EXACT WAVE FUNCTIONS IN SUPERCONDUCTIVITY

Finally, we should like to calculate the lowest-order
correction to the energy. We recall

p)=exp]o| 565 _%)]}

aS 135
=exp(-..w—_.+... ,

dy 2ndy? (A.17)

and

1 1
o(r+-)=emls] s(5+-) =500
# n
as 1 8:S
=exp __..—{—-.___}._; .. )'
3y 2ndy?
Define

expdS/dy=g(y)=g(y), (A.18)

and to order n72,

(1625) (1 al ()) (A.19)
expf —— }=exp{——1In s .
P 2n 3y* P 2n 8y i

where g(y) is given in Egs. (A.15) and (A.16).
With these substitutions, the primitive equation
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becomes

143 | " b
(aeprg ng(y)])g (5)—262(y)

+ (c exp[% j_y lng(y)]) =0, (A.20)

and if we note that both a and ¢ are proportioned to
the interaction v, we see that the interactions off the
energy shell have been increased from a strength » to
an effective strength

19 19
f=v exp[z 5 lng(y)]zv[l-l-é;é; lng(y)], (A.21)

which is greater than v because, in the important
region near Yo,

(d/dy) Ing(y)>0, y=yo. (A.22)

Consequently, the ground-state energy divided by the
number of particles actually must increase as the
volume is decreased (always at fixed density). For
#>>1, this correction is quite negligible, and it always
vanishes in the strong-coupling limit (in which g(y)=1,
8/8y[Ing(y)]=0). In the weak-coupling limit, or for
the one-step model, this correction has the effect of
slightly increasing the critical temperature for very
small volume crystals.
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The problem of cluster size distribution and percolation on a regular lattice or graph of bonds and sites
is reviewed and its applications to dilute ferromagnetism, polymer gelation, etc., briefly discussed. The
cluster size and percolation problems are then solved exactly for Bethe lattices (infinite homogeneous Cayley
trees) and for a wide class of pseudolattices derived by replacing the bonds and/or sites of a Bethe lattice
by arbitrary finite subgraphs. Explicit expressions are given for the critical probability (density), for the
mean cluster size, and for the density of infinite clusters. The nature of the critical anomalies is shown to
be the same for all lattices discussed ; in particular, the density of infinite clusters vanishes as R(p)~C (p—pe)

(22 po)-

I. INTRODUCTION

ECENTLY Domb' has drawn attention to the
problem of determining the distribution of cluster

sizes for particles distributed in a medium in accordance
with a statistical law. In the simplest case, the particles
occupy at random the sites of a lattice (or, more

1 C, Domb, Conference on ‘‘Fluctuation phenomena and sto-
chastic processes” at Birkbeck College, London, March 1959;
Nature 184, 509 (1959).

generally, the vertices of a linear graph). Each site can
accommodate one (and only one) particle and is
occupied with a constant probability p. A group of
particles which can be linked together by nearest-
neighbor bonds from one occupied lattice site to an
adjacent occupied site are said to form a cluster. The
main theoretical task is to evaluate the mean cluster
size and higher moments of the distribution as functions
of the density (or concentration) of the particles, this
being measured by the probability p.
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The problem has applications in various physical
contexts, the distribution of grain size in sands and in
photographic emulsions,? the behavior of dilute ferro-
magnets®* and other diluted cooperative assemblies, the
vulcanization of rubber and the formation of crosslinked
polymer gels,® the clustering of impurities and defects
in crystals, etc.

An alternative version of the problem is to consider
the occupation of the bonds of a lattice (or linear
graph). Each bond can be occupied with probability ;
occupied bonds which meet at a lattice site are con-
sidered as linked together in a cluster. In this form, the
cluster size problem is very closely related to the per-
colation processes introduced by Broadbent and Ham-
mersley®7? and since discussed by Hammersley®? and
Harris. ™ In fact, if for ““occupied” one reads “open” and
for “unoccupied” reads “closed,” a lattice with particles
distributed on bonds becomes a randomly dammed maze
such as considered by Broadbent and Hammersley. The
flow of fluid through such a maze constitutes a perco-~
lation process and serves as a model for the diffusion of
gas molecules through a porous solid, the spread of
disease in an orchard, etc.® Interest centers on deter-
mining the subsequent distribution of fluid and the
number of wetted “atoms” (i.e., sites). Clearly, a
similar transposition can be made when sites rather
than bonds are occupied. We shall refer to the two

versions of the general problem as the site problem and -

the bond problem, respectively.

One of the interesting features of these problems is
the existence of a critical probability p. above which
unbounded clusters of infinite size are formed in the
lattice with a definite density. This phenomenon has
significant physical implications. Thus, in a dilute fer-
romagnetic system, p, represents the minimum concen-
tration of ferromagnetic atoms necessary before long-
range order can set in, and so marks the limit of the
cooperative phase transition.®* When p=p, the ferro-
magnetic Curie point occurs at zero temperature. When
considering the gelation of polymers, p. is proportional
to the minimum number of crosslinks per molecule
needed to ensure gel formation. The probability of a
particle belonging to an infinite cluster then measures
the gel fraction of polymer in relation to the sol fraction
(finite clusters). For percolation processes, the forma-
tion of infinite clusters implies that the medium attains

2F. Kottler, J. Franklin Inst. 250, 339, 419 (1950); J. Phys.
Chem. 56, 442 (1952).

3 H. Sato, A. Arrott, and R. Kikuchi, J. Phys. Chem. Solids 10,
19 (1959).

4R. J. Elliott, B. R. Heap, D. J. Morgan, and G. S. Rushbrooke,
Phys. Rev. Letters 5, 366 (1960).

