x,x+2;R). (4.21)
>0 >0 >0

Notice that the sum in (4.16) is finite since the summand vanishes for = + 2n > ¢. To

determine the summand in (4.16) we set = = 0 in (4.13) to obtain the constant term form
Ui(w1,2;0) = CT [A{AS(1 = 2D)(1 = 23) (s} — 23)(2F — 23)21 2527 (4.22)

Taking the constant term after expanding the brackets gives a sum of sixteen products of binomial

coefficients which simplifies to

Rl e D (1))

U, :0) =
t(@1,220) (t+ D) +2)(t+3) o g )\ a2 o

which together with (4.16) gives formula (1.1) for ZY(z|0; k). For vesicles of even length t = 2r
ending anywhere the partition function Z}.(k) may be found by summing (4.16) over even values
of z from 0 to 2r. With the aid of Zeilberger’s algorithm this gives,

er wC, Z n+1 <2r + 2) . (4.24)

r+1\r—n

where C, is defined by (1.3), which is equation (1.2). Similarly, for vesicles of odd length,

summing (4.16) over odd values of z from 1 to 2r + 1 gives

n+1(2r+2)\_
Zyy 1 (k) = KCria Z T (r B n>ffn : (4.25)
We note that the above, together with (3.26), shows the following relations
, Crit , C, .
Z%}H_l(/{) = %Z%i(ﬁ) and Zy (k) = ?TZ%_FQ(@. (4.26)
T
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4.3 Recurrence Relations and Critical Exponents for Vesicles Grafted to a
Wall

As in the case of a single walk the critical exponents are most easily found from recurrence
relations. From equations (4.16) and (4.23) we see that U(x, z+2; k) is a sum of hypergeometric

terms and Zeilberger’s algorithm may therefore be used to find its recurrence relation. We find
R(r+2)(g(r) +7h(K) Uz (0,2; k) — 26%(2r — 1) (g (k) + h(k) (1 +7))Usr—2(0,2; k) = —k B, (4.27)

where
9(k) = K* + 2k — 2, h(k) = (k—2)? (4.28)

and
4(2r —1)?
(r+1)2

with By = 6 and Uy(0, 2; k) = 1. This may be written in the form (1.5) quoted in the introduction.

B, = B, 1 =6C?, (4.29)
In the notation of Appendix 1,

Glr) = 2k2(2r — 1)(g(k) + (r + 1)h(x) — (1 3 N 0(1)> ’ (4.30)

R(r+2)(g(k) + rh(k)) 2r r2
where p; = 4x%/k. The corresponding exponent g’ = —%. Also
H(r) 4(2r = 1)% (g(r) + (r — 1h(r)) ( 5 1 )
= =16(1--+0(=) |, 4.31
H(r—1) (r+1)(r+2)(g9(k) +rh(k)) r (7“2) (4.31)
so that po = 16 and ¢’ = —5. Similarly, for vesicles with one end free, we find the recurrence
relation for
Vo(R) = Zy(k+ 1)/ (R + 1)C) = Z3 3 (R + 1)/ [(R + 1)Crpi] (4.32)
to be
RV (R) — (14 R)2V, 1 (R) = —Cy (4.33)
and so
Rr+1)Z0(k) — 20+ &)2(2r — 1) ZY._o(k) = —(k + 1) A% . (4.34)
Here A" = (r + 1)C? and hence
4(2r — 1)?
AE’U@TL — AC’UGTL' 4'35
" r(r4+1) ! (4.35)

This result may be rearranged to give equation (1.5) with g(k) = h(x) = 1. Similarly,
R(r+2)Z% (k) — 20+ R)2(2r + 1) ZY 1 (k) = —(F + 1) A% | (4.36)

where A% = (r + 2)C,C,4 1 and hence

42r+1)(2r —1)
(r+1)2

Aodd — Aodd (4.37)
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This result is similar to but not exactly of the form (1.5). The asymptotic form of the solution

in the case of vesicles of even length is determined by

/432 T —
Geven(p) — 2/4((7”2+1)1) s (1 - % + 0(:2)) , (4.38)

