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ABSTRACT. The semimartingale stochastic approximation procedure, na-
mely, the Robbins—Monro type SDE is introduced which naturally includes
both generalized stochastic approximation algorithms with martingale no-
ises and recursive parameter estimation procedures for statistical models
associated with semimartingales. General results concerning the asymp-
totic behaviour of the solution are presented. In particular, the conditions
ensuring the convergence, rate of convergence and asymptotic expansion
are established. The results concerning the Polyak weighted averaging pro-
cedure are also presented.
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0. INTRODUCTION

In 1951 in the famous paper of H. Robbins and S. Monro “Stochastic approx-
imation method” [36] a method was created to address the problem of location
of roots of functions, which can only be observed with random errors. In fact,
they carried in the classical Newton’s method a “stochastic” component.

This method is known in probability theory as the Robbins-Monro (RM)
stochastic approximation algorithm (procedure).

Since then, a considerable amount of works has been done to relax assump-
tions on the regression functions, on the structure of the measurement errors
as well (see, e.g., [17], [23], [26], [27], [28], [29], [30], [41], [42]). In particular,
in [28] by A. V. Melnikov the generalized stochastic approximation algorithms
with deterministic regression functions and martingale noises (do not depend-
ing on the phase variable) as the strong solutions of semimartingale SDEs were
introduced.

Beginning from the paper [1] of A. Albert and L. Gardner a link between
RM stochastic approximation algorithm and recursive parameter estimation
procedures was intensively exploited. Later on recursive parameter estimation
procedures for various special models (e.g., i.i.d models, non i.i.d. models in
discrete time, diffusion models etc.) have been studied by a number of authors
using methods of stochastic approximation (see, e.g., [7], [17], [23], [26], [27],
[38], [39], [40]). It would be mentioned the fundamental book [32] by M. B.
Nevelson and R.Z. Khas’minski (1972) between them.

In 1987 by N. Lazrieva and T. Toronjadze an heuristic algorithm of a con-
struction of the recursive parameter estimation procedures for statistical mod-
els associated with semimartingales (including both discrete and continuous
time semimartingale statistical models) was proposed [18]. These procedures
could not be covered by the generalized stochastic approximation algorithm
proposed by Melnikov, while in i.i.d. case the classical RM algorithm contains
recursive estimation procedures.

To recover the link between the stochastic approximation and recursive pa-
rameter estimation in [19], [20], [21] by Lazrieva, Sharia and Toronjadze the
semimartingale stochastic differential equation was introduced, which natu-
rally includes both generalized RM stochastic approximation algorithms with
martingale noises and recursive parameter estimation procedures for semi-
martingale statistical models.

Let on the stochastic basis (2, F, F' = (F;)i>0, P) satisfying the usual con-
ditions the following objects be given:
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a) the random field H = {Hy(u), t > 0, u € R'} = {Hy(w,u), t > 0, w €
Q, u € R'} such that for each u € R! the process H(u) = (Hy(u))io €
P (i.e. is predictable);

b) the random field M = {M(t,u), t > 0, u € R'} = {M(w,t,u), w €
Q,t >0, u € R'} such that for each u € R! the process M(u) =
(M2, U))t>0 € M.(P);

¢) the predictable increasing process K = (K;)>o (i.e. K € VT NP).

In the sequel we restrict ourselves to the consideration of the following par-
ticular cases:

1°. M() m€Mloc( )
2°. for each u € R M(u) = f(u) - m + g(u) - n, where m € M¢ _(P),

n € ME(P), the processes f(u) = (f(tu))izo and g(u) = (g(t, u))so
are predictable, the corresponding stochastic integrals are well-defined
and M( ) S Mloc( )

3°. for each u € R* M(u) = ¢(u)-m~+W (u)*(pn—v), where m € M¢ _(P),
w is an integer-valued random measure on (Rx E, B(Ry) x¢), v is its P-
compensator, (E,¢) is the Blackwell space, W(u) = (W(t,z,u), t >0,
x € E) € P®e. Here we also mean that all stochastic integrals are
well-defined.

t
Later on by the symbol [ M(ds,us), where u = (u;);>0 is some predictable

0
process, we denote the following stochastic line integrals:

t t
/f(s,us)dms—l—/g(s,us)alnS (in case 2°)
0 0

or
t

/gp(s,us)dms + /t/W(s,a:,us)(u —v)(ds,dx) (in case 3°)

provided the latters are well-defined.
Consider the following semimartingale stochastic differential equation

2 = 29+ /Hs(zs) dK, + /M(ds, zs—), 2o € Fo. (0.1)

We call SDE (0.1) the Robbins—Monro (PM) type SDE if the drift coefficient
Hy(u), t >0, u € R satisfies the following conditions: for all ¢ € [0, 00) P-a.s.
Ht(O) = 0,
(A)
Hy(u)u <0 forall u#0.

The question of strong solvability of SDE (0.1) is well-investigated (see, e.g.,
8], [9], [13]).



4 N. LAZRIEVA, T. SHARIA AND T. TORONJADZE

We assume that there exists an unique strong solution z = (z;);>0 of equation
(0.1) on the whole time interval [0, 00) and such that M € M2 (P), where

loc
t
M, = /M(ds,zs_).
0

Some sufficient conditions for the latter can be found in [8], [9], [13].

The unique solution z = (z)¢>0 of RM type SDE (0.1) can be viewed as a
semimartingale stochastic approximation procedure.

In the present work we are concerning with the asymptotic behaviour of the
process (2¢)s>0 and also of the averized procedure z = e~ !(z o €) (see Section 3
for the definition of Z) as t — oc.

The work is organized as follows:

In Section 1 we study the problem of convergence

2z —0 as t— o0 P-a.s. (0.2)

Our approach to this problem is based, at first, on the description of the non-
negative semimartingale convergence sets given in subsection 1.1 [19] (see also
[19] for other references) and, at the second, on two representations “standard”
and “nonstandard” of the predictable process A = (A;);>o in the canonical
decomposition of the semimartingale (z2);>0, 2 = A, + mart, in the form
of difference of two predictable increasing processes A! and A% According
to these representations two groups of conditions (I) and (II) ensuring the
convergence (0.2) are introduced.

in subsection 1.2 the main theorem concerning (0.2) is formulated. Also the
relationship between groups (I) and (II) are investigated. In subsection 1.3
some simple conditions for (I) and (II) are given.

In subsection 1.4 the series of examples illustrating the efficience of all as-
pects of our approach are given. In particular, we introduced in Example
1 the recursive parameter estimation procedure for semimartingale statistical
models and showed how can it be reduced to the SDE (0.1). In Example 2
we show that the recursive parameter estimation procedure for discrete time
general statistical models can also be embedded in stochastic approximation
procedure given by (0.1). This procedure was studied in [39] in a full capacity.

In Example 3 we demonstrate that the generalized stochastic approximation
algorithm proposed in [28] is covered by SDE (0.1).

In Section 2 we establish the rate of convergence (see subsection 2.2) and
also show that under very mild conditions the process z = (z);>0 admits an
asymptotic representation where the main term is a normed locally square
integrable martingale. In the context of the parametric statistical estimation
this implies the local asymptotic linearity of the corresponding recursive esti-
mator. This result enables one to study the asymptotic behaviour of process
2 = (2¢)t>0 using a suitable form of the Central limit theorem for martingales
(see Refs. [11], [12], [14], [25], [35]).
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In subsection 2.1 we introduce some notations and present the normed pro-
cess X222 in form
Ly

(L)
where L = (L;);>0 € M2 (P) and (L), is the shifted square characteristic of

loc
L,ie (L) := 14 (L){"". See also subsection 2.1 for the definition of all
objects presented in (0.3).
In subsection 2.2 assuming z; — 0 ast — oo P-a.s., we give various sufficient

conditions to ensure the convergence

+ Ry, (0.3)

2.9
Xt?t —

V22 —0 as t— oo (P-a.s.) (0.4)

for all 6, 0 < § < dg, where v = (94)i>0 is a predictable increasing process
and &g, 0 < g < 1, is some constant. In this subsection we also give series if
examples illustrating these results.

In subsection 2.3 assuming that Eq. (0.4) holds with the process asymptoti-
cally equivalent to x2, we study sufficient conditions to ensure the convergence

R20 as t— o0 (0.5)

which implies the local asymptotic linearity of recursive procedure z = (z;)>o.
As an example illustrating the efficience of introduced conditions we consider
RM stochastic approximation procedure with slowly varying gains (see [31]).

An important approach to stochastic approximation problems has been pro-
posed by Polyak in 1990 [33] and Ruppert in 1988 [38]. The main idea of this
approach is the use of averaging iterates obtained from primary schemes. Since
then the averaging procedures were studied by a number of authors for various
schemes of stochastic approximation ([1], [2], [3], [4], [5], [6], [7], [31], [34]). The
most important results of these studies is that the averaging procedures lead
to the asymptotically optimal estimates, and in some cases, they converges to
the limit faster than the initial algorithms.

In Section 3 the Polyak weighted averaging procedures of the initial process
z = (z)t>0 are considered. They are defined as

t

Etzefl(goK)/zSdss(goK), (0.6)

t [e%s)
where g = (g+)¢>0 is a predictable process, g > 0, [ gsdKy < oo, [ gidK; = <
0 0

and €;(X) as usual is the Dolean exponential.

Here the conditions are stated which guarantee the asymptotic normally of
process Z = (Z;)1>0 in case of continuous process under consideration.

The main result of this section is presented in Theorem 3.3.1, where as-
suming that Eq. (0.4) holds true with some increasing process v = (V)0
asymptotically equivalent to the process (I'?(L);!);>0 the conditions are given
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that ensure the convergence

e’z L V2¢, €€ N(0,1), (0.7)

t
where e, = 1 + [T2(L);!B:dK.
0

As special cases we have obtained the results concerning averaging proce-
dures for standard RM stochastic approximation algorithms and those with
slowly varying gains.

All notations and fact concerning the martingale theory used in the pre-
sented work can be found in [12], [14], [25].

1. CONVERGENCE

1.1. The semimartingales convergence sets. Let (2, F, F = (F;)i>0, P)
be a stochastic basis satisfying the usual conditions, and let X = (X})i>0
be an F-adapted process with trajectories in Skorokhod space D (notation
X =FnND). Let Xo = tli>r2>Xt and let {X —} denote the set, where X

exists and is a finite random variable (r.v.).

In this section we study the structure of the set {X —} for nonnegative
special semimartingale X. Our approach is based on the multiplicative de-
composition of the positive semimartingales.

Denote V* (V) the set of processes A = (A;)i>0, Ao = 0, A € FND
with nondecreasing (bounded variation on each interval [0, ¢[) trajectories. We
write X € P if X is a predictable process. Denote Sp the class of special
semimartingales, i.e. X € 5, it X € FN D and

X =Xo+ A+ M,

where A € VNP, M € M.
Let X € Sp. Denote (X)) the solution of the Dolean equation

Y=1+Y_-X,

t
where Y_ - X, := fYS,dXs.

0

IfT', Ty € F,thenI'y =Ty (P-a.s.) or I'y C 'y (P-a.s.) means P(I'1AT') =
0 or P(I'y N (©2\ I'g)) = 0 respectively, where A is the sign of the symmetric
difference of sets.