5 P. J. Flory, Principles of Polymer Chemistry (Cornell Univer-
sity Press, Ithaca, New York, 1953), Chap. 9.

¢S. R. Broadbent and J. M. Hammersley, Proc. Cambridge
Phil. Soc. 53, 629 (1957).

7 J. M. Hammersley, Proc. Cambridge Phil. Soc. 53, 642 (1957).

8 J. M. Hammersley, Ann. Math. Stat. 28, 790 (1957).

® J. M. Hammersley, Proc. 87th Intern. Collog., “Probabilités et
ses Applications” (Paris, 1959), p. 17.

1T, E. Harris, Proc. Cambridge Phil. Soc. 56, 13 (1960).
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a finite (nonzero) permeabillty so that fluid will per-
colate indefinitely away from a source instead of being
confined to the local neighborhood of the source. If the
probability of cross infection in the spread of a disease
exceeds the critical value, an epidemic occurs.

Bounds to the critical probability for various lattices
have been obtained by Hammersley’™® and Harris,
but Domb has shown how $, can be estimated directly
from knowledge of the cluster size distributions.! For
most physical applications, furthermore, it is useful to
have more detailed information on the size distribution.
In particular, the mean cluster size and the density of
infinite clusters are expected to exhibit singularities at
p=p. and consequently the behavior in the critical
region is of considerable interest. Progress in the solu-
tion of these problems can be made by studying series
expansions based on the enumeration of lattice con-
figurations.! Unfortunately for the lattices of principal
interest, the standard plane and three-dimensional
lattices, it seems to be rather difficult to formulate a
direct theoretical approach leading to solutions in closed
form. Appreciable insight can be obtained, however, by
examining pseudolattices such as the Betke lattices"
(1.e., infinite homogeneous Cayley trees) and, for ex-
ample, the various (triangular) cacts illustrated in Fig.
1.

As we show in this note, the cluster size problem can
be solved exactly and in full detail for a wide class of
pseudolattices of this general type. The relation be-
tween the behavior of these pseudolattices and that
of the normal space lattices is quite closely analogous
to that between the results of approximations like that
of Bethe and of Rushbrooke and Scoins' and the con-
sequences of the exact treatment of order-disorder phe-
nomena on the corresponding lattices. Furthermore, the
exact results for the Bethe lattices are useful in obtain-
ing the series expansions for the normal lattices since
only relatively few configurational corrections have to
be made.’® One might also hope, by examining the form
of the exact solutions for various pseudolattices which
allow only a limited number of closed configurations
(subgraphs), to discover a general development analo-
gous to that of Yvon for the order-disorder problem.
As yet, however, we have not been able to achieve this.

The theory for pseudolattices is developed in the
remainder of this paper. The general approach via
generating functions is outlined in Sec. IT. In the fol-
lowing section, the generating functions for the Bethe
lattices are derived. Some of these results have been
obtained previously in the special context of polymer
gelation by Flory,’ and the theory is related to known
results in the theory of branching processes (multi-
plicative or cascade processes). In Sec. IV, the gener-

11 C. Domb, Advances in Phys. 9 (1960), see pp. 283-284.

12 F. Harary and G. E. Uhlenbeck, Proc. Natl, Acad. Sci. U. S.
39, 315 (1953).

18 M. F. Sykes (private communication, to be published).

“T. E. Harris, Ann. Math. Stat. 19, 474 (1948).

Downloaded 20 Apr 2008 to 134.219.176.140. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



SOME CLUSTER SIZE AND

@

Fi1c. 1. Various simple pseudolattices: (a) Bethe lattice of
coordination number o--1=4, (b) simple (triangular) cactus of
coordination number 4, (c) expanded cactus of coordination
number 3.

ating functions are inverted to yield explicit formulas
for the number of Cayley trees on a Bethe lattice and
hence, for the other configurational coefficients. We then
show how the generating functions can be modified to
cover the ‘“decoration” of each bond of a Bethe lattice
by an arbitrary finite “bond-graph.” In Sec. VI a
similar procedure is carried through for the case where,
in addition, the sites of a Bethe lattice (of coordination
number ¢4-1=23) are also replaced by a specified “site-

graph.” This enables us, for example, to give explicit’

expressions for the mean cluster size and density of
infinite clusters for the bond and site problems on the
triangular cacti shown in Fig. 1. Other transformations
and the possibility of generalizing the site decoration
theory to ¢ 3 are discussed in Secs. VII and VIII. The
variation of the mean cluster size and other properties
in the critical region are found to have the same analytic
form for all lattices derived from the Bethe lattice,
although the standard plane and three-dimensional
lattices are expected to exhibit singularities of a different
type.
II. GENERATING FUNCTIONS

Following Domb,! we approach the site problem on a
general lattice by asking for the probability that a
given site chosen at random is occupied by a particle
belonging to a cluster of exactly s particles. For ex-
ample, the probability of a given site belonging to a
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one cluster (isolated particle) is the probability that the
chosen site is occupied times the probability that all
the nearest-neighbor sites are unoccupied. For a lattice
of coordination number o1, this is just p,=pg™H
where g=1—p. More generally, if a,; is the number of
distinct clusters of size s and perimeler ¢ which contain
the given laitice site (the perimeter being the minimum
number of unoccupied sites required to isolate the
cluster), then the probability of a site belonging to such

a cluster is
?st=aetpsqt- (1)

Complete information on the cluster size distribution
is thus contained in the generating function