which is asymptotically the same as when both ends are fixed, and

He"(r) 4(2r —1)? 3 1
= =16(1—--+0(—= 4.39
Heven(r — 1) (r+1)2 ( r * (r2)) ’ (4.39)
so that again ps = 16 but g’ = —3. For vesicles of odd length the relevant ratios are
2k2(2r + 1) Hedd(r) 4(2r +1)(2r — 1)
Godd () — d = 4.40
") ==+ M Feddr —1) T T (r+D)(r+2) (4.40)

which have the same asymptotic forms as in the even case. Using the same argument as for a
single chain the asymptotic form of the partition functions is determined by ps for x < 2 and p;
for k > 2 so that again the binding transition is at Kk = 2. In the case k < 2 the exponents agree
with the k = 1 result of equation (1.8).

When & = 2 and z/ = 0, that is we try a solution for Z}.(2) = 2u,, the solutions of the

inhomogeneous and homogeneous equations may be seen to satisfy the relations

and u® = 8(2r — 1)u(2

(1) _ 4(27‘ — 1)(27" + ].) (1 _ N
T )

T T ) (rr2)

(4.41)

respectively. Only the first of these solutions is required to match the coefficients and has p = 16
and g = —3 which is not equal to ¢” + 1 due to the vanishing of h(x) at the transition point.
Similarly for vesicles with one end free and x = 2, that is, we try a solution for ZY.(2) = 2v,, the

coefficients are generated by the first of the two solutions satisfying the relations

42r—1)(2r+1) 8(2r—1) (2
oM = 1 1) vfn,)l and v® = ﬁv,(,,)l ) (4.42)
and hence the asymptotic form of v, has parameters p = 16 and g = —2 which this time is equal

to ¢ + 1. The critical exponents are summarised in table 1.

We noted that when x = 1 or 2, vesicles which start and end at the wall satisfy first order
recurrence relations. We now give the generalisation of these relations to vesicles which terminate
at arbitrary fixed zf:

16(t — 1)t(t +1)(t +2)
(t—azh)(t —af +2)(t+xf +4)(t + 2/ +6)

Z) (2710;1) = ZY o (x710:1) . (4.43)

In both cases Z) (2f|0; 1) is zero for t < x/ which is consistent with the zeros of the denominator.

The critical points and exponents are independent of z7.
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4.4 Vesicles: The Mean Number of Contacts.
4.4.1 The Mean Number of Contacts of Vesicles: One End free.
Differentiating (1.2) with respect to logk gives MtV (k), and applying Zeilberger’s algorithm to
the resulting sum gives

R(r+1) (24 (r — 1)k — 2)2) ME(k) — 262(2r — 1) (24 1k — 2)%) MYy (k) =

4/@(1—%?“(5—2))%’

(4.44)

which, applying the analysis of appendix A, yields critical exponents which give rise to the values
of A in Table 1.

4.4.2 The Mean Number of Contacts of Vesicles: Both Ends Fixed to the Surface.

The same procedure applied to (1.1) with z = 0 gives the rather more complicated expression
R(r+2) (8 — 22k + 18k% — k% — k* + 3r(k — 2)%(3k — 2) 4+ r2(k — 2)4) MY.(r)—
26%(2r — 1) (6K + 7(k — 2)2(2 + & + 26%) + 12 (k — 2)Y) MY _5(k) = (4.45)
126H(r) (8 + 2k — r(4 4+ Tk — 6k2) + 172(k — 2)(2 + 3K)) ,

where 2 Y
2r)1(2r — 1)!
H(r) = . 4.46
") = o)+ i+ )1 (4.46)
When k = 2 this simplifies to
~p 2r—1 -~y
MQT‘(2) — 8mM2T_2<2) = 12H(T) . (447)

The critical exponents derived from these equations give the same values of Ag as when one end
of the vesicle is free. Similar equations may be obtained for > 0 but this would not be expected

to change the critical behaviour by analogy with the single chain calculations.

