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The Conjugacy Probability

Recall: elements g , h ∈ G are conjugate if h = x−1gx for some x ∈ G .

Let g1, g2, . . . , gk be representatives for the conjugacy classes of G .

κ(G ) = probability that a pair of elements are conjugate

=
|{(g , h) ∈ G × G : g and h are conjugate}|

|G |2
.

κ(G ) =
1

|G |2
k∑

i=1

|gG
i |2 =

k∑
i=1

1

|CentG (gi )|2
.

Question

What can we say about κ(G )?
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Groups with κ(G ) small

If G is abelian, all conjugacy classes have size 1 so

κ(G ) =
1

|G |2
k∑

i=1

|gG
i |2 =

1

|G |2

|G |∑
i=1

12 =
1

|G |
.

This is the minimum possible value.

Theorem

If κ(G ) < 7
4

1
|G | then G is abelian and so κ(G ) = 1

|G | .

Remark: This bound is tight (for example, the dihedral group of order 8).

Proof.

Use: |G |/|Z (G )| ≥ 4 for a non-abelian group; and |gG
i | ≥ 2 for a

non-central conjugacy class.
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Groups with κ(G ) large

Theorem

Let G be a group with κ(G ) ≥ 1/4. Then one of the following holds:

|G | ≤ 4;

G ∼= A4,C7 o C3, S4 or A5;

G ∼= A o C2 where A is abelian of odd order.

In the last case

κ(G ) =
1

|G |2

(
12 +

|A| − 1

2
22 + |G \ A|2

)
=

1

4
+

1

|G |
− 1

|G |2
.

Corollary

If κ(G ) > 1/2, then κ(G ) = 1.
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A sketch proof: I

Let c1 ≤ c2 ≤ · · · ≤ ck , where ci = CentG (gi ). We have that

k∑
i=1

1

ci
=

k∑
i=1

|gG
i |
|G |

= 1

and so

κ(G ) =
k∑

i=1

1

c2
i

≤ c1
1

c2
1

=
1

c1
.

Since κ(G ) ≥ 1/4, we know G has a centraliser of size 4 or less.
If c1 = 3 or c1 = 4, we show there are a finite number of possibilities for G .
We use the theory of Frobenius groups, and a result of Feit and Thompson
(1962) classifying groups with a centraliser of order 3.

Simon R. Blackburn (RHUL) The Probability of Conjugates 5 / 10



A sketch proof: I

Let c1 ≤ c2 ≤ · · · ≤ ck , where ci = CentG (gi ). We have that

k∑
i=1

1

ci
=

k∑
i=1

|gG
i |
|G |

= 1

and so

κ(G ) =
k∑

i=1

1

c2
i

≤ c1
1

c2
1

=
1

c1
.

Since κ(G ) ≥ 1/4, we know G has a centraliser of size 4 or less.
If c1 = 3 or c1 = 4, we show there are a finite number of possibilities for G .
We use the theory of Frobenius groups, and a result of Feit and Thompson
(1962) classifying groups with a centraliser of order 3.

Simon R. Blackburn (RHUL) The Probability of Conjugates 5 / 10



A sketch proof: I

Let c1 ≤ c2 ≤ · · · ≤ ck , where ci = CentG (gi ). We have that

k∑
i=1

1

ci
=

k∑
i=1

|gG
i |
|G |

= 1

and so

κ(G ) =
k∑

i=1

1

c2
i

≤ c1
1

c2
1

=
1

c1
.

Since κ(G ) ≥ 1/4, we know G has a centraliser of size 4 or less.

If c1 = 3 or c1 = 4, we show there are a finite number of possibilities for G .
We use the theory of Frobenius groups, and a result of Feit and Thompson
(1962) classifying groups with a centraliser of order 3.

Simon R. Blackburn (RHUL) The Probability of Conjugates 5 / 10



A sketch proof: I

Let c1 ≤ c2 ≤ · · · ≤ ck , where ci = CentG (gi ). We have that

k∑
i=1

1

ci
=

k∑
i=1

|gG
i |
|G |

= 1

and so

κ(G ) =
k∑

i=1

1

c2
i

≤ c1
1

c2
1

=
1

c1
.

Since κ(G ) ≥ 1/4, we know G has a centraliser of size 4 or less.
If c1 = 3 or c1 = 4, we show there are a finite number of possibilities for G .

We use the theory of Frobenius groups, and a result of Feit and Thompson
(1962) classifying groups with a centraliser of order 3.

Simon R. Blackburn (RHUL) The Probability of Conjugates 5 / 10



A sketch proof: I

Let c1 ≤ c2 ≤ · · · ≤ ck , where ci = CentG (gi ). We have that

k∑
i=1

1

ci
=

k∑
i=1

|gG
i |
|G |

= 1

and so

κ(G ) =
k∑

i=1

1

c2
i

≤ c1
1

c2
1

=
1

c1
.

Since κ(G ) ≥ 1/4, we know G has a centraliser of size 4 or less.
If c1 = 3 or c1 = 4, we show there are a finite number of possibilities for G .
We use the theory of Frobenius groups, and a result of Feit and Thompson
(1962) classifying groups with a centraliser of order 3.

Simon R. Blackburn (RHUL) The Probability of Conjugates 5 / 10



A sketch proof: II

We are left with the case when c1 = 2. Let x have a centraliser of order 2.

Since x commutes with all powers of x , we know x has order 2.

Let P be a Sylow 2-subgroup containing x . Then Z (P) centralises x .

Z (P) = 〈x〉, so P = 〈x〉 ∼= C2.

P has a normal 2-complement A. So G ∼= A o C2, and |A| is odd.

C2 acts fixed-point freely, so A is abelian and x acts by sending a ∈ A to
its inverse.
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The Symmetric group

The probability that g ∈ Sn is an n-cycle is 1/n. So κ(Sn) ≥ 1/n2.

Theorem

Let Cκ = 1258160557017484564/(12!)2 ≈ 5.48355. Then κ(Sn) ≤ Cκ/n2

Tight when n = 12.
Proved by induction on n, with some computation needed for n ≤ 500.

Theorem (Flajolet, Fusy, Gourdon, Panario, Pouyenne, 2006)

Define Aκ =
∑∞

m=0 κ(Sm). Then κ(Sn) ∼ Aκ/n2 as n→∞.

Elementary proof using previous theorem. Easy computations show
4.2 < Aκ < 4.3. In fact, Aκ ≈ 4.26340 35141 52669.
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Commuting conjugates

We say that conjugacy classes C ,D ⊆ G commute if there exists g ∈ C ,
h ∈ D that commute.

Let λ(G ) be the probability that two elements lie in commuting conjugacy
classes.

Theorem

Let Cλ = 5805523/508032 ≈ 11.4275.. Then λ(Sn) ≤ Cλ/n2

Tight when n = 10.

Theorem

Define Aλ =
∑∞

m=0 λ(Sm). Then λ(Sn) ∼ Aλ/n2 as n→∞.

Computations show 6.188 < Aλ < 6.471
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Comments

Question

Can anything be said about λ(G ) for general groups G ?

There’s been lots of work on the probability that a pair of elements
commute.
There has been work on the probability that an element has order dividing
2 and the probability that an element has order dividing 3.

Question

Can anything be said about the probability that another law holds in a
group. For example, the probability that an element has order dividing 4,
or 5 or 6?
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Some Links

This talk will appear soon on my home page:

http://www.ma.rhul.ac.uk/sblackburn

S.R. Blackburn, J.R. Britnell, M. Wildon ‘The probability that a pair of
group elements are conjugate’, in preparation (check my home page or the
Arxiv).
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