Let X € Sp. Put A = A! — A%, where A', A2 € V* NP. Denote

A=(1+X_ 4+ A%)1oa <;:/YL+X%+VQJ*¢@).
0
Theorem 1.1.1. Let X € Sp, X > 0. Then

{Ay < 0} C{X =} N{A% <o} (P-as.).
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Proof. Consider the process Y =1+ X + A2, Then
YV=Y+A '+ M, Y,=1+X,,

Y > 1, Y"'AA' > 0. Thus the processes A=Y 1oA and M = (Y_ +

AAYH™L . M are well-defined and besides Aecvrn P, M e Mige. Then,
using Theorem 1, §5, Ch. 2 from [25] we get the following multiplicative
decomposition

-~

Y = Yoe(A)e(M),
where e(A) € V¥ NP, e(M) € M.
Note that AM > —1. Indeed, AM = (Y_ + AAY)"'AM. But AM =

—~

AY — AA' =Y — (Y. + AAY) > —(Y_ + AA'). Therefore (M) > 0 and
{e(M) —} =Q (P-a.s.). On the other hand (see, e.g., [30], Lemma 2.5)
e(A) oo = A, Too as t— oc.

Hence N
{AOO<OO}Q{Y—>}:{X—>}Q{AC2>O<OO},
since A2 <Y and A% € V+.
Theorem is proved. U

Corollary 1.1.1.
{AL <00} ={(1+X_) oAl <oo}={A, <00} (P-a.s.).

Proof. 1t is evident that

{AL < oo} C{1+X_) oAl <0} C{Ay < o0}

C{X —=}n{42 < oo} (P-a.s.).

It remains to note that

{AL < oo} N{X =} N{42 < oo}

= {Ay < 00} N{X =} N {42 < o0} (P-a.s.).
Corollary is proved. O
Corollary 1.1.2.
{A < 0o} N{ewe(M) >0} = {X =N {A% < 0o} N{ew(M) > 0} (P-a.s.),
as it easily follows from the proof of Theorem 1.1.1.
Remark 1.1.1. The relation
{AL <00} C{X =}N{A% <} (P-a.s.)

has been proved in [25], Ch. 2, §6, Th. 7. Under the following additional
assumptions:

1. EXy < 05

2. one of the following conditions («) or () are satisfied:

(o) there exists e > 0 such that A}, € F; for all t > 0,
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(8) for any predictable Markov moment o
EAA}TI{U<OO} < 0Q.
Let ABe FND. Wewrite A< Bif B—AeVTt.

Corollary 1.1.3. Let X € Sp, X > 0, A < A' — A% and A < Al, where
Al A2 e VP N'P. Then

(Al <o} ={(1+ X ) toAl <o} C{X —=}N{42 <o} (P-as.).
Proof. Rewrite X in the form
X=X,+A — A%+ M,
where A2 = A' — A € V'NP. Then the desirable follows from Theorem 1.1.1,

Corollary 1.1.1 and trivial inclusion {A% < 0o} C {42 < oo}.
The corollary is proved. U

Corollary 1.1.4. Let X € Sp, X >0 and
X=Xo+X_oB+A+M

with BeVTNP, Ac VNP and M € M.
Suppose that for AY, A2 € VT NP

A< A'— A% and A< AL
Then
{AL <00} N{By < 0} C{X —=}N{42 < 0} (P-a.s.).

The proof is quite similar to the prof of Corollary 1.1.3 if we consider the
process Xe~'(B).

Remark 1.1.2. Consider the discrete time case.
Let Fy, F1,... be a non-decreasing sequence of g-algebras and X,,, 3,, &,,
(n € Fpn, n > 0, are nonnegative r.v. and

Xn - XO + ZXi—lﬁi—l + An + Mn
i=0
(We mean that X_1 = X(), .7:_1 = FO and 6_1 = 5_1 = C—l = 0), where An S
Fr_1 with Ag =0 and M € M. Note that X,, can always be represented in

this form taklng An = Z<E<X1’E,1> — Xifl) — Z Xl;lﬂifl.
=0 1=0
Denote

A%L = ;&—1 and Ai = ZO (7;_1.

It is clear that in this case
A< A <= AA, <&,

(AA,:=A,—A,_1,n>1).
So, in this case Corollary 1.1.4 can be formulated in the following way:
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Let for each n
A, < Z(&fl —Gi-1)
i=0

and
AAn S Sn—l .
Then

{g’i“ = oo} " { gﬁﬂ < OO} C{X—}n { ggl < oo} (P-0.5.).

From this corollary follows the result by Robbins and Siegmund (see Rob-
bins, Siegmund [37]). Really, the above inclusion holds if in particular AA4,, <
1 — Cuo1, n > 1, ie. when

E(Xn | fn—l) S Xn—1<1 + 671—1) + gn—l - Cn—h n Z 0.

In our terms the previous inequality means A < A! — A2

1.2. Main theorem. Consider the stochastic equation (RM procedure)
t t
2z = 2o + /Hs(zs) dK, + /M(ds,zs), t>0, z€Fo, (1.2.1)
0 0

or in the differential form
dZt = Ht(Zt_)th + M(dt, Zt_)7 2o € f().

Assume that there exists an unique strong solution z = (2;);>¢ of (1.2.1) on

the whole time interval [0, 00), M € M, ., where

2

loc»
t

M, ::/M(ds,zs_).
0

We study the problem of P-a.s. convergence z; — 0, as t — 00.
For this purpose apply Theorem 1.1.1 to the semimartingale X; = 22, t > 0.
Using the Tto formula we get for the process (272);>0

dz} = dA; + dNy, (1.2.2)
where
dA, =V, (22 )dEK, + V(2 )dKE + d(M),,
AN, = 22,_dM, + Hy(z_)AK, dM¢ + d([M], — (M),),
with

V.7 (u) := 2H(u)u,
Vi (u) = H (u)AK,.
Note that A = (At>t20 eVYn P, N € Mloc.
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Represent the process A in the form

A=Al — A2 (1.2.3)
with
(1) dAz} - ‘/;+<Zt—)ng + d<M>t7
—dA? = ‘/ti(Zt,)th,
or
(2) dA% = [‘/;E_ (Zt—)I{AKt#O} + ‘/zf+(zt—)]+ng + d<M>tv

—dA} = {V; (2 ) (ari—oy — Vi (2 ) [{ar 20 + Vi' (2-)] 7 HEG,
where [a]" = max(0, a), [a]” = —min(0, a).

As it follows from condition (A) ay(z;—) < 0 for all ¢ > 0 and so, the represen-
tation (1.2.3)(1) directly corresponds to the usual (in stochastic approximation
procedures) standard form of process A (in (1.2.2) A = A! — A? with A', A?
from (1.2.3)(1)). Therefore we call representation (1.2.3)(1) “standard”, while
the representation (1.2.3)(2) is called “nonstandard”.

Introduce the following group of conditions: For all u € R! and ¢ € [0, c0)

(A) For all t € [0,00) P-a.s.
H,(0) =0,
H:(0)u < 0 for all u # 0;
(B)
(i) (M(u)) < K,
(ii) h¢(u) < Bi(1 +u?), By >0, B = (B;)i>0 € P, Bo K, < o0,

d{M(w))¢

where hy(u) = =

(D
() (11) Lragop|Hi(u)| < Ci(1+ul), €20, C' = (Cy)izo €P, Co Ky <00,
(iy) C?AK o K¢ < o0,
(ii) for each ¢ > 0
inf |V (u)| o Ky = o0

e<|u|<1/e
(1)
(i) Vi (lar0y + Vi (@)]* < Dy(1+w?), Dy >0,
D= (Dt)tzo eP, D ngo < 00,
(ii) for each € > 0

inf  {|V7(u)|Iiar,—oy + [V () Itak,20; + V7 (w)] 7} 0 Koo = 00.

e<|u|<1/e

Remark 1.2.1. When M(u) = m € M3, we do not require the condition

loc»

(m) < K and replace the condition (B) by
(B) (M) 0o < 00.

Remark 1.2.2. Everywhere we assume that all conditions are satisfied P-a.s.
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Remark 1.2.3. Tt is evident that (I) (ii)= C o K, = oc.

Theorem 1.2.1. Let conditions (A), (B), (I) or (A), (B), (II) be satisfied.
Then

zz — 0 P-a.s. as t— oo.

Proof. Assume, for example, that the conditions (A), (B) and (I) are satisfied.
Then by virtue of Corollary 1.1.1 and (1.2.2) with standard representation
(1.2.3)(1) of process A we get

{(1+22) "o Al < oo} C{2* =} N {AZ < oo} (1.2.4)
But from conditions (B) and (I) (i) we have
{1+22)o Al <0} =Q (P-as.)
and so
{22 =IN {42 <00} =Q (P-as.). (1.2.5)
Denote 22 = Jim 22, N = {22 > 0} and assume that P(N) > 0. In this case

from (I) (ii) by simple arguments we get
P(IV™(2-)] o Koo = 00) >0,

which contradicts with (1.2.4). Hence P(N) = 0.
The proof of the second case is quite similar.
The theorem is proved. Il

In the following propositions the relationship between conditions (I) and (II)
are given.

Proposition 1.2.1. (I)=(II).
Proof. From (I) (i) we have
Vi (Wlakzoy + Vi ()] <V (u) < CIAK(1+ )

and if take D; = C?AK;, then (II) (i) follows from (I) (i5).
Further, from (I) (i) we have for each € > 0 and u with ¢ < |u| < 1/¢

Vi (Wl Lake=oy + Vi (u) + VN (W] Lak, 0y
_ _ 1
> |V () = Vo) 2 V()] - CPAK (1+ ).

Now (IT) (ii) follows from (I) (i5) and (I) (ii).
The proposition is proved. Il
Proposition 1.2.2. Under (I) (i) we have (1) (ii) < (II) (ii).

Proof immediately follows from previous proposition and trivial implication

(IT) (i))=-(I) (ii).
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1.3. Some simple sufficient conditions for (I) and (II). Introduce the
following group of conditions: for each u € R' and ¢ € [0, 00)

(S.1)
(i) (i1) Gilul < |[Hy(u)] < Gilul, Gy >0, G = (Gi)izo
G=(G)oeP, Gok, < oo,
(iy) G2AK o K% < oo;

(i) Go K. = oo; (1.3.1)

(S.2)
(i)  G[-2+4 GAK]* o K% < o0; (1.3.2)
(i)  G{2Lak—0) + [~2 + GAK] I{ax0) 0 Koo = 0. (1.3.3)

Proposition 1.3.1.
(5.1) = (D),
(S.1)(41), (S.2) = (II).
Proof. The first implication is evident. For the second, note that
Vi () arzoy + Vit (u) = =2|Hy(w)| [ulIax, 20y + Hf (u)AK,
< |Hy(w)] [ul [~2L1ak,20) + G:AK.  (1.3.4)
So
1V, () sy + Vit (0] < [Hu(w)] ul [=2Eaopoy + GAK]
< ét[_QI{AKﬁéO} + GAK [
and (II) (i) follows from (1.3.2) if we take
D, = Gy[-2 + étAKt]+I{AKt7éO}-
Further, from (1.3.4) we have
Vi (Wl Lar—oy + Vi (W) Lar,z0p + Vi (u)]
> WG 2l ak,—o0y + [~ 2l (akiz0y + GiAK] ™}

and (II) (ii) follows from (1.2.3).
Proposition is proved. U

Remark 1.3.1.
a) (S.1)=(S.2),
b) under (S.1) (i) we have (S.1) (ii)<(S.2) (ii),
c) (S.2) (ii)=-(S.1) (ii).

Summarizing the above we come to the following conclusions: a) if the
condition (S.1) (ii) is not satisfied, then (S.2) (ii) is not satisfied also; b) if (S.1)
(71) and (S.1) (ii) are satisfied, but (S.1) (i2) is violated, then nevertheless the
conditions (S.2) (i) and (S.2) (ii) can be satisfied.
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In this case the nonstandard representations (1.2.3)(2) is useful.

Remark 1.3.2. Denote
GAK, =246, 0 >-2 forall tel0,00).