A4 (x;y) = Zs,t QXYY (2)

where the sum is over all possible clusters of finite size
and perimeter that can occur on the lattice. In par-
ticular, the total probability that a site belongs to a

finite cluster is
F(p)=A4(p,9)-

For small enough p, infinite clusters will be absent and
F(p) is merely the probability that the @ site is occupied.
Consequently, we obtain the basic identity

F(p)=A(pg)=p for p<p.. 3)

On the other hand, for particle densities greater than
the critical density, infinite clusters will spread through
the lattice and the probability that a site belongs to an
infinite cluster will be

R(p)=p—A(p,9)- &)

The vanishing of R(p) defines the critical probability p..
The mean size density of clusters at a site is defined by

()=20, SPaty ©)

(s)=[x04/ 2 — (6)

This relation holds for all p, but above #. it represents
the mean size of finife clusters only. Accordingly, it is
convenient to normalize (s) by dividing by the prob-
ability F(p) that a site belongs to a finite cluster.
[Below p. this is just equal to p, but above p, one must
use A(p,q).] Thus,

and so

S(p)=[%(3/8x) In4 (%,9) Jowp.v=0; )
which for p<p. reduces simply to
S(P)=[04/0%]empyma (2<po)- (®)

The mean cluster size will exhibit a sharp maximum
at p=p. and this may be used to define the critical
point. For all the pseudolattices which are soluble, the
maximum in S(p) is an infinite singularity and most
probably this is generally true.

Higher moments of the cluster size distribution can
be calculated by further differentiation of A4 (x,y) with
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respect to x. Differentiation with respect to y yields
moments of the perimeter distribution. Individual
cluster contributions may be found by picking out the
coefficients of the appropriate powers of ¥ and y.

We remark parenthetically that S(p) represents a
“weight average’ rather than a “number average,” i.e.,
if there are n, clusters of size s in the lattice, then
S(p)=2_ s(sns)/> sns. For some purposes the number
average size So(p)=2_ sn,/2 n, may be of interest.
This can be calculated from So(p) =[x(8/0%x) InK (x,y)]
with x=p and y=g¢, where K (x,y) is defined below. For
pseudolattices it is found that So(p) remains finite and
continuous at p= p. but has a sharp peak as a result of
a discontinuous change in the sign of the gradient.

For theoretical purposes, the configurational gener-
ating function

K(xy)=2sksex®y ©)
is more convenient than 4 (x,y). This may be defined by
kst=ast/s (10)

so that
A(x,y)=x(38/0%)K (x,y). (11)

Alternatively, the coefficient %;; is defined as the
number of cluster configurations of size s and perimeter
¢t per site of the lattice. For a finite lattice of IV sites,
this is the total number of distinct clusters of a given
type that can be placed on the lattice divided by the
number of sites. In general, this will depend on NV, but
for any uniform d-dimensional lattice edge effects fall
off relatively as N=1/4, so that for large IV, k,: becomes a
lattice constant! independent of V. In a similar fashion,
one may define the number of configurations per bond.
If we indicate lattice constants with respect to sites by
a superscript .S and with respect to bonds by a super-
script B, it is clear that

kS= f5%, (12)
where fS is the number of bonds per site. Since o1
bonds radiate from each site and each bond is associated
with two sites this is just fS=%(oc+1). Other trans-
formation formulas may be written down in the same
way.

The Bethe lattices and similar pseudolattices may be
regarded as lattices of infinite dimension since in a
finite Bethe lattice the relative number of sites in the
edge is of order 1{ = N~'/*). Consequently, the previous
definition of a lattice constant breaks down. The
definition may be extended in an unambiguous fashion,
however, by introducing a convergence factor. If [ is
the least number of lattice steps from the origin to a
characteristic point in an individual configuration, the
factor ¢7#! is included in the sums for the total number
of configurations and total number of sites (or bonds).
These sums then define analytic functions of 8, but
after taking ratios to evaluate the lattice constant, 8
may be equated to zero. The lattice constants so defined
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have just the same transformation properties as on
normal lattices.

The analysis of this section has been in terms of the
site problem, but the only changes required for the
bond problem is the use of lattice constants per bond
rather than per site.

III. BETHE LATTICES
A. Bond Problem

Consider now the bond problem on the simple Bethe
lattice of coordination number o1 as illustrated in
Fig. 1(a). We observe that the perimeter of a cluster of
s occupied bonds is given uniquely by

t=(e—1)s+o+1. 13)

This follows by noting that the perimeter of a single
bond is 2¢, and that whenever a new bond is added to
a cluster, one bond of the original perimeter is lost but
o new unoccupied bonds must be added to form the new
perimeter. It follows that the configurational generating
function (9) is

KB(x,y) — ya+1 Z bsx.sy(v—l)s, (14)
8=0

where b,=£,,(s—1)s+0+1 1S the total number of s clusters
(of bonds) per bond of the Bethe lattice. To simplify
the analysis of the site problem, we have included a
coefficient o equal to the number of sites per bond. Its
presence in (14) has no effect on the density of infinite
clusters or on the other properties considered. The ex-
pression (14) may be rewritten in terms of the funda-
mental Bethe lattice generating function

BAZ)=Y bZ* (15)
as
KB(x,y)=y"B,(Z), (16)
where
Z(x,y)=wxy L. (17)

To calculate B, (z) explicitly, we use the fundamental
identity (3), namely,

Fp)=Ap,9=p (p<p.).
A(x,y)=xy*B,(Z), (18)

where the prime denotes differentiation with respect to
Z. Thus, if

Now

Z=Z(?)=Z(P:Q)=P(1_P)a—ly (19)
the generating function must satisfy
B/[=(p)1=G(p)=(1—p)* (20)

for small enough p. Now B,(z) is a function only of z,
but z is defined by (19) as a function of p for all p.
To a given value of z, however, correspond fwo values
of p, one of which tends to zero with z while the other
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tends to unity. Consequently, if we define p*(p) to be
the root of the equation

p*(1=p*)1=p(1=p) =2 (21)

which vanishes continuously with z (and hence as
p— 0 and as p — 1), we may rewrite (20) as

G(p)=[1—-p*() I (22)

In this form the result is thus valid for all p, and so the
probability of a site belonging to a finite cluster is

F(p)=p(1—py*G(p)=pL(1—p)*/ (1—p*)].