4.5 Vesicles: Scaling Form Near s = 2.

We first consider the free energy of vesicles with one free end. The scaling form of Z%)r(/{) may

be derived from that of Z$.(k) since solving (4.33) we find

. 1 «
Z3 (k) =k Crw (1 — - > Cow®) (4.48)
s=1
which on comparison with (3.59) shows that
, C, -
Zyy(K) = == Ziy 15(k) . (4.49)

and this agrees with the previously noted relation (4.26). Combining (4.49), (3.65) and (3.62)

gives the scaling form
6" v

1
rr? 14

26

(k= 2)
2

ZY (k) 2 ( rz), (4.50)



where @Y = ¢®and using (3.66) gives values of g; in agreement with table 1.

Using Z/%)TH(/@) = “’1 Z2T+2( k) gives the same scaling form for Z,QVTH(F;) and hence we have
the general form (1.13) Wlth @Y replaced by Y of equation (1.15). The asymptotic form given
n (1.15) follows from (3.70).

To find the partition function when both ends are grafted to the surface we substitute

_ 2w "(g(k) + (r + Dh())Cr

2l = 0 gl + b)) (#51)
into (4.27) and solving the resulting difference equation gives
3K " Csw?
url) = 1= o) b)) 2 (o R (g e) + (5 DAGR)
IR T T (9(5) + h(s)) Coe®
= E T 2 G sk + s+ ORGP

Following the analysis for a single walker this leads to the following scaling form near the binding

transition,
N 16" ., (k—2) 1
ZAGE wv(( 5 )13y, (4.53)
where for z <0 ,
N o 22 2 6 /OO eiuz
= 3+22%)— d 4.54
G )7r 1 ud/2(3 + 2uz?)? " (4.54)
and substituting u!/2 = —v/z gives
122 eV
SV
= 2z —————d 4.
2(2) e+ [ G (4.55)
_ 4(1 + 2?) n e?’ 2(6 + 422)erfe(—2) ’ (4.56)

T VLS
which provides the continuation to z > 0. Using the properties of the erfc function, equation

(3.69) and before, gives the asymptotic forms

%% for z — —
@Y (2) ~ % + % for z—0 (4.57)
22
82\3/% for z — o0,

which is in agreement with the form (1.13) quoted in the introduction. These forms also confirm

the critical exponents in table 1 which we previously obtained from the recurrence relation.
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A Critical exponents from Recurrence Relations
The recurrence relations which arise in this paper are of the form
f(r)ur — g(r)ur—1 = h(r) (A1)

which we rewrite as

Uy — G(r)up—1 = H(r) (A.2)

or as the equivalent second order relation

H{(r) H(r)
r— ———— U1 + —=<G(r — 1)u,_2 = 0. A.
¢ (G(THH(T—U)“ VEE e T D2 =0 (A.3)
Here G(r) = g(r)/f(r) and H(r) = h(r)/f(r) are rational functions which may be expanded to
give the asymptotic forms
g/ h/ g// "
G(r)fvpl(l—l—?—l—ﬁ—k...) and H(r)/H(r—l)~p2(1+7+ﬁ...). (A.4)

We seek solutions having the asymptotic form u, ~ p"r9. Substitution in (A.3) and expanding

the coefficients to order 1/r% gives

p> = p(p191(r) + pacda(r)) + p1paib(r) =0 (A.5)
where h ( 1)
i— — 99i +9lg -
¢i(r)~1+grg 99i r299 ¥ (A.6)

with g1 :== ¢/, g2 := ¢”, h1 := I/, hy := h" and

g +9"—2g N g+N+h +29(g—-1)+ 99" —29(9' + 9")
2
T T

P(r) ~1+ +... (A.7)

Equating the constant terms in (A.5) gives a quadratic in p having roots p; and ps. Setting p = p;
in the coefficient of 1/r gives (p1 — p2)(g — ¢i) = 0. If p1 # pa then the exponent corresponding
to p; is g;. On the other hand, if the roots are equal then the coefficient of 1/r is automatically
zero and equating the coefficient of 1/72 to zero gives a quadratic for g having solutions g = ¢’
and g = ¢ + 1 and the asymptotic form of u, will be governed by the larger of these two values.

Notice that A’ and A" cancel out at this order.