It is obvious that if 6, < 0 for all ¢ € [0, 00), then [-2+G,AK,]* = 0. So (S.2)
(i) is trivially satisfied and (S.2) (ii) takes the form

G{QI{AK:O} + ‘5’[{AK7AO} o K, = o0. (135)

Note that if G - min(2,|d]) o K = oo, then (1.3.5) holds, and the simplest
sufficient condition (1.3.5) is: for all ¢ > 0

Go K, =00, [0 > const>D0.

Remark 1.3.3. Let the conditions (A), (B) and (I) be satisfied. Since we apply
Theorem 1.1.1 and its Corollaries on the semimartingales convergence sets
given in subsection 1.1, we get rid of many of “usual” restrictions: “moment”
restrictions, boundedness of regression function, etc.

1.4. Examples.

1.4.1. Recursive parameter estimation procedures for statistical models associ-
ated with semimartingale.

1. Basic model and regularity. Our object of consideration is a parametric
filtered statistical model

e=(QF,F=(F)s0,{Fo;0 € R})

associated with one-dimensional F-adapted RCLL process X = (Xi);>0 in
the following way: for each §# € R' Pp is an unique measure on (2, F) such
that under this measure X is a semimartingale with predictable character-
istics (B(6),C(0),vp) (w.r.t. standard truncation function h(x) = g <1y)-

Assume for simplicity that all P, coincide on F.
loc

Suppose that for each pair (0,60") Py ~ Py. Fix § = 0 and denote P = P,
B = B(0), C=C(0), v = 1.
Let p(0) = (p(0))i>0 be a local density process (likelihood ratio process)
by,
0) = ——
pt( ) dPt )

where for each 6 Py, := Fy|F;, P, := P|F; are restrictions of measures Py and
P on F;, respectively.
As it is well-known (see, e.g., [14], Ch. III, §3d, Th. 3.24) for each 6 there

exists a P-measurable positive function
Y(O) ={Y(w,t,2;0), (w,t,z)€Qx Ry x R},
and a predicable process 3(0) = (5:(0)):>o with
|h(Y(0) — 1)|xv € AL (P), B*(0)oC € A} (P),

loc
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and such that
(1) B(0) =B+ B(6) o C +h(Y(0) —1) % v, o
2) CO)=C, (3) vp=Y(0) v (1.4.1)

In addition the function Y (#) can be chosen in such a way that

a; :=v({t},R) =1 <= a(0) := vp({t},R) = /Y(t,x;@)y({t})dx =1.

We assume that the model is regular in the Jacod sense (see [15], §3, Df.
3.12) at each point 6, that is the process (pg/ps)'/? is locally differentiable
w.r.t 6 at 6 with the derivative process

L(0> = (Lt(e))tzo S M1200<P9)’
In this case the Fisher information process is defined as
1,(0) = (L(6), L(9))r. (1.42)

In [15] (see §2-c¢, Th. 2.28) was proved that the regularity of the model at
point @ is equivalent to the differentiability of characteristics 3(0), Y (6), a(0)

in the following sense: there exist a predictable process 3(6) and P-measurable
function W (#) with

340) 0 Cy < 00, W2(B) xvp, < oo forall teR,

and such that for all ¢ € R, we have as ¢/ — 0

(1) (B(#) = B(O) = B(O)(8' —6))* 0 C\/ (¢ — 6)

P,
2_9)07

where
WEO) = [ Wit 0m({e). o).
In this case as(f) =1 = /Wf(ﬁ) = 0 and the process L(f) can be written as

) A 1176
L(O) = B() - (X = B(0) o C) + (We(e) + 1“1 é%) w(u—uvp), (1.4.4)

1(0) = 32(9) oC’—{—(WG(H))Q*Vg—G—ZM. (1.4.5)
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Denote
W (6)
1—a(f)
One can consider the another alternative definition of the regularity of the
model (see, e.g., [35]) based on the following representation of the process p(6):

p(0) = e(M(8)),

D(0) = W(O) +

where
Y(0) —a

M(9) = B(6)- X+ (Y(é’)—1+ -

[{0<a<1}> *(pu—v) € Mioc(P). (1.4.6)

Here X¢ is a continuous martingale part of X under measure P (see, e.g., [16],
28]).

We say that the model is regular if for almost all (w,t, ) the functions
B:0— Bi(w;0) and Y : 0 — Y(w,t,z;0) are differentiable (notation 3(0) :=
Z8(0), Y(0) :== %Y (0)) and differentiability under integral sign is possible.
Then

~ Inp(0) = L(M(0), M(0)) := L(0) € Mioc(P),
where L(m, M) is the Girsanov transformation defined as follows: if m, M €
Mioe(P) and Q < P with 92 = £(M), then

L(m, M) :=m — (1+AM) ' o[m, M] € Mi,.(Q).

It is not hard to verify that

L(0) = B(0) - (X = B(0) 0 C) + D(0) (11 — vp), (1.4.7)
where
= Y(0) a(d)
*0) =0 T 1=

with I{a(g)zl}d(e) = 0.
If we assume that for each § € R' L() € M2 _(P,), then the Fisher infor-
mation process is
1(6) = (L(9). L(6)):.
It should be noticed that from the regularity of the model in the Jacod sense
it follows that L(0) € M2 _(P,), while under the latter regularity conditions
L(0) € M2 _(Pp) is an assumption, in general.

In the sequel we assume that the model is regular in both above given senses.
Then

W) =——, W) =alH), L(O)=L(®).
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2. Recursive estimation procedure for MLE. In [18] an heuristic algorithm was
proposed for the construction of recursive estimators of unknown parameter 0
asymptotically equivalent to the maximum likelihood estimator (MLE).
This algorithm was derived using the followmg reasons:
Consider the MLE # = (Gt)t>0, where Gt is a solution of estimational equa-
tion
L,(0) = 0.
Assume that
1) for each 6 € R" the process (1,(6))/2(6,—6) is Py-stochastically bounded
and, in addition, the process (é\t)tzo is a Py-semimartingale;
2) for each pair (¢’,6) the process L(6') € M2 _(Py) and is a Pp-special
semimartingale;
3) the family (L(6),0 € R') is such that the Ito-Ventzel formula is appli-
cable to the process (L(t, é\t))tzo w.r.t. Py for each 6 € R;
4) for each § € R' there exists a positive increasing predictable process
(7:(8))i=0 asymptotically equivalent to I, '(6), i.e.

wOLO) B 1 as t— .

Under these assumptions using the Ito—Ventzel formula for the process
(L(t, 9t))t>o we get an “implicit” stochastic equation for § = (Qt)tzo Ana-
lyzing the orders of infinitesimality of terms of this equation and rejecting the
high order terms we get the following SDE (recursive procedure)

d0;, = 7,(0,_)L(dt,0,_), (1.4.8)

where L(dt,u;) is a stochastic line integral w.r.t. the family {L(¢,u), u € R!,
t € Ry} of Pyp-special semimartingales along the predictable curve u = (u)>o.

To give an explicit form to the SDE (1.4.8) for the statistical model asso-
ciated with the semimartingale X assume for a moment that for each (u,#)
(including the case u = 0)

B(u)] * 1 € A (Py). (1.4.9)

Then for each pair (u,#) we have

O(u) * (1 — vy) = O(u) * (1 — vp) + ®(u) (1 - E;EZ;) _—

Based on this equality one can obtain the canonical decomposition of FPp-
special semimartingale L(u) (w.r.t. measure P):

L(u) = B(u) o (X° = B(8) o C) + B(u) (1 — )

+ B(w)(B(8) — Bu)) o C + ®(u) (1 - };Eg) « 1. (1.4.10)

Now, using (1.4.10) the meaning of L(dt,u;) is
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[ ptas.uc) = [ hworace - o) o,

+//<I>(s,x us—) (1 — vo)(ds, dz) + /ﬁs us)(Bs(60) — Bs(us))dC.

+/t/(b(s,x,us_)(1 _ %)W(d&dm).

Finally, the recursive SDE (1.4.8) takes the form

t

@_%+/ (6, )(6s)d(X° = B(8) 0 C).

o [ [0 wyas

+/%@@@mum—@@mw

+/t/vs(68)@(s,x,es)(1—%)%@,@). (1.4.11)

Remark 1.4.1. One can give more accurate than (1.4.9) sufficient conditions
(see, e.g., [12], [14], [25]) to ensure the validity of decomposition (1.4.10).

Assume that there exists an unique strong solution (6;);>9 of the SDE
(1.4.11).

To investigate the asymptotic properties of recursive estimators (6;);>o as
t — oo, namely, a strong consistency, rate of convergence and asymptotic
expansion we reduce the SDE (1.4.11) to the Robbins—Monro type SDE.

For this aim denote z, = 6, — 0. Then (1.4.11) can be rewritten as

t

2= 20 4 /%(9 42 VB0 + 2 ) (Bu(0) — Bu(8 + 2. )dC,

+ O/t / o0+ 2 )D(s, 2,0+ 24 ) (1 - Y<S};Z’9;9§s>)u9(ds, i)

-g/%w+wg@w+¢gaxv—mmocn

0
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+ //%(9 + 25 )®(s, 7,0 + 25 ) (1 — vp) (ds, dz). (1.4.12)

For the definition of the objects KY, {H?(u), v € R'} and {M°%(u), v € R'}
we consider such a version of characteristics (C,1y) that

Cy=0C% A,
vo(w, dt,dz) = dA] B! (dz),

where A? = (Ag)t>0 € Al (), C% = (C?);>0 is a nonnegative predictable
process, and BY ,(dx) is a transition kernel from (Q x Ry, P) in (R, B(R)) with

ij’t({()}) =0 and
AAYB](R) <1
(see [14], Ch. 2, §2, Prop. 2.9).
Put K¢ = AY,
HY (1) = (6 + u){w F)(B(0) — (0 + 0)C?

+ /gb(t,x,e + u) <1 — w) Bz’t(dx)}, (1.4.13)

MO (1) = / 76+ w0+ w)d(X — B(8) 0 C),

+ //73(9 +u)P(s,x,0 + u)(u — vp)(ds, dx). (1.4.14)

Assume that for each u M?(u) = (M°(t,u));>0 € M2 _(P). Then

t

(W) = [ (0 + w6+ w)PCraA]

0

t
# [0 ( [ @m0+ 08 @) )aar
0

t

+/7§(0+u)Bf,,t(R){/®2(8,$,9+U)Q3,s(dw)

a0 | <1><s7:c,e+u>qz,s<dx>)2}dAz’d,

dx
where a,(0) = AAng S(R), qz,s(dw)[{as(9)>0} BY. s((R)) L4, 6)>0-
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Now we give a more detailed description of ®(6), 1(6), H(u) and (M?(u)).
Denote

dvg qfi,t(div) L o

= (), ) = for(z,0) (= f(9)).
Then

Y(O) = FO sy + 2 0) 1000y
and
70) = F 0T + (2 10) + 2 ) 1o
Therefore
£ f(6) a(0)
d(0) = F(Q) Iia—0y + {f(@) +a(9)(1—a(0))}l{a>0} (1.4.15)

with Iq >0}ff(9§ o( da:) 0.
= 0°0), zmi =@y = 0).

Denote 3(0) = ((6), = F(e : 6“(9), f(a)

Indices ¢ = ¢, 7, 6,b carry the following loads: “c” corresponds to the con-
tinuous part, “m” to the Poisson type part, “0” to the predictable moments
of jumps (includmg a main special case — the discrete time case), “b” to the
binomial type part of the likelihood score £(8) = (¢¢(9), £ (0),£°(6), £°(0)).