Now z, as a function of p, attains a simple maximum
at pn=1/0, which implies that the root of (22) which
vanishes with z when p<p, is simply p*=p. For
p> pm, however, z decreases again to zero so this root
is no longer valid. Consequently, from (23) we have

F(p)=p forp <1/0,
#p for p>1/0.

(23)

(24)

As explained in the previous section, this establishes
that the critical probability is

pe=1/0. (25)

The correctness of this result is easily verified by
regarding the buildup of a cluster on the Bethe lattice
as a branching or cascade process. If the cluster is to
spread indefinitely, the expected number of occupied
bonds leaving from one end of a given occupied bond
must not be less than unity. Conversely, if the expected
number exceeds unity an infinite cluster will be formed.
Since the probability of traversing a bond is p and &
independent bonds proceed onwards from a given bond,
the critical condition is p.o=1 in agreement with (25).

For the complete Bethe generating function, one
derives from (20)-(22) the equation

dBs/dZ=[1—-X(Z)T, (26)
where X (Z)=X(x,y) is the root of
X(1=X)'=Z=xy"?, (27)

which vanishes with Z. [Note that X(p,q)=p*(p).]
This may be integrated to yield

B 1 [2—(0+1)X(Z)]’
o+l [1—X(2)]+

and with (16) this formally solves the problem.
From (23), the density of infinite clusters is

R(p)=p{1-[(1—p)/(1—p*) I}
=p{1=(p*/p)le/11}, (29)

while by differentiating (26) one finds for the mean
cluster size

S(p)=(1+0p")/(1=ap).

(28)

(30)
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As already noted, Eq. (21) for p*(p) shows that p*=p
for p<1/¢. At p=p,. the gradient of p*(p) changes
sign discontinuously, but the magnitude remains
unchanged. Thereafter, p*(p) decreases monotonically
and vanishes at p=1 as (1—p)°".. Near p. one has

P =pe—Ip—p.| (P2pc), (31)

so that the mean cluster size becomes hyperbolically

infinite as
Sp)=2/11=(p/p)| (p=2po), (32)

and the density of infinite clusters vanishes linearly as
R(p)=[40/(c=1)1(p—2:) (p—p+). (33)

After removal of the root p*=p, Eq. (21) is of degree
o¢—1 and so for the first few values of ¢ (i.e., small
coordination numbers) it may be solved in closed form.
One finds

(2) =1 (linear chain) p.=1.

p*(®)=p, R(p)=0 (all p), (34a)

S(p)=Q1+p)/(1—p), (34b)

Bi(z)=1/(1—3). (34c)
(b) =2, p.=14,

P*)=1-p (>3), (35a)

R(p)=p—p*(1—p)* (p>3), (35b)

S(p)=1/[p—%|-1, (35¢)

Ba(z)=4{[1+3(1—42)*]/[1+ (1—42)* I'}. (35d)
(c) o=3, p.=3,

pp)=1-3p—[p(1—ip) ]} (#>2), (36b)
R(py=p—p[1—3p—pt(1—{p)* P
(p>%)- (36c)

The typical behavior of the density of infinite clusters,
etc., can be seen from Figs. 2 and 3 which refer to the
Bethe lattice of coordination number four (o=23).

B. Site Problem

To solve the site problem for the Bethe lattices, it is
sufficient to note that the configurations involved are
essentially identical with those required for the bond
problem. In fact, a one-one correspondence can be set
up which is described by

kS, e=3(o+1)k5, 1, 37

It follows immediately that the configurational gener-
ating function for the site problem is
KS(x,y) =3 (o+DayHB,[ Z(x,3) ]. (38)

The Bethe function B,(Z) is defined as before by (28),
(27), and (15) and, clearly, it determines the critical
point and the nature of the critical singularities. These
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F16. 2. Cluster distributions for the ¢=3 Bethe lattice: (a)
probability of a bond belonging to a cluster of one bond, (b) to a
cluster of one or two bonds, (c) F(p) the density of finite clusters,
(d) R(p) the density of infinite clusters. (Note the incomplete
range of ».)

must, therefore, resemble those for the bond problem.
Explicitly, the density of finite clusters is given by

F(p)=p*(1—p)*/ (1—p*) (39)
in place of (23), and the mean size by
S()=Q1+p*)/(1—0p*), (40)

which exhibits directly the unchanged position of the
critical point.