B The partition function for a chain with both ends fixed.
The grand partition function corresponding to Z{ (2f|x%; k) is defined by

GS(xf |2 u, k) = ZZt (z)2%; k) (B.1)

t>0
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Substituting from (3.4 ) the summation over ¢ may be removed at the expense of introducing a
factor 1 —2u cos(k) into the denominator and hence a set of poles parallel to the real k axis. The

only contribution to the integral comes from the one at

1 1
k= —il h = — — —1—4u? Bulk pol B.2
ilog(\) where A 50 2w U (Bulk pole) (B.2)

and is the root of A2 — w~'A\ + 1 = 0 which is less than one. Note, the position of this pole does
not depend on x. To evaluate the contour integral there are once again two cases depending on
whether or not the binding pole is inside or outside the contour. However, in both cases exactly
the same result

A [y, (5= 1= 22

G (|t m) = iy L P Sy

(B.3)

is obtained. This may be written as the sum of the partition function for chains which avoid the
wall and those which have at least one contact, and making the substitution A\> = «~'A — 1 in

part of the expression we find

TR s I

GS f1oad,,. — .
(@' u; k) 1— )2 +1—mu)\

(B.4)

Notice that the denominator of the first part cancels to leave a polynomial in A. A further form
which shows that k = 2 is a special value is
)\|xi—xf| o )\x’#—xf ,{I)\xi-"-mf

Sy S )
G7(z7]a" ui k) 1—2uA +1—/£u)\

(B.5)

since when k = 2 the denominators coincide. To determine the critical exponents we substitute

explicitly for A in the denominators and find

Azi=af| _ yattat N %K(H -2+ kKkV1— 4u2))\zi+xf
V1 — 4u? (k — 1) — K2u? ’

From (B.6) it can be seen that for k < 2, G¥(2f|z%;u, k) has a singularity at the bulk critical

GS (&' |2t u, k) =

(B.6)

point u = % with exponent 11 = —% except at kK = 2 when 11 = % For k > 2 there is a second
singularity at
k—1
u=uc(k) = (B.7)
K

corresponding to the surface transition which has exponent 11 = 1 and occurs before the bulk

transition. At k = 2, G (x/|2%;u, k) reduces to the simple form

)\|xifxf| + )\m“r:rf

V1 —4u?

GS (2 |2t u,2) = (B.8)
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C Partition function and critical exponents for chains with one

end free.

If one end of the chain is fixed at 2z and the other is allowed to be at any zf > 0 the relevant

partition function GS(z%; u, k) is obtained by summing (B.6) over z/ from 0 to co. Now

X A" X wimal|  yaigary (L)1 = A7)
Z A\® +af _ and Z ()\\:p x| _ 2Ttz ) = (Cl)
xf=0 1-A xf=0 1-A
and hence
L et RN (k= 14 k) (1= 2u) 4 (k — 1 — ku)V/1 — 4u?
GS (2% u, k) = L=A + [ } (C.2)
1—2u 2(1 —2u)((k — 1) — K2u?2)

The critical curve is the same as when the end is fixed and the exponent ; at the binding
transition k > 2 is the same as with both ends fixed. However for x < 2 the exponent is now

v = % At k =2, G5(0;u,2) takes on the simple form

N 1 1
GS(0;u,2) = — t N (C.3)

and the dominant exponent is y; = 1.
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Figure 1: Two non-intersecting directed walks above a wall (left) and (right) a vesicle made by
adding two pairs of steps (grey) to two non-intersecting walks starting and ending a distance two

apart.
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Figure 2: The contour and pole structure in the complex k-plane, used to evaluate the integral

(3.4).
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Figure 3: The figure shows an example of one configuration of weight 2% and the corresponding

set of 4 walks, each of weight one, obtained by reflecting segments of the walk between surface

contacts.
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Figure 4: a) All eight terms of the constant term formula for vesicles — each horizontal line
represents a directed walk with no constraints. b) Pairs of terms can be combined and interpreted
as one walker not going below the wall — this is the method of images involution. c¢) All eight
terms can be combined into two terms (of two factors each — each of which represents a walker not

going below the wall) — these two terms give correspond the the determinant for non-intersecting

walkers.
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