In these notations we have for the Fisher information process:

L) = [@orac+ [ [ o?p i

t

+ /Bf;,s<R) [/(ﬁg(:c;ﬁ)qujvs(dx)} dA%

0
t

+ /(62(9))2(1 — a,(0))d A%, (1.4.16)

0
For the random field HY(u) we have:

HY (u) = (60 + u){w ) (B(6) — B0+ u))CY

. Fi(z;0+u)\
+ /gt (@;6 + u) (1 - W) B (dx) I n a0y

(. U 6 T
+{/€t($79+ )qw,t(d )
at(Q) — at(e + U)

ay(0)

+ 800 + u) }Bfm(R)]{AA%O}. (1.4.17)



20 N. LAZRIEVA, T. SHARIA AND T. TORONJADZE

Finally, we have for (M(u)):
(M () = (Y( + u)t(8 +u))* C% 0 A7

t

n / 220+ u) / (07 (a:60 + u))*BY, (du)d AL

0

+ [0+ u)Bz,s<R>{ [0 40+ 80+ 0yt fao

—m%m)(/}@@xe+u)+eﬂe+4wm34¢m)2}dA§¢ (1.4.18)

Thus, we reduced SDE (1.4.12) to the Robbins-Monro type SDE with K¢ =
A% and H’(u) and M?(u) defined by (1.4.17) and (1.4.14), respectively.
As it follows from (1.4.17)

HY(0)=0 forall t>0, Psa.s.

As for condition (A) to be satisfied it ie enough to require that for all ¢ > 0,
u # 0 Py-a.s.

Be(0 +u)(B:(0) — Bi(6 + u)) <0,

F(t,x,0+u) F(t,r;0 +u)\
1—- B? (dx) VI a 4o
(/ F(t x, 9+u ( F(t T 9) w,t( I) {AAffo}U < O,

f(t, z; 6’+u)
( Fto 0t q! (dx) Iianss0yu <0,

at(O +u)(a (9) —ai(0 4 u))u < 0,

and the simplest sufficient conditions for the latter ones is the monotonicity

(P-a.s.) of functions 3(0), F'(0), f(0) and a(f) w.r.t 0.

Remark 1.4.2. In the case when the model is regular in the Jacod sense only
we save the same form of all above-given objects (namely of ®(6)) using the
formal definitions:

% Ia0)=0y == W(0)I1a(0)=0},
a(0) == W°,
f() W (6)

— =W, I,
(0) ( ) {a(0)>0} — (9) {a(9)>0}-
1.4.2. Discrete time.

a) Recursive MLE in parameter statistical models. Let Xo, X1,..., Xp,... be
observations taking values in some measurable space (X,B(X)) such that
the regular conditional densities of distributions (w.r.t. some measure )
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filwi, Olziy, ... 20), i < n, n > 1 exist, fo(zo,0) = folxg), 0 € R is the pa-
rameter to be estimated. Denote Py corresponding distribution on (2, F) :=
(X, B(X>)). Identify the process X = (X;);>o with coordinate process and
denote fo = O'(XO), fn = 0 (X,L 1 < n) If ’l/} = w(Xiniflw--’XO) is
a r.v., then under Fy(¢|F;_1) we mean the following version of conditional
expectation

By | Fiy) = /¢(Z,Xi_1, X0 | Ko Xo)u(d2),

if the last integral exists.
Assume that the usual regularity conditions are satisfied and denote

0 .
%fi(%’,@ | Ti—1y - 7$0) = fi(%‘,@ | Ti—1y - #Uo),

the maximum likelihood scores

ll(é’) = % (XZ, 0 ‘ X’i—l? e ,Xo)

and the empirical Fisher information

1(0) = Y Eai2(0) | Fica).

Denote also
bu(0,u) :== Eg(1,(0 + u) | Fn-1)
and indicate that for each § € R, n > 1
bn(0,0) =0 (FPp-a.s.). (1.4.19)
Consider the following recursive procedure
On =0p 1+ L (00 1) ln(0,1), 6 Fo.

Fix 6, denote z, = #,, — 6 and rewrite the last equation in the form
Zn =21+ L0+ 20— 1)0n (0, 2p—1) + 1,10 + 2_1) Ay,
Zo=0-—206,

where Am,, = Am(n, z,_1) with Am(n,u) = 1,,(0 +u) — Eg(1,(6 + u)|Fn_1).

Note that the algorithm (1.4.20) is embedded in stochastic approximation
scheme (1.2.1) with

H,(u) =IO +u)b,(0,u) € Fpimy, AK, =1,
AM (n,u) = I,;*(0 +u)Am(n, u).

(1.4.20)

This example clearly shows the necessity of consideration of random fields
H,(u) and M(n,u).

In Sharia [39] the convergence z, — 0 P-a.s. as n — oo was proved under
conditions equivalent to (A), (B) and (I) connected with standard representa-
tion (1.2.2)(1).
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Remark 1.4.3. Let § € © C R! where 0 is open proper subset of R'. It
may be possible that the objects [,,(f) and I,,(8) are defined only on the set
O, but for each fixed 6 € © the objects H,(u) and M(n,u) are well-defined
functions of variable u on whole R!. Then under conditions of Theorem 1.2.1
0, — 0 Py-a.s. as n — oo starting from arbitrary 6. The example given below
illustrates this situation. The same example illustrates also efficiency of the
representation (1.2.3)(2).

b) Galton-Watson Branching Process with Immigration. Let the observable
process be

Xi=)Y Y+l i=12..n Xo=1,
Y; j are i.i.d. random variables having the Poisson distribution with parameter
6, 0 > 0, to be estimated. If F; = o(Xj, j <), then

OXi_)™ " x|

P9<Xi:m’«rz’fl): (m—l)! € )

1=1,2,...; m>1.
From this we have

X;—1-0X;_ &
(0) = —— = LO) =0 X

The recursive procedure has the form
Xn —1- en—an—l

en — enf + n )
' Zi:l Xi1

90 S fo, (1421)

and if, as usual z, = 60, — 60, then
Zn—an—l + €n
Z?Zl Xi_l Z:L:]_ Xi—l ’

where ¢, = X, — 1 — 0X,, is a Py-square integrable martingale-difference.
In fact, E9(6n|]:n_1) =0, By(e2 | F1) = QXn_l. In this case H,(u) =

n

—uX,— 1/2XZ 1, AM(n,u) = Am,, = 5n/ZXz 1, AK =1 and so are

well- deﬁned on whole R'.
Indicate now that the solution of Eq. (1.4.21) coincides with MLE
0. Z? 1(X - 1)

" Zi:l Xi-1

and it is easy to see that (én)nzl is strongly consistent for all 6 > 0.
Indeed,

(1.4.22)

Zp = Zp—1 —

6, 0= i fr
Zi:l Xia
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and desirable follows from strong law of large numbers for martingales and
well-known fact (see, e.g., [10]) that for all § > 0

io:Xi_l =00 (FPpa.s.). (1.4.23)

Derive this result as the corollary of Theorem 1.2.1.
Note at first that for each § > 0 the conditions (A) and (B’) are satisfied.
Indeed,
—u2Xn_1
A H,(w)u = =—— <0
(A) (u) ST X
for all u # 0 (X; > 0, i>0)'

(B) = g ZZ 1Xz 5 <o

thanks to (1.4.23).

Now to illustrate the efficiency of group of conditions (II) let us consider
two cases:

1)0<f <1and 2)0 isarbitrary, i.e. 6 > 0.

In case 1) conditions (I) are satisfied. In fact, |H,(u |—< et/ Z X 1> |ul

o0 n 2
and Y. ngl/( > Xi,l) < 00, Pp-a.s. But if 6 > 1 the last series diverges,
n=1 i=1

so the condition (I) (i) is not satisfied.
On the other hand, the proving of desirable convergence by checking the
conditions (II) is almost trivial. Really, use Remark 1.3.2 and take G, =

G, = X,1/>.Xi1. Then > G, = oo Pya.s., for all § > 0. Besides
i=1 n=1
bp=—2+ Gy <0, |6n] > 1.

1.4.3. RM Algorithm with Deterministic Regression Function. Consider the
particular case of algorithm (1.2.1) when Hi(w,u) = v (w)R(u), where the
process 7 = (V)0 € P,y > 0 for all t > 0, dM (t,u) = ydmy, m € M2, i.e.

dzy = 2 R(z_)dK; + vidmy, 29 € Fo.

a) Let the following conditions be satisfied:
A) R(0) =0, R(u)u < 0 for all u # 0,

B) 12 o m)o. < o0,

) |R(u)| < C(1+ |ul), C > 0 is constant,
) for each € > 0, mf |R(uw)[ >0,
)

vo K; < o0, VtZO yoKoo:oo,
(4) Y’AK o K2 < oc.

Then z; — 0 P-a.s., as t — oo.

Indeed, it is easy to see that (A), (B'), (1)-(4)=(A), (B) and (I) of Theorem
1.2.1.
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In Melnikov [28] this result has been proved on the basis of the theorem
on the semimartingale convergence sets noted in Remark 1.1.1. In the case
when K% # 0 this automatically leads to the “moment” restrictions and the
additional assumption |R(u)| < const.

b) Let, as in case a), conditions (A) and (B’) be satisfied. Besides assume
that for each v € R and ¢ € [0, c0):

1) Vi(w)+ Vi (u) <0,

(2") for all e >0

I.:= inf {—(V (u)+V*(u))}oKy,=o0.

e<u<lt
— — &

Then z; — 0 P-a.s., as t — o0.

Indeed, it is not hard to verify that (1'), (2") =(II).

The following question arises: is it possible (1’) and (2') to be satisfied?
Suppose in addition that

Cilu] < |R(u)| < Cylu|, C4,Cy are constants, (1.4.24)
(3) 2 — Oy AKy >0,
(4" v(2 — CoyAK) o Ky, = 0.

Then (3') = (1') and (4') = (2/).
Indeed,

Vi (u) + Vi (u) < Cronful’[=2 + ConA K] <0,
I. > Cie*{y(2 — CyyAK) o K.} = 0.
Remark 1.4.4. (4') = vo K, = 0.

In [30] the convergence z; — 0 P-a.s., as t — oo was proved under the
following conditions:
(A) R(0) =0, R(u)u < 0 for all u # 0;
(M) there exists a non-negative predictable process r = (r;);>¢ integrable
w.r.t process K = (K3):>0 on any finite interval [0,¢] with properties:
(a) 7o Ky = 00,
(b) AL = 2%~ (—r 0 K) 0 (m)ay < 00,
(c) all jumps of process Al are bounded,
(d) ru® + Y2PAKR?*(u) < —2v.R(u)u,
for all w € R! and t € [0, c0).
Show that (M)=-(B’), (1') and (2').
It is evident that (b)=-(B’). Further, (d)=-(1’), Finally, (2) follows from (a)
and (d) thanks to the relation
I := i|n|f —(V=(u) + V*t(u)) o Ky > ’ro K, = <.
e<lul<t
The implication is proved.
In particular case when (1.4.24) holds and for all ¢ > 0 vAK; < ¢, ¢ > 0 is
a constant and C; and Cy in (1.4.24) are chosen such that 2C; — ¢C3 > 0, if
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we take r; = by, b > 0, with b < 2C} — ¢qC2, then (a) and (d) are satisfied if
vo Ky = .

But these conditions imply (3') and (4’). In fact, on the one hand, 0 < 2C; —
qC2 < C1(2 — qCs) and so (3') follows, since 2 — Coy,AK; > 2 — qCy > 0. On
the other hand, (4’) follows from (2 — CoyAK)o Ky > (2—qCs)y0 Ko = 0.

From the above we may conclude that if the conditions (A), (B'), (1.4.24),
“wAK; < q, g > 0,2—¢qCy >0 and 7o K, = oo are satisfied, then the
desirable convergence z; — 0 P-a.s. takes place and so, the choosing of process
r = (r¢)i>0 with properties (M) is unnecessary (cf. [30], Remark 1.2.3 and
Subsection 1.3).

¢) Linear Model (see, e.g., [28]). Consider the linear RM procedure
dzy = byzi_d Ky + yedmy, 29 € F,

where b € B C (—00,0), m € M2 _.
Assume that
72 0 (Mo < 0, (1.4.25)
v o Ko = 00, (1.4.26)
V?AK o K < 0.