IV. CONFIGURATIONAL COEFFICIENTS

By the previous analysis, the coefficients in the
expansions of the various generating functions for the
Bethe lattices may all be expressed in terms of the coef-
ficients b,(o) defined in Egs. (14) and (15). An explicit
expression for these is most readﬂy obtained from (26)
which may be written

3 sha(e)ai=[1— X (5T,

- X(1—-X) 1=z 1)
By Cauchy’s theorem, one then has
1 z-dz
shie)=— f X (42)

where the contour of integration is a small closed loop
encircling the origin. Near the origin, the analytic
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behavior of X is the same as 3 so that (42) may be
transformed to an integral in the X plane, namely,

1 (1—eX)dX
sby(0)=— j[ .
2mi . Xo(1— X) @D -

This can be evaluated directly with the aid of the bi-
nomial theorem yielding

. 2o (s+1)o—1]! | )
(=1 [(s+1)o—s+1]!

which expresses the total number of distinct Cayley
trees of s branches passing through a specified bond of
a Bethe lattice of coordination number ¢-+1.15 From
(44), one obtains for the number of trees per bond

gs+o+1 (45)
(s+1)(as+a+1)( s )

which remains valid for s=0.

(43)

bs(o)=

V. BOND DECORATION

We consider now a class of lattices which can be
derived from a Bethe lattice by replacing each bond by
a replica of a given finite graph of sites and bonds,
the bond graph. The simplest example of such a decorated

0 .05 10
3o~ T T T l ! l } T T T T 30
i
L
I
o
25— \ -
]
S(p) ;
|
20, “ 20
\
\
\
\
\

\
!

1-0

Fic. 3. Variation of S(p) the mean cluster size density (for
finite bond clusters): (a) for the o =3 Bethe lattice (solid curve),
(b) fo)r the triangular cactus of same coordination number (broken
curve

15 This expression for the number of Cayley trees on a Bethe
lattice was originally conjectured by Dr. M. F. Sykes (private
communication).
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(b)

F1G. 4. Decorated Bethe lattices (a) and (c) derived from the
a=d 2(£ethe lattice by replacing bonds by the bond graphs (b)
an .

lattice is that shown in Fig. 4(a) which represents a
Bethe lattice of coordination number 3 with an extra
site on each bond. The bond graph in this case is simply
three sites connected by two bonds [ Fig. 4(b)]. A more
complicated example derived from the same Bethe
lattice is shown in Fig. 4(c). Its bond graph is a square
with one diagonal [Fig. 4(d)]. To simplify the general
treatment, we will consider only bond graphs which are
symmetric with regard to the two terminals or points of
attachment [indicated in Figs. 4(b) and 4(d) by solid
circles] and that the probability of occupation is the
same for all bonds (or sites). Both these restrictions
are quite easy to remove. -

To construct the configurational generating function
for a decorated lattice (from which all its properties
may be deduced), we set up a one-many correspondence
between configurations on the original (undecorated)
Bethe lattice and those on the decorated lattice. Con-
sider a specified bond graph in the decorated lattice,
some bonds of which are connected in a cluster of
occupied bonds (or sites). If it is possible to cross from
one terminal of the bond graph to the other by a con-
nected sequence of occupied bonds (or sites), then the
bond graph is to be identified with the corresponding
occupied bond on the original Bethe lattice. If, on the
other hand, it is not possible to cross the bond graph

615

(or it only contains unoccupied perimeter bonds or
sites), then it should be identified with an unoccupied
perimeter bond on the original lattice. On this basis, we
define three bond generating functions, namely (for the
bond problem),

c(x;y)=z:8.‘ vaixsy" (46)

where ¢,,. is the number of distinct connected con-
figurations of s occupied bonds and ¢ perimeter bonds
on the bond graph which join one terminal to the other;

d(x)y)=28,t ds,:x‘*y‘, (47)

where d,,; is the number of distinct connected con-
figurations of s occupied bonds and ¢ perimeter bonds
on the bond graph which are connected to one (specified)
terminal but not to the other, including the case in
which one terminal is joined only to unoccupied perim-
eter bonds;

e(x,y) =2, t€s, ix*y", (48)

where e,,: is the number of distinct connected con-
figurations of s occupied bonds and ¢ perimeter bonds
on the bond graphs which are not connected to either
terminal.

By way of example, the bond generating functions
for the two decorated lattices of Fig. 4 are

c(xy)=a% d(xy)=xy+y, e(xy)=0, (49)
and
c(x,y) = x5+ Saty+ 8a%y?+2x%3,
d(x,y) =2°y*+ 3%+ 2xy°+ %, (50)

e(x,y)=xy",

respectively.

From the definition of ¢(x,y), it follows that c(p,q)
is the probability of reaching one terminal of the bond
graph starting from the other terminal. Conversely,
d(p,g) is the probability of failing to reach the other
terminal from one terminal. Consequently, the identity

c(p9+d(pg)=1 (S1)

is always valid and ¢(p,q) is a monotonically increasing
function of p.

The configurational generating function for the
decorated lattice (indicated by a star) can now be
derived by making the transformation x — x*=¢(x,y),
y— y*=d(x,y), and adding a correction for the clusters
which do not span a bond graph. Thus, per bond of the
decorated lattice,

K*B(x,y)=gs K3 c(x,y),d(x,y) ]+ g57%e(x,y),

where gp is the number of bonds in the bond graph. By
(16), we have the explicit result

K*3(x,y)=gs'[d(2,y) ] B,[Z*(x,y) ]+ g5 "e(x,y) 3

(52)

where

Z*(x,y) =c(x,y)[d (%) 1. (54)
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These relations solve the bond problem for any bond-
decorated Bethe lattice.