Then for each b € B the conditions (A), (B’) and (I) are satisfied. Hence
2z — 0 P-a.s., as t— oc. (1.4.27)

Now let (1.4.25) and (1.4.26) be satisfied, but P(y2AK o K% = o0) > 0.

At the same time assume that B = [by, bs], —00 < by < by < 0 and for all
t>0 ’YtAKt < ‘bll_l.

Then for each b € B (1.4.27) holds.

Indeed,

Vi () Lariroy + Vi ()] = [blyeu?[=2 + DA K L ar,200]
< I{AKt¢0}|b|'7tu2[_2 + b AKT =0
and therefore (II) (i) is satisfied.
On the other hand,

inf u2{2’7|b|]{AK7§0} + b’y[2 — |b|7AK]]{AK¢O}} O Koo

1
e<lul<2

> 2?|b|y[2 — |b|yAK] 0 Koo > £2|bly 0 Ky = 00.

So (IT) (ii) is satisfied also.
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2. RATE OF CONVERGENCE AND ASYMPTOTIC EXPANSION

2.1. Notation and preliminaries. We consider the RM type stochastic dif-
ferential equation (SDE)

¢ ¢
zt:zo—i—/Hs(zs_)sz—l—/M(ds,zs_). (2.1.1)
0 0

As usual, we assume that there exists a unique strong solution z = (2¢)¢>0

of Eq. (2.1.1) on the whole time interval [0, 00| and M = (My)i>0 € M3 (P),
t

where M = OfM(ds, zs_) (see [8], [9], [13]).

Let us denote

H
B = — tim L)
u—0 u
assuming that this limit exists and is finite for each ¢ > 0 and define the

random field )
— 2w £ 0,
Bi(u) = { ﬁtu T i 0.
It follows from (A) that for all £ > 0 and u € R?,
B >0 and fFi(u) >0 (P-a.s.).
Further, rewrite Eq. (2.1.1) as

t t
2y = 2o — /6sZsI{BSAKs;£1}sz + /M(ds, 0) — Z ZS,I{,QSAKS:H
0 0

n / (B — Bulza))2s_dE, + / (M(ds, 2, ) — M(ds, 0))

(we suppose that M(-,0) # 0).
Denote

Bt - ﬁtj{ﬁtAKt?ﬂ}? Egl) = - Z Zsfj{ﬁ.sAKszl},
s<t
t t

R1(€2) = /(ﬁs - 55(2’5_))25_6”(5, Rz(fg) = /(M(d‘S?ZS_) B M(d870))
J 0
In this notation,

t t
2= 29 — /Bszdes + /M(ds,O) + Ry,
0 0

where
R =R" +R” + R
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Solving this equation w.r.t z yields
t t
2 = 1";1(20 + /FSM(ds,O) + /Fsdﬁs), (2.1.2)
0 0

where

I, =¢(-B0oK).

Here, a0 K; = jades and €;(A) is the Dolean exponent.
The process I' L (I't)¢>0 is predictable (but not positive in general) and
therefore, the process L = (L;);>¢ defined by
t
L= / I, M(ds, 0)
0
belongs to the class M2 _(P). It follows from Eq. (2.1.2) that

L
Xtz = —2/2 + R,

(L)
where

Xt = Ft<L>t_1/27

t
20

1 _
ERRTIRE [

0

Rt:

and (L) is the shifted square characteristic of L, i.e. (L), := 1+ (L){"*.

This section is organized as follows. In subsection 2.2 assuming z;, — 0 as
t — oo (P-a.s.), we give various sufficient conditions to ensure the convergence

V22 =0 as t— oo (P-a.s.) (2.1.3)

for all 0 < § < dp, where v = (7:)i>0 is a predictable increasing process and dg,
0 < dg <1, is some constant. There we also give series of examples illustrating
these results.

In subsection 2.3 assuming that Eq. (2.1.3) holds with v asymptotically
equivalent to x? (see the definition in subsection 2.2, we study sufficient con-
ditions to ensure the convergence

RtiO as t— 00,

which implies the local asymptotic linearity of the solution.

We say that the process & = (& )i>0 has some property eventually if for every
w in a set Qy of P probability 1, the trajectory (& (w))i>o0 of the process has
this property on the set [to(w), 00) for some to(w) < oo.

Everywhere in this section we assume that z; — 0 as t — oo (P-a.s.).
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2.2. Rate of convergence. Throughout subsection 2.2 we assume that v =
(7¢)e>0 is a predictable increasing process such that (P-a.s.)

Yo =1, Yoo=00

Suppose also that for each u € R the processes (M(u)) and ~y are locally
absolutely continuous w.r.t. the process K and denote

UM ME),

u(u, v) = K, K,

assuming for simplicity that g, > 0 and hence, I{ax, 20y = I{ay, 20} (P-a.s.) for
all £ > 0.
In this subsection, we study the problem of the convergence

Yz —0 as t—oo (P-a.s.)

for all 6, 0 < 0 < dp/2, 0 < dp < 1.

It should be stressed that the consideration of the two control parameters ¢§
and dy substantially simplifies application of the results and also clarifies their
relation with the classical ones (see Examples 1 and 6).

We shall consider two approaches to this problem. The first approach is
based on the results on the convergence sets of non-negative semimartingales
and on the so-called “non-standard representations”.

The second approach presented exploits the stochastic version of the Kro-
necker Lemma. This approach is employed in [39] for the discrete time case
under the assumption (2.2.23). The comparison of the results obtained in this
section with those obtained before is also presented.

Note also that the two approaches give different sets of conditions in general.
This fact is illustrated by the various examples.

Let us formulate some auxiliary results based on the convergence sets.

Suppose that r = (r;):>0 is a non-negative predictable process such that

rAK, <0, rokK;<oo (P-a.s.)

for each t > 0 and
roKy =00 (P-a.s.).

Denote by e; = &,(—r o K) the Dolean exponential, i.e.

g =e 0 ) rsdKS H — 1 AKy).

s<t

Then, as it is well known (see [25], [28]), the process ;' = {&;(—r 0 K)}~!
is the solution of the linear SDE

el =g rdKy, et =1

and ¢; ' — 0o as t — oo (P-a.s.).
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Proposition 2.2.1. Suppose that

e}

/e;lst_ [re — 2B8:(2-) + B2 (2 )AK)"dK; < oo (P-a.s.) (2.2.1)
0
and
/ e (21 2 VK, < 00 (P-a.s.), (2.2.2)

0

where [x]™ denotes the positive part of x.
Then e7'2? — (P-a.s.) (the notation X — means that X = (X;)>0 has a
finite limit as t — 00).

Proof. Using the Ito formula,
d(e;'27) = 22 de; ' + e, d2?
=722 (ry — 2Bz + B (2 ) AK,)dK,
+ e (2, 2 )dK, + d(Mart)
=¢; 27 dBy + dA; — dA? + d(Mart),
where
dB; =&, ', [rt —26(z—) + ﬁf(zt,)AKtr dK,,
dA} = ;7 hi(2, 2 )dK,,
dA} = e 'er [re — 2Bi(zen) + B} (2o ) AK] - dK;.

Now, applying Corollary 1.1.4 to the non-negative semimartingale (g, ' 22);>0,
we obtain

{By < 0} N{AL < oo} C{e7'2?2 =} N {A% < o}
and the result follows from Egs. (2.2.1) and (2.2.2). O

The following lemma is an immediate consequence of the Ito formula apply-
ing to the process (72)i>0, 0 < 6 < 1.

Lemma 2.2.1. Suppose that 0 < 6 < 1. Then
ryg = 615_1(_T6 © K),
where
=790/

and
1—(1- A’Yt/%)(S Iia
Ay /e {Ay#0} -

Fg = 5I{A%:0} +

The following theorem is the main result based on the first approach.
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Theorem 2.2.1. Suppose that for each 6, 0 < 6 < dg, 0 < dg < 1,

" )
/ (%) [r? —2B,(%-) + (2 ) AK)TdK, < 0o (P-a.s.) (2.2.3)

and
o

/7fht(zt_,zt_)th < oo (P-a.s.). (2.2.4)
0
Then v2z2 — 0 as t — oo (P-a.s.) for each §, 0 < & < &y, 0 < 6 < 1.

Proof. Tt follows from Proposition 2.2.1, Lemma 2.2.1 and the conditions (2.2.3)
and (2.2.4) that

Pl =1
for all 9, 0 < § < dg, 0 < 69 < 1. Now the result follows since
{722 — forall 6, 0<8 <y} = {122 —0 forall 6,0<6<8} O

Remark 2.2.1. Note that if Eq. (2.2.3) holds for § = dy, than it holds for all
d < dp.

Some simple conditions ensuring Eq. (2.2.3) are given in the following corol-
laries.

Corollary 2.2.1. Suppose that the process

T s eventually bounded. (2.2.5)
V-

Then for each §, 0 < d < dp, 0 < dg <1,

{ |:(5]{A’y:0} + I ayz0} % —2B8(2_) + ﬁQ(z_)AK} ’ oKy < oo}
- { Ka +(1-29) %)% —26(2.) + ﬁQ(z_)AK] ' oKy < oo}

< { (”7)[ - 29(e-) 4 P )AKT 0 Koy < 00

Proof. The proof immediately follows from the following simple inequalities
l—-(1-2)P°<ér+(1-0)2*<w
if 0 <z <1and0 < ¢ <1, which taking z = Avy;/~; gives
A
T < (5+ (1-9) 7%) < (01 (a=0y + I{aniz0)-
t
It remains only to apply the condition (2.2.5). O
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In the next corollary we will need the following group of conditions:
For 9, 0 < 6 < (50/2,

Jr
{52 - ﬁ(z)} o K° < 0o (P-a.s.), (2.2.6)
vy
[ Ay, N
> (1= Buzo)AK, — (11— - L (e yaKy<1) < 00 (P-a.s.), (2.2.7)
t>0 L _
[ Ay, N
> Bz )AK —1— (1 - - Iig (e yaKy>1) < 00 (P-a.5.). (2.2.8)
t>20 L i

Corollary 2.2.2. Suppose that the process
(Bi(ze=)AKy) >0 is eventually bounded. (2.2.9)

Then if Eq. (2.2.5) holds,

(1) {(2.2.6), (2.2.7), (2.2.8) for all 6, 0 < 6 < 60/2} = {(2.2.3) for all ¢,
0<d< 50},’
(2) if, in addition, the process & = (&;)i>0, with & = sup(Avs/7s) is even-
s>t

tually < 1, then the reverse implication “=7 holds in (1);
(3) {(2.2.6), (2.2.7), (2.2.8) for & = do/2} = {(2.2.6), (2.2.7), (2.2.8) for
all §, 0 < § < 09/2} ( here §g is some fized constant with 0 < §y < 1).

Proof. By the simple calculations, for all 4, 0 < d < dg, 0 < §p < 1,

oo _5 5
V- 1 —(1—Ay/v) ) i
— ol =01 T Iinn, =
J) [t s 2000 s
- Qﬁt(ztf) + ﬂ?(ztf)AKt

+ 0

.
_ 9t _ c
dK, = / [5 ” 2@(%)] dK

0

)
+ Z (7;—;) (1= Bi(z)AK, — (1 — Ay /)Y

t>0

x [1 = Bz ) AR, + (1~ A%/%)‘Wr Iig, (o )aki<1y
-8

; +
X [Bi(z ) AR, = 1= (1= Ay /)] Lige ) akiony (2.2.10)
Now for the validity if implications (1) and (2) it is enough to show that
under conditions (2.2.5) and (2.2.9), the processes
(1 —B(z-)AK + (1 - A’V/’Y)(W) Iz yaKx<1)

and
(B(z-)AK —1+(1— A’Y/’Y)é/z) Iig_yar>1)
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are eventually bounded and, moreover, if £ < 1 eventually, these processes are
bounded from below by a strictly positive random constant. Indeed, for each
0<d<landt 2 O, if ﬁt(zt,)AKt S 1,

bow szs < 1= Bz ) AR, + (1= Ay /3)"? < 2 (2.2.11)

and, if ﬂt(zt,)_AKt >1,
b e AVZS < By ) AR — 14 (1= Ay /7)< iz ) AR, (2.2.12)
The implication (3) simply follows from the inequality (1 — )% < (1 — z)/2
f0<z<land0<d<1/2. O

The following result is an immediate consequence of Corollary 2.2.2.

Corollary 2.2.3. Suppose that

A\ 2
Z]{ﬂt(Zt_)AKtzl} < oo and Z (ﬂ) < oo (P-a.s.). (2.2.13)
t>0 =0 \ Tt

Then Eq. (2.2.7) is equivalent to

_ d
/ {5 - M] o (P-a.s) (2.2.14)
i Tt

0
and

{(2.2.6), (2.2.14) for all §, 0 < < dy/2} < {(2.2.3) for all 6, 0 < < dp}.

Proof. The conditions (2.2.8) and (2.2.9) are automatically satisfied and also
¢ < 1 eventually (§ = (&)i>0 is the process with & = sup(Avs/vs)). So it
s>t
follows from Corollary 2.2.2 (2) that
{(2.2.6),(2.2.7) forall 6, 0 <& < 8,/2} = {(2.2.3) forall &, 0 <& < Jy}.

It remains to prove that Eq. (2.2.7) is equivalent to Eq. (2.2.14). This
immediately follows from the inequalities

[a+b]" <[aT+ ], 62 <1—(1—2)° <éx+(1-05)a?
0<z<l, 0<d<l,
applying to the z = (A~,/v;) and to the expression
[1= Bz )AK + (1= A/
and from the condition Y (Av;/v)? < oo (P-a.s.). O

>0

Remark 2.2.2. The condition (2.2.14) can be written as

> [5ﬂ — Bz )AK, ' < oo (P-a.s.).

>0 Vi
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Below using the stochastic version of Kronecker Lemma, we give an alter-
native group of conditions to ensure the convergence

Yz —0 as t— oo (P-a.s.)

for all 0 < 0 < dp/2, 0 <y < 1.
Rewrite Eq. (2.1.1) in the following form
t

2y = 2o + /zs—st + Gt7
0

where _ _
dBt = _6t(zt—)th7 ﬁt(u’) = 6t(u)[{ﬁt(u)AKt7ﬂ}
and
¢
Gy = — Z Zo-Igp () aki=1y + /M(ds’ Zo-)- (2.2.15)
s<t 0

Since AB; = —3,(2_)AK,; # —1 we can represent 2 as

et [ )

and multiplying this equation by +? yields
t

V02 = signe,(B)I' <zo + /sign es(B){T}7140 dGS), (2.2.16)
where I'\" = 9|e,(B)|.

Definition 2.2.1. We say that predictable processes { = (&)i>0 and 7 =
(m)i>0 are equivalent as ¢ — oo and write £ ~ n if there exists a process

¢ = (¢¢)t>0 such that
& = Cmt,

and
0<C'<|¢l <<
eventually, for some random constants ¢! and (2.

The proof of the following result is based on the stochastic version of the
Kronecker Lemma.

Proposition 2.2.2. Suppose that for all 6, 0 < 6 < §p/2, 0 < §p < 1,

(1) there exists a positive and decreasing predictable process T'¥) = (FE‘”)QO
such that

f((f) =1 (P-a.s.), P{lir%fgé) = O} =1, T® ~TO

and
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Zl{ﬁt(zF)AKtzl} < 0 (P—G.S.), (2.2.17)
>0
/vf‘sht(zt_,zt_)th < oo (P-a.s.). (2.2.18)

0

Then
Y2z —0 as t— oo (P-a.s.)

forall0 < § < 6¢/2, 0 <y < 1.

Proof. Recall the stochastic version of Kronecker Lemma (see, e.g., [25], Ch. 2,
Section 6):

Kronecker Lemma. Suppose that X = (Xi)i>o is s semimartingale and
L = (L)t is s predictable increasing process. Then

{Loo =00} N{Y —} C {% — O} (P-a.s.),
where Y = (1+ L)™' X,

t
Put (1+ L)t =T and X, = f(Fgé))*l sign e,(B)y°dG,. Then it follows
0
from the condition (1) that L is an increasing process with L., = oo (P-a.s.)

and

A={TY® =0}n { / IO ~Lsigne,(B)y°dG, — }
0

T®
c { T [@0) e Bpiic, o € (2 — o)
0

where the latter inequality follows from the relation I'® ~ TI'® and Eq.
(2.2.16).

At the same time, from Eq. (2.2.15) and from the well-known fact that if
M € M, then {{(M), < oo} C{M —} (see, e.g., [25]), we have

locy

£>0

{TY =0} n { Zl{ﬁt(Zz_)AKtzl} < oo} N { /Vféht(zt_,zt_)dl(t < oo} C A
0

The result now follows from Egs. (2.2.17) and (2.2.18). O

Now we establish some simple results which are useful for verifying the
condition (1) of Proposition 2.2.2.
By the definition of ,(B),

e(B) =" [[(1+ ABy)

s<t
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t
dry¢ A~y b
1 s s
v, =exp| o / — log (1 — )
! ( Vs Z Vs

0 s<t

and since

we obtain

t
¢ 1+ AB
' = exp (Bf—{—é/%—l—ZlogM)

0 s s<t (1 - %)6

Vs
t
= exp ( — /Dsd0§5>>, (2.2.19)
0

where D; = 1/, and

t
S ZS* S
oo [ ( {ﬁ(g 1 5}@320}

0

Vs |1+ ABg|
— log Iian, drys. 2.2.20
A'Vs (1 A’yls)é {Avs#0} ( )

Using the formula of integration by parts

d(_DtCt> - DtdCt + Ct_th

1 1 d
)%
Tt Ye— Mt

we get from Eq. (2.2.19) that
t
oW 1 dv,
FE‘S) :exp<—L—/C(§_)—l).
Tt 0 Vs— Vs

¥ = ¢T®, (2.2.21)

and the relation

Therefore,

where
t

t
_ @7+ 4 Q) @7+ 4
Fg):exp(_/[cs_} %>7 QZeXp(_Ot +/{Os_] %)'
2 Vs— Vs Tt 2 Vs— Vs

The following proposition is an immediate consequence of Eq. (2.2.21).

Proposition 2.2.3. Suppose that for each §, 0 < § < §y/2, 0 < &y < 1, the
following conditions hold:
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(a) There exist random constants C(8) and C(3) such that

cv
—oo<Q(5)<T<C(6)<oo

eventually, where C®) [y = (C’t(é)/’yt)tzo.
[ [C21 v

b /L — < 0 (P-a.s.).

(b) ) = e ( )
i _Ct(i)— Tdy

I —| — = (P-a.s.).

(©) 0/ L Ve— 1 N ( )

Then T® ~T©) for each §, 0 < & < §y/2.

Corollary 2.2.4. Suppose that

C6/2) O
< — < C(0) <
Y v
eventually, where C(0) is some random constant and the processes C%/2) and
CO are defined in Eq. (2.2.20) for 6 = 69/2 and 6 = 0, respectively.
Then T'®) ~T©) for each §, 0 < 6§ < 6y/2, 0 < §y < 1.

0<

This result follows since, as it is easy to check,

0
o <o < and O — P > (50 - 5) 7
for each 9, 0 < § < dy/2, which gives
o CO
D52
5 < S < C(0)
and .
(9) 67~
{C—} >@—5 and {C—} =0
gl 2 gl
eventually.

We shall now formulate the main result of this approach which is an imme-
diate consequence of Propositions 2.2.2 and 2.2.3.

Theorem 2.2.2. Suppose that the conditions (2.2.17), (2.2.18) and the con-
ditions of Proposition 2.2.3 hold for all §, 0 < § < §y/2, 0 < 6o < 1. Then
P-a.s.,

Yz —0 as t— 0o

forall 6,0 <6 < dp/2,0<dp <1.
Consider in more detail two cases: (1) all the processes under the consid-

eration are continuous; (2) the discrete time case. In addition assume that
M(t,u) = M(t) for all u € R, ¢t > 0.
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In the case of continuous processes conditions (2.2.7) and (2.2.8) are satisfied
trivially, the condition (2.2.6) takes the form

7[5 a %} % < o0 (P-a.s.) (2.2.22)

and also
{(2.2.22) for 6 = do/2} = {(2.2.22) for all §, 0 <& < do/2}.

Further, since
5) ¢
_:i/MM 5> s
Yt s o ’

the conditions (a)—(c) of Proposition 2.2.3 can be simplified to:

t
1 /85 ZS S

(_ / (25)7 d%)
’Yto gs >0

is eventually bounded.

(a") The process

[e’e) t
(b) / l/MdyS -9 Rl < oo (P-a.s.).
|Vt Js ] Yt
0 0
[e%e] _1 t _ +d
(©) / L / Bolzsrs o] D _ o (pras).
0 _715 9 gs i 7t

Also, if (a’) holds and

0(60/2 S S S 5
(bc) /ﬁ © 7 Vs — 50 > (, eventually,
" >0

then (b’) and (c) hold for each §, 0 < 6 < dy/2.
In the discrete time case we assume additionally that

Z (ﬂ) < oo and Z(ﬁt(zt_l))2 < oo (P-a.s.). (2.2.23)

>0 \ Tt >0

Then the conditions of Corollary 2.2.3 are trivially satisfied. Hence, the
conditions (2.2.3) and (2.2.14) are equivalent and can be written as

n
; [5 _ 'Ytﬁt;jt—l)} A,yjt < 0o (P-a.s.) (2.2.24)

and also,

{(2.2.24) for § =0¢/2} = {(2.2.24) for all 6, 0 < < dp/2}.
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Note that the reverse implication “<” does not hold in general (see Exam-
ple 3).

It is not difficult to verify that (a), (b) and (c) are equivalent to (&), (b) and
(¢) defined as follows.

(a) The process

is bounded eventually.

O [L > Bulzem1)vs — (5}_ﬂ < oo (P-a.s.).

=1 L1 R
1 A

(6/) Z |: Zﬁs(zs—l)’)/s - 6:| ﬂ = (P-CL.S.).
o1 L1 R

Also if (&) holds and
~ 1
(bc) (_ 253(2571)% — (5) > 0p/2 eventually,
>0

Vi o<t

then (b) and (¢) hold for each §, 0 < § < dp/2.

Hence {(a), (bc)} = {(a), (b),(¢) for all §, 0 < § < d9/2}. However, the
inverse implication is not true (see Examples 3 and 4).

Note that the conditions imposed on the martingale part of Eq. (2.1.1) in
Theorems 2.2.1 (see Eq. (2.2.4)) and 2.2.2 (see Eq. (2.2.18)) are identical.
We, therefore, assume that these conditions hold in all examples given below.