By (53), the critical singularities are determined
entirely by the Bethe function B,(Z*). It is not imme-
diately apparent, however, that the behavior in the
critical region need resemble that for the original lattice.
Nevertheless, it follows (51) that Z*(p,q) has a simple
maximum as a function of p of magnitude ¢—(c—1)"!
which is exactly the value at which B,(Z) becomes
nonanalytic. Consequently, the critical point of a
decorated lattice is determined by

(pege)=1/0, (55)

and the critical singularities of R(p), S(p), and other
variables do have the same functional forms as those
for the simple Bethe lattices [compare with Egs. (32)
and (33)]. In view of the probabilistic meaning of
'¢(p,q), the critical equation (55) can also be derived
directly by viewing the formation of an infinite cluster
as a branching process as in Sec. II.

The site problem on a bond-decorated lattice may be
solved in a similar fashion by modifying the definitions
of the bond generating functions ¢(x,y), d(x,y), and
e(x,y) so as to refer to sites of the bond graph in place
of bonds. In the definition of ¢(x,y) and d(x,y), it must
also be assumed that the first terminal site is already
occupied but no factor x should be included for it. As
an example, the bond functions for the site problem on
the two lattices of Fig. 4 are

cxy)=a% d(xy)=xy+y, e(xy)=0, (56)
and
c(x,y)=x%+2a%,
d(x,y)=ay+2xy+9%, (57)

e(x,y) ="+ 2x?,

respectively. Equation (51) remains valid in all cases.
The configurational generating function per site of
the site-decorated lattice is then

o+1
(04+1)gs—~20
X {x[d(x,y) 1 B[ Z*(x,9) ] +e(x,3)},

where Z*(x,y) is defined by (54), and gg is the number
of sites of the bond graph (including the terminal sites).
The nature of the critical singularities is unchanged and
the critical probability is still determined by (55).

K*8 (xyy) =

(58)

VI. SITE DECORATION

In this section, we endeavor to find generating
functions for lattices derived from Bethe lattices by
decorating the sites as well as the bonds. Each site of
the underlying Bethe lattice will be replaced by a
replica of a given site graph which we take to be sym-
metric under interchange of its 041 distinct terminals
(points of attachment). Initially, we consider only the
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first nontrivial case in which the undecorated lattice is
a Bethe lattice of coordination number three (ie.,
o0=2). The simplest example of such a lattice is the
infinite cactus illustrated in Fig. 1(b) in which the
site graph is a triangle and the bond graph is merely a
single site. The ‘“expanded cactus” of Fig. 1(c) is
obtained when the bond graph is left as a single bond.
More generally, the triangles may be replaced by any
finite symmetric three-terminal graph.

As before, we aim to solve the problem by setting
up a many-one correspondence between configurations
on the decorated lattice and those on the original Bethe
lattice. In analogy with the three bond generating
functions defined in (46)—(48), we thus introduce four
site generating functions which, for the bond problem,
are

t(x;y) = Zs,t Tatxsy[, (59)

where T, is the number of distinct connected con-
figurations of s occupied bonds and ¢ unoccupied perim-
eter bonds on the site graph in which all three terminals
are connected together;

w(x,y) =250 Usr®y!, (60)

where U, is the number of configurations on the site
graph in which the first terminal is connected to the
second terminal but %ot to the third;

”(x;y)=23,t Vstxsyt: (61)

where V,, is the number of configurations in which the
first terminal is connected to neither of the other two
terminals (including the configuration of unoccupied
perimeter bonds attached to the first terminal); and,
finally,

w(x7y) = Zs,t Wstxq t; (62)

where W, is the number of configurations connected
to none of the three terminals. For the triangular site
graphs of Figs. 1(b) and 1(c), one has simply

t=23432%y, u=zxy’, v=3%, w=0, (63)
while for the relevant bond graphs
c=1, d=0, =0, (64a)
and
c=x, d=y, =0, (64b)
respectively.

By these definitions, £(p,g) is the probability of being
able to reach the second and third terminal from the
first terminal, #(p,q) is the probability that the second
terminal only is accessible, and v(p,q) is the probability
that the site graph cannot be crossed at all. Conse-
quently, in analogy with (51), the identity

t(p,9)+2u(p,)+v(pg) =1

always holds.

In terms of these site generating functions, we may
set up a correspondence with configurations on the
undecorated Bethe lattice by identifying the decorated

(65)
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configurations included in ¢(x,y) with a Bethe lattice
at which three occupied bonds meet (a triple point),
those included in #(x,y) with a site at which only two
occupied bonds meet (double point), and those in v(x,y)
with a site attached to only one occupied bond (single
point). The problem may then be solved if we can
determine the multivariable generating function

H@up' ,c)= 3 hawy*urvc?,
vy

(66)

where #, #, v', and ¢ are regarded simply as generating
symbols and where /., is the number of distinct cluster
configurations per bond of a Bethe lattice of coor-
dination number three with A triple points, u double
points, » single points, and a total of y+4» occupied
bonds (with v nonnegative). In terms of this function,
the configurational generating function per bond of the
decorated lattice is given by

IK*B(x,y)=H{t(x,y), u(x,y), c(x,y)0(x,y)+d(x,y), c(x,)}
+c(x,y)[v(x,y) Pd(x,y)v(x,y) +e(x,y)+3w(x,y), (67)

where [ is the number of bonds of the decorated lattice
per bond of the original lattice. If gp is the number of
bonds in the bond graph and js the number in the site
graph, one has

(68)

The replacement of v’ in (66) by cv+d in (67) allows
for the two possibilities: (a) the cluster on the decorated
lattice extends across the bond graph leading to the
single site graph and has perimeter bonds in the site
graph, (b) the cluster on the decorated lattice does not
reach across the bond graph so that its (local) perimeter
lies entirely in the bond graph. The four end terms in
(67) enumerate the small clusters which extend no
further than across one bond graph.