Example 1. This example illustrates that Eq. (2.2.22) holds whereas (a’) is

violated.
Let

Ki=v=t+1 and [i(u) = (t+ 1)7(1/2+a)’

where 0 < o < 1/2.
Substituting Ky, v, §; in the left-hand side of Eq. (2.2.22) we get

. —(1/2—a) +_ % - 1/2—a]*t
/[5 (t+1) (t+1)] o /[5 (t+1)Y272] 1
0 0

Since ([§ — (t + 1)/272]*);5¢ = 0 eventually, the condition (2.2.22) holds.
The conditions (a’) does not hold since

t
1 S S S
_/Md%:
’yto gs

Note that the conditions (b") and (¢’) are satisfied.

t
/(s +1)Y2 s o (t+ 1)V*7* — 00 as t — oo,

0

1
t+1
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It should be pointed out that although Eq. (2.2.22) holds for all §, § > 0,
if, e.g.,
dt
) = (D
the conditions (2.2.4) only holds for §’s satisfying 0 < 0 < §p = 1/2 + a.

d(M

Example 2. In this example the conditions (&) and (be) hold for 6, = 1 while
Eq. (2.2.24) fails for some 9, 0 < 0 < 1/2 = /2.
Consider a discrete time model with K; = v, = t, 8;(u) = (5, and

1/24a if ¢ is odd,
Bive = .
1/2 —b otherwise,

where 0 < b < 1/2 < a. Then, since

1 1 1 azb if t=2k k=12 ... 1
—4a>— SS:_+ 2@_ " ' ) ) 4y >_7
2 %;57 2 {% if t=2k+1, k=1,2,... 2

the conditions (&) and (bc) hold for &, = 1.
It is easy to verify that if 1/2 —b < § < 1/2, then
+
1

1 1
Z[d—ﬁt%ﬁ; :Z |:5_§+b:| Zj{tiseven} =

t>1 t>1
implying that Eq. (2.2.24) does not hold for all § with 1/2 <b < < 1/2.
Example 3. In this discrete time example dg = 1 and
{(2.2.24) for all 4, 0 <60 < 1/2} # {(2.2.24) for 6 = 1/2}.
Suppose that K; = v, =t, B;(u) = 3, and
1 1 *
Py = {5 " log(t + 1)} ’
Then for 0 < 6 < 1/2 and large t’s,
[0 — Bl =0
and it follows that

2[5 - @t%ﬁ% < 0.

t>1

But for 6 = 1/2,

1 1 1
E - — - > E —— I = 0.
{2 5:5%} ;= tlog(t+ 1) {log(t+1)>1} = O

t>1 t>1

Note also that by the Toeplitz Lemma,

SILEEESSE .
- Vs = — - — as t— oo.
t T 2 log(s+1) 2

s<t s<t
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_Therefore, for all §, 0 < ¢ < 1/2, the conditions (), (b) and (¢) hold whereas
(bc) does not.

Example 4. This is a discrete time example illustrating that Eq. (2.2.24)
holds for § = 1/2 (hence for all 0 < § < 1/2) and for all §, 0 < § < 1/2, the
conditions (@), (b) and (¢) hold whereas (bc) does not.
Suppose that K; = v, =t, B;(u) = 5, and for t > 0,
1 1
By = 5T 1

Then for § = 1/2 the condition (2.2.24) follows since
1 "1 1
Z {5—@%} n :Zt_Q < 0.
t>2
It remains to note that | |
? Z 6578 T
s<t

by the Toeplitz Lemma.

Example 5. Here we drop the “traditional” assumptions

) (A—7) <oo and S (Bi(z1)? < oo (P-a.s.)

>0 \ Tt >0
and give an example when the conditions of Theorems 2.2.1 and 2.2.2 are
satisfied.
Suppose that K; = t and process v and ((u) = ( are defined as follows:
M= 17

Zq l—q) where ¢ > 1,

and
o A%

B = :
o ﬁ e
where a = q/(¢—1) and 3, 8 > 1, are some constants satisfying (1—1/a)/? >
1 —1/3. In this case,

A’Yt 1
— —> — as t—
Vt Q
and A )
O AK; = a %—>—<1 as t — oo.

ﬁ i B
Therefore the conditions of Corollary 2.2.3 hold and it follows that the con-
ditions (2.2.3) and (2.2.14) are equivalent.
To check Eq. (2.2.14) note that for all 0 < § < 1/2,

> [1 — Bz )AK, — (1 — ﬂ)(s )

[{ﬁt(zt—)AKtﬁl}
£>0 i
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- Ay, 2T
< 1 — Bi(z-)AK; — (1 — ?) L6, (2 ) AR <1}

+
1 t 1 t 1/2
< -4 (1-=_1 Ly (AR <13-
Bq —1 aq—1 {Be(ze-)AK <1}

But since

1 t 1 t 1/2 1 1 1/2
Q. S R ~1-=-—(1-=) <o,
Bq —1 aq —1 54 o}

we have .
1 t 1 t 1/2
1---2 (-1 —0
Gq—1 g —1

for large t’s. Hence Eq. (2.2.14) holds.
To check the conditions (a), (b) and (c) of Theorem 2.2.2 note that by the
Toeplitz Lemma,

1 é) 1 |1_/BS(ZS—1)| Vs
—CP=_= A~ log — a,
o %; (1—22)" A,
> Vs
where ) )
1-1/3 1-1/8

= —alog —"— > —alog————~ >0

a aog(l_l/a)5> &Og(l—l/a)1/2> ,

which implies (a), (b) and (c).

2.3. Asymptotic expansion. In subsection 2.1 we have derived the repre-
sentation

Ly
Xtet = s + Rt, (231)
(L)
where all objects are defined there.

Throughout this subsection we assume that

(LYoo = 0 (P-a.s.)
and there exists a predictable increasing process v = (7;)s>0 such that vy = 1,
Yoo = 00 (P-a.s.), the process v/~_ is eventually bounded and
v~ T2
In this subsection, assuming that 72, — 0 P-a.s. for all 0 < § < 8§o/2 (for

some 0 < §p < 1), we establish sufficient conditions for the convergence R, 2o
as t — oo.
Consider the following conditions:

(d) There exists a non-random increasing process ({((L)){);>o such that

d
—( as t— o0,
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where % denotes the convergence in distribution and ¢ > 0 is some
random variable.
() > Igar-1y < oo (P-as.).
>0
(f) There exists €, 1/2 — §y/2 < ¢ < 1/2, such that

LL% O/ |8s — Bs(zs—) |7 (L)sdKs — 0 as t — oo (P-a.s.).

t

1
() —/rg(hs(zs,zs) — 2hy(2_,0) + hy(0,0))dE, 5 0 as t — oo.

(L)
0
Theorem 2.3.1. Suppose that ¥z — 0 P-a.s. for all 6, 0 < § < §p/2 (0 <
do < 1), and the conditions (d)—(g) are satisfied. Then
R, 20 as t— oo

Proof. Recall from subsection 2.1 that

1
R, = o 20+ R + R? + Y
t
where
RV - L StpL g
t 1/2 Z s5”s5— {BsAKs=1}>
<L>t s<t

t

R}SQ) - <L>;1/2/F (6 —ﬂS(ZS,»Zs,dKS,

1/2/FS (ds, zs—) — M(ds,0)).
0

Since (L); — 00, we have zo/(L),v}/2 — 0 as t — oo. Further, it follows from

(e) that the process (I{g,ar,=1})i>0 = 0 eventually and therefore Rgl) — 0 as
t — 00.

Since the process 7/v_ is bounded eventually and 'ytl / > 0ast — oo
(P-a.s.), we obtain that the process v'/2=¢z_ is bounded eventually for each ¢,
1/2 —60/2 < e < 1/2. Also, [I'|{L)~/2 ~ 412 Tt therefore follows that there
exists an eventually bounded positive process 7 = (1:):>0 such that

IR <

1 t
|Fs| |ﬁs - 55(25_” |25_| sz
/
(L) 20/
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t

t
1 / dK, 1
= 18 = Bz (L) e = / D.dC",
(L), (L Ly
where .
1
Dy = W’ Cy = / |85 — Bs(zs-) |75 (L) snsd K.
t 0

Using the formulae d(D,C;) = D;dC; + Cy_dD; we obtain

t
1 1
R(Q) < _CE_—/Cdel/Q )
’ t |— <<L>t t <L>t1/20 < >s

It is easy to check that

and

¢
1 1 1
RP| < — ¢+ / C_d(L)/.
‘ t | <L>t t <L>2/2 / <L>s—
Now, from the condition (f) and the Toeplitz Lemma, R§2) — 0, P-a.s.
To prove the convergence Rf’) — 0 note that by the condition (d), it suffices
only to consider the case when (L); is non-random. Denote

N, = /FS(M(ds, 20 ) — M{(ds, 0)).

Using the Lenglart—Rebolledo inequality (see, e.g., [25], Ch. 1, Section 9,
[22]) we obtain

P{(L); 2N, > a} = P{(L)'N] > a®} = PAN? = (L)ie > (a” — e)(L),}

b
< m+P{<N>t—<L>t5>b}

for any @ > 0, b > 0 and 0 < € < a®. The result now follows since (L), = 00
P-a.s. and

t

1 1 ) Coh (s »
<N>t = <T>t O/Fs(hs(zs—a zs—) th( s—> 0) + h8(07 0))sz 0

as t — oo. U
Remark 2.3.1. Suppose that P-a.s.,
Bo Ky = o0, glg Biliak, 203 > 0, sup BAK I Ak, 20y < 2.
2 t>

Then, as it is easy to see, |I'| is an increasing process with |['»| = 0o (P-a.s.).
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Remark 2.3.2.

1. The condition (f) can be replaced by the following one: (f') there exists
e > (1 —dg)/do such that

1 t
—— | 185 = Bs(2s )| |2s—| *(L)sd Ky — 0 as t — oo (P-a.s.).
y

2. It follows from Eq. (2.3.1) that under the conditions of Theorem 2.3.1
the asymptotic behaviour of the normalized process (x¢2;)i>0 coincides
with the asymptotic behaviour of (L;/(L);):>0 as t — oo.

3. Assume that the first two conditions in Remark 2.3.1 hold and besides,

Sgg B AK I ak, 20y <1 (P-a.s.).

t=
In this case, 3, = Biligak,#1y = B, I' = e (=B o K) is a positive
increasing process, I'; T oo (P-a.s.) as t — oo and if we suppose that
I' ~ (L), then taking v = (L) we obtain

y~THL) ' ~T

and under the conditions of Theorem 2.3.1,

L
Fl/QZt:—t+Rt, Rti() as t — o0.
t <L

Note that for the recursive parametric estimation procedures in the discrete
time case, [?(L)~' =T (see [39]).

Example 6. The RM stochastic approximation procedure with slowly varying
gains (see [31]).
Consider the SDE
aR(z) a
dzy = ———F—dK; + ————
K T (UK

Here K = (K)o is a continuous and increasing non-random function with
Kyo=00,1/2<r<1,0<a<1,m=(m)so € ML (P), dim), = o?dK,,
02 — 0% > 0 as t — oo and non-random regression function R satisfies the

following conditions:

dmt .

R(0) =0, uR(u)>0 if u#0,

for each e >0 inf wR(u) >0 and
e<|ul<®

R(u) = Bu +v(u) with v(u) = O(u?) as u — 0.

In our notation,
o

@:a+my
It follows from Theorem 1.2.1 that P-a.s.

~ aR(u)
and  [i(u) = AT K

zz — 0 as t— oo.
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From subsection 2.1

Ly
Xt2t = ~— 75
(L)
with I, = ¢, 1(—=B 0 K),

1+ Ky)r
and
t
7/
t = FS(ﬁs ﬁs(zs ))Zs dK +—F
(L), < >i/2
On can check that 2
—r,. 2
(1+K) "x; — P
as t — oo. Since I
t w
— N(0,1),
o Y
if the convergence R Ry holds, then
2
(1+K)2 SN (o, %) . (2.3.2)

It remains to prove that R, L 0ast — oo Let us first prove that if
1/2 <r <1, then P-a.s.,

1
(1+K.)%2 —0 forall §<1— o (2.3.3)
r

It is easy to verify that
2ré
1+ K)" =e' | - K.
R = ( 1+K)" >

Therefore, the conditions (2.2.3) and (2.2.4) of Theorem 2.2.1 can be rewrit-
ten as

7[ 2rd 208 2av(z) }+th e P .