To enumerate the cluster configurations %y, (on the
o=2 Bethe lattice), consider first those configurations
with no triple points. These are just linear chains of
bonds and double points, and their contribution to the
generating function is simply (v2>0)

v - 200+ - 2uc 2uv’' +o" Quc)2uv’+ - - -
=2uv'?/ (1—2uc).

I=gp+%js.

(69)

The configurations containing triple points may be
enumerated by setting up a many-one correspondence
with the standard cluster configurations on the lattice.
These latter are described by the configurational
generating function

K®(x,9)=y*Bs(xy) = §y*+ay'+-22%°+- - -, (70)

where the successive terms correspond to a single site
with three unoccupied perimeter bonds, two sites con-
nected by an occupied bond and four unoccupied
perimeter bonds, three sites connected by two bonds,
etc. Each site in one of these configurations may now be
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identified with a triple point of the 4y,,, configurations.
Each occupied bond x must then be identified with a
linear chain of bonds and double points leading from
one triple point to another, while each perimeter bond
y corresponds to a linear chain leading from a triple
point and terminating in a single point. The generating
functions for these chains are

c+e- 2uctcue)+ - - - =c¢/(1—2uc) (71)
and

o'+ 2uc-v'+ Que)'+- - =o'/ (1-2uc), (72)

respectively. By combining (69), (71), and (72) and
remembering that each configuration has one more site
than it has occupied bonds, we obtain

H{u,v',c)=tKBtc/(1—2uc), v’/ (1— 2uc) ]

+2uv?/ (1—2uc). (73)

Consequently, by (67) and (70), the configurational
generating function per bond for a site and bond
decorated lattice is finally given in explicit terms by

t(cv+d)? te(cv+d)Y 2u(cv+d)?
o oLy O ety
(1—2uc)* L(1—2uc)? 1—2uc
+o(co+d)+et+w, (74)

where ¢, d, e, ¢, #, v, and w are defined as functions of
x and y by (46)-(48) and (59)-(62).

From this result, it follows as before that the critical
point and singularities are determined only by the
Bethe function. In view of the identities (51) and (65)
which hold when x=p and y=g¢, the argument of B,
in (74) can be written

*(5.0) [ tc . ic
ool (]
i 1—2uc 1=2uc/ 3o py—q

and so exhibits a maximum as a function of p of mag-
nitude Z,,=}=z.. Consequently, the critical equation is

2u(p,q)c(p,9)+2t(p,q)c(p,9)=1, (75)

and the analytic forms of the mean cluster size and
other properties in the critical region are the same as
for the original Bethe lattice.

The critical equation (75) can be derived directly
from the branching process viewpoint by calculating
the expected number of paths reaching from one ter-
minal of a site graph through the following bonds to the
nearer terminals of the next site graphs. By the prob-
abilistic interpretation of ¢, #, and ¢, this is just the
left-hand side of (75). (The first term comes from the
two cases in which only one through route is open, while
the second term represents the cases in which both
further terminals are accessible.)

For the normal and expanded cacti of Fig. 1, one
obtains with (63) and (64) the critical equations and
critical points:
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Triangular cactus (bond problem)

1—2p—2p+2p*=0, $,=0403032,  (76)
Expanded cactus (bond problem)
1—2p2—2p"2p4=0, $,=0.637278.  (77)

These critical probabilities should be compared with
the results for the Bethe lattices of the same coordina-
tion number, namely, (c+1=4) $,=0.333333 and
(6+1=3) p,=0.500000, respectively. As might be
expected, the critical probability increases with the
increasing connectivity of the lattice. (A similar phe-
nomenon occurs in order-disorder lattice statistics where
the increasing connectivity lowers the critical temper-
ature below the Bethe approximation value.) We
mention in passing the critical equation

1—2p—2p2—2p%+3p'=0, (78)

which may be derived for the simplest square Husimi
tree!? which also has coordination number o+ 1=4. The
corresponding critical point is

Square Husimi tree (bond problem)

$.=0.353933, (79)

which lies between the Bethe lattice and cactus results
because of the low connectivity of a square compared
with a triangle.

Explicit expressions for the mean cluster size, etc.,
may be derived by differentiating (74). As an example,
we quote the results for the simple cactus (bond
problem):

21—p)*(1+p—1%)

Rp)=p=—— o (220 (80)
—_ 3 5
e e O
4+10g+11¢*+14¢°— 3¢*— 20¢5+84°
T 2(1+g— ) (1429) (1—dg+2)
(250, (1)

The behavior of the cluster size is compared with that
for the Bethe lattice of coordination in Fig. 3. As p
tends to unity S(p), the mean size of finite clusters on
the cactus, approaches the value 2, whereas on the
Bethe lattice S(p) approaches 1. The reason for this
difference arises from the existence on the cactus of
two distinct clusters of minimum perimeter: the single
bond and the triangle of three bonds. (Only the former,
of course, occurs on the Bethe lattice.) In the limit
p—1, these clusters dominate and appear equally
frequently.
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VII. BOND-TO-SITE TRANSFORMATION

The site problem on a Bethe lattice with decorated
sites and bonds may be solved explicitly for the case
o= 2 by modifying the definitions of the site generating
functions (59)-(62) along the lines used to redefine the
bond generating functions (see last two paragraphs of
Sec. V). The argument then proceeds in parallel with
that for the bond problem although the details differ
slightly. The results will not be presented here, but it
is worth noting that the site problem on the cacti of
Figs. 1(b) and 1(c) can be solved immediately without
further theoretical development.

To see this, consider a configuration of sites on the
simple cactus of Fig. 1(b). Any such configuration can
be put in direct one-one correspondence with a con-
figuration of bonds on the underlying simple Bethe
lattice of coordination number three. Each site on the
cactus corresponds to the underlying bond on the Bethe
lattice. Neighboring sites correspond to neighboring
bonds. Consequently, the configurational generating
function

2y 225 (14/3)ady - -

per site or per bond, respectively, is the same for both
problems. The critical probabilities are, therefore, iden-
tical as are all other properties.

Clearly this bond-to-site transformation can be applied
to any suitably related pair of lattices. Thus, the
expanded cactus of Fig. 1(c) can be derived from the
decorated (¢=2) Bethe lattice shown in Fig. 4(a) by
identifying bonds on the decorated lattice with sites of
the expanded cactus. Hence, the site problem on the
expanded cactus is identical with the bond problem on
the decorated Bethe lattice. By Egs. (49) and (55),
the critical probability for the two problems is p.=2"1.

In the same way, the bond problem on the plane
honeycomb lattice, coordination number three, is iso-
morphic with the site problem on the plane kagomé
lattice, coordination number four (reference 11, p. 187).
At present, however, neither of these problems is
soluble in closed form.

VIII. FURTHER GENERALIZATION

The multivariable generating function H (¢,u,',c)
defined in (66) enumerates on the ¢=2 Bethe lattice
configurations with a specified number of triple points,
double points, single points, and bonds. Now, since the
coordination number is 3, each triple point is associated
with #e unoccupied perimeter bonds, each double point
is associated with one unoccupied bond, and each single
point with fwo unoccupied bonds (and one occupied
bond). Accordingly, if the substitutions ¢t=1, u=y,
v'=#3%, and c=x are made, the generating function
H(t,u,',c) will merely classify cluster configurations by
the total numbers of the internal bonds and of the
perimeter bonds. But thisis just what the configurational
generating function for the simple problem does. In
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other words,
K3 (x,y)=H(1,y,2y%%)+3y’+=y",

where the last two terms account for the single site and
single bond which are not included in H. If this ex-
pression is combined with (73), one obtains

(82)

fcv' tc
H(tuy c)=tH ( )
1—2uc 1— 2uc)3 1—-2uc

2w ey’ Qu'?
- + . (83
3 (1—2uc)® (1=2uc)> (1—2uc)
and
KB (x’y) _ KB( ) 4 g .Z_y3. (84)
1— 2xy 1—-2xy 1— ny e

The first relation re-expresses H (t,u,v’,c) in a reduced
form independent of its first argument. If we set ¢=1,
(83) reduces to a functional equation for H(1,u,7',c)
which is equivalent to the functional relation (84) for
K2(x,y). By Eq. (20), this may also be transformed
into a functional equation for Bs(z), namely,

28 2?
||+
(1—22) L(1—2z)2

This equation does not seem easy to solve directly in
closed form although it defines By(z) uniquely for small
z as may be seen by assuming the power series expansion
for Bi(z) and determining successive coefficients by
comparing like powers of 2. It is easily verified, however,
that the correct solution is provided by (35d).

When one attempts to generalize the foregoing
approach to the site decoration of a Bethe lattice of
coordination number 4, one is lead to introduce a
generating function which enumerates configurations
by number of quadruple points as well as by triple
points, double points, etc. The terms in this generating
function may be set in correspondence with con-
figurations on the ¢=2 and ¢=3 Bethe lattices. The
principle of the argument is the same as in Sec. VI, but
is more involved and will not be presented. If s and ¢
are the enumerating symbols for quadruple points and
triple points, respectively, the result may be expressed

2
+-.

Bz(Z)=
1-2z 3

(85)
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most compactly by introducing the generating function
J3(s,t; z) which reduces to Bs(z) when s=1 and t=1.
For this function we obtain in analogy to (83) the
relation

Ja(s,t; 2) =524 T5(1,6%; 2%)+20°B2(3t2e?) +20+3, (86)
where
Z():z/(l—'sz)y
z1=[1— (1—12tz2)¥]/6tz0, @7)

2% =5202:%/ (1—6t2021),
t*= (t+521)/531.

When one sets s=1, the relation (86) reduces to a
functional equation in fwe variables for J3(1,¢; ). This
equation may be solved in a double power series, but
owing to its complexity, we have not been able to solve
it in closed form. Consequently, it is not possible, for
example, to give explicit expressions for the cluster size
on such pseudolattices as the square Husimi tree.

Although we cannot give explicit formulas for all
lattices derivable from the Bethe lattices by site and
bond decorations, there seems no reason to doubt that
the nature of the critical singularities will be the same
in all cases. This seems to be connected with the infinite-
dimensional and multiplicative properties of the Bethe
lattices and their derivatives. By analogy with the
behavior of other statistical lattice problems, such as
the Ising model, one would expect the critical singu-
larities to be sharper for the normal lattices in two and
three dimensions than for the Bethe lattices. Thus, at
p=p, the gradient dR/dp might well be infinite and the
mean cluster size density might diverge as |p—p.|™=
with o greater than unity. The sharpness would be
expected to fall off with increasing dimension and
approach the present results in the limit. Rigorous con-
firmation of these conjectures must await a compre-
hensive attack on the problem for the standard lattices,
but some indication of their validity can be obtained
from a numerical study of the initial terms of the con-
figurational series.!®
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