1 + Kt 1 + Kt)r Zt(l + Kt)T

and

T AR S P- 2.3.5
(1+ Ky) 11K t < oo (P-a.s.). (2.3.5)
0
(2.

{ 21 203 20v(z) 1°
: —0

1+K,) (1+K) z0+K,)
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eventually. The condition (2.3.5) is satisfied since 2r—2r§ > 1if 6 < 1—1/(2r).
So, Theorem 2.2.1 yields Eq. (2.3.3). The conditions (d) and (e) of Theorem
2.3.1 are trivially fulfilled. To check (f) note that from the Kronecker Lemma
it suffices to verify that

/Wt — Bi(z) |y dKy < 00 (P-a.s.)
0

for some ¢ with 1/2 — §y/2 < e < 1/2, §o = 2 —1/r. For each 4, 0 < 6 <
do/2 =1—1/(2r), we have

U
/ 1B — (e s, — / G e+ K,

/1+K r(a+(5—e)th
0

for some random variables £. It therefore follows that if there exists a triple r,
0, € satisfying inequalities

1 1
§<r<1, O<5<§, >0, rl+0—¢)>1,

1 1 1 1
§—§<€<2 (5<1—§,

then Eq. (2.3.2) holds. It is easy to verify that such a triple exists only for
r > 4/5. It therefore follows that Eq. (2.3.2) holds for r > 4/5.

3. THE PoLYAK WEIGHTED AVERAGING PROCEDURE

3.1. Preliminaries. Consider the RM type SDE
t
Z = 2 +/H8(zs) dK, + /Es(zs) dm, (3.1.1)
0

where
(1) {H(u), t >0, uw € R'} is a random field described in Section 0;
(2){M(t,u), t >0, u € R'} is a random field such that

M (u) = (M(t,u))iz0 € Mig(P)

for each v € R' and M(t,u) = [ ly(u)dm,, where m = (my);>0 € M2(P),

loc

o o

M(-,0) # 0; £(u) = (£(u))s>0 is a predictable process for each u € R'. Denote
ls = 14(0).
(3) K = (K)o is a continuous increasing process.
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Suppose this equation has a unique strong solution z = (z;);>o on the whole
time interval [0, 00), such that

(M(1)) 2 = ( / (=) dm5>t20 € MZ(P).

In Section 1 the conditions were established which guarantee the convergence
2z — 0, as t—o0 P-as. (3.1.2)

In Section 2, assuming (3.1.2) the conditions were stated under which the
following property of z = (2z;):>0 takes place:
(a) for each 9, 0 < d < dp, 0 < Jp <1

Yzt =0, as t—o00 P-as.

where v = (14)t>0 is a predictable increasing process with 79 = 1, Y = 00
P-a.s.
Further, assuming that z = (z:)¢>o has property (a) with the process v =
2y
(V¢ )>0, equivalent to the process (L) '=(T2(L); ' )>0 (i-e., tlggo% =51,

0 <7 < ), in Section 2 the conditions were established under which the
asymptotic expansion

L
T (L) = _1/2 + Ry, (3.1.3)
(L)

where R, Loast— o0, holds true.
Here the objects v;, L;, (L); are defined as follows:

[y =e(foK):=exp (/ﬁdeS),
0

t
where 3; = —H](0), Ly = [ T's¢s(0) dmy, (L) is the shifted square characteris-
0

t
tics of L, i.e., (L), = 1+ (L);"", where (L);"" = [T202dK..
0

Consider now the following weighted averaging procedure:

t

/zs deg(go K), (3.1.4)

0

1
€t(g @) K)

§t:

where g = (gt)t>0 is a predlctable process, g, > 0 for all t > 0, P-a.s., g, =
5t(gOK)—exp(fgde) fngK < oo, t >0, fgde oo P-a.s.
0

The aim of this section is to study the asymptotlc properties of the process
Z = (Zt)t>0, as t — o0.
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First it should be noted that if z; — 0 as t — oo P-a.s., then by the Toeplitz
lemma (see, e.g., [25]) it immediately follows that
zy— 0, as t — o0, P —a.s.
In subsection 3.2 we establish asymptotic distribution of the process z in
the ”linear” case, when Hy(u) = —fu, M(t,u) = M(t) = ftﬁs dms, with
0

deterministic g, 5,¢ and K, and d{(m), = dK;.
The general case, i.e., when the process z in (3.1.4) is the strong solution of
SDE (3.1.1), is considered in subsection 3.3.

3.2. Asymptotic properties of Z. “Linear” Case. In this subsection we
consider the “linear” case, when SDE (3.1.1) is of the form

dZt = —ﬁtzt th ‘I— gt dmt, 20, (321)
where K = (K});>0 is a deterministic increasing function, 5 = (0;)>0 and

{ = (0)1>0 are deterministic functions, ; > 0 for all t > 0, [ BsdK, = oo,
0

fﬁde < 00, forallt>0andf€2dK < 00.
Define the following objects:

t
[y =exp (/ﬁs dKS>, L, = /FSES dmg, t> 0.
0 0

Under the above conditions we have I'y, = oo, I'2 (L)! = oo.

Indeed, application of the Kronecker lemma (see, e.g., [25]) yields
t

/F2€2dK — 0 as t — oo,
0

1

]‘_‘t_2 <L>t F2

o
since [ 2dK, < oo.
0

Solving equation (3.2.1), we get

t
2 = I‘t_l{zo + /Fsés dms}, t>0, (3.2.2)
0

From (3.2.2) and CLT for continuous martingales (see, e.e., [25]) it directly
follows that

2z — 0, as t — oo, (3.2.3)
T(L); %2 S €, as t — oo, (3.2.4)

where “%” denotes the convergence in distribution, £ is a standard normal
random variable (£ € N(0,1)).
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Let now Z = (Z;) be an averized process deﬁned by (3.1.4) with the deter-
ministic function g = (g¢)¢>0, fgtth 0, fgde < oo forall t > 0.

t
Denote B; = fF;ldss, Bt = [(B; — Bs)*d(L)s, e = e4(g 0 K).
0 0

Proposition 3.2.1. Suppose that (L) = 00, (L) 0 By, = 00, By =
Then
e.B; "z, e ast— oo, € N(0,1), (3.2.5)

Proof. Substituting (3.2.2) in (3.1.4) and integrating by parts, we get

t
20 B, -1

Et = + Z‘:t /(Bt — BS) dLS

€t

0

Hence
eB; *z,= 2B,/ (B) "+ 1/2/ s)dLs=1I' +I7. (3.2.6)
0

First we will show that

Il -0, as t — o0,
It is easy to check that

t t s

B, = /(Bt — B)%d(L), = 2/ (/(L)u dBu> dB,. (3.2.7)

0 0 0
We rewrite (I}')? in the form
- 1dB
()7 = BBy = Lh B
Bt
Since Eoo = 00, applying the Toeplitz lemma, we obtain
B
lim (7})? = lim —————.
t—00 t—00 f (L), dB,

Further, as [(L), dB, = oo, applying again the Toeplitz lemma we get
0

lim —— —_—— B fo u B = lim L
t—00 fO <L>u dB t—>oo fO t—o00 <L>t
It remains to show that

],?g{, as t — o0, £€ N(0,1).

=0.
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For any sequence t,, — oo as n — oo we define the sequence of martingales
as follows:

TR L T
(Jo" (B, — Bs)?d(L)s)"*

Obviously, (M"™); = 1 for each n > 1, and from the CLT for continuous
martingales we have

u € [0,1].

MM1) =12 % ¢ as n — o0, £€N(0,1). O

Remark 3.2.1. 1t should be noted that 5003 12 — .
Indeed, by the Toeplitz lemma,

=~ t s
B L), dB,) e de? 1
lim — = lim Jo U (E)ud BT e ey lim—/(L)sF

t—o0 8t2 t—o0 tht

1 , 1 »
e [ < _ _
tlirglo e (L) IS Tsdes < tlirg - /<L8>FS des =0
0 0
since €, = 0o and (L), I';2 = 0.
Define now the process ega) = £(9® o K) as follows: Let (at)t>o be a

function, a; > 0 for all £ > 0, and hm na, = a 0 < a < 0o. We define € by

the relation
t

e =1+ /asﬂs<L>slr§sz. (3.2.8)
0
Note that

(L)L 5t ga)/ﬁ = Oy, (3.2.9)
Indeed, it is easily seen that if

t

Et(w> =1+ /Spdesa then wt = %
0

Hence, if £,(¢(®) o K) = 5§a), then

géa) = atﬂt(”::_lr%/gga),

and (3.2.9) follows.
It should be also noted that for each (ay)¢>o with hm o = a,

lim 3 —
t—oo | 4 fo af (L)1 T2dK,
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Proposition 3.2.2. Let Z(a) = (Z;)i>0 be an averized process corresponding
1.

()
2
to the averaging process ) (see (3.1.4)), i.
t
s _ 1 ()
2= zsdey™, t>0.
ey

1/2

t
(” / ﬁs<L>81P§sz> 7Y 5 V2E as t— o0, €€ N(0,1).
0

Then

Proof. By virtue of Proposition 3.2.1, it is sufficient to show that

ot 2, as t— oo, (3.2.10)

t _ t
where B = [T71del™, B = [(BY) — B{")2d(L),.
0 0

We have
1 1) 5« (o
t—o00 (55‘)‘))2(315@))—1 t—o00 8(0‘) gg ) Of t~>oo (Ot)
t
2f0 (AL 1d550‘ 2 1
=~ im — (@)
o, Am (a) S Jm T, (L),dB.

0

Applying now relation (3.2.9) and Toeplitz lemma, we get
t t

1 1
i @) — i — ~1 ge(@)
Jim o / (L).dB) = lim / (L),T-1det
0 0
. t gga) . t
2@ P B dK, = lim o [ sdls = a. O

68 t—oo t
0

Corollary 3.2.1. Let v = (1)i>0 be an increasing process such that vy = 1,
Voo = 00 and
Ly;'1?
hm<>t—t:”y_1 as t — oo,
t—o00 Yt
where 7 is a constant, 0 < < co. Then

(1) %%z 5 AY2E, as t — oo;
(1+ f%ﬁdes)WzEa) L JFE ast — oo
(3) if vs8s =1 eventually, then (1+K;) 1/2 ) _, /2 FEast — oo, £€N(0,1).
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Remark 3.2.2. (1) Let v = (1)1>0 1= (%)tzo be an increasing process, 7o = 1,
Voo = 00, dy < dK. Then v can be répresented as the solution of the SDE
dye = Y Md Ky, o = 1, with some A = (A)>o.

Assume that \y — 0 as t — oo and A,/ — 0 as t — oco. Then

—112
llm <L>t Ft

t=oo

= 2.

Indeed,
(L);'Te _ Ty
Mt B <L>t '
and integration by parts and application of the Toeplitz lemma yield

(L);'T? {Q2F%% JUdR, — [ T2y 2y d K,

Vi <L>t
1 / A t)\
= ALY, =2 — Z2d(L)y — 2 as t — o0.
<L>t0/%ez L L>t0/ﬁs<“ -

_ﬁt

Thus if we put v, = 7 in the above Corollary 3.2.1, then all assertions hold

true with

_B S _ L
Yt egy Y 27

(2) Let ¢, = o0, where 3, is a decreasing function, 3, — 0 as t — oo,

dfB = —BidKy, 3 > 0.
Then, if

Bi/B; — 0 as t — oo,
we have
lim (L)'T28, = 207,
From Proposition 3.2.2 immediately follows
(1+ K,)/%z\ L V20 as t — .

Remark 3.2.3. Summarizing the above statements, we conclude that: as
t — 00,

(a> (ggl))l 2—(Oé)i>\/_§.
(b) () 4\ 2
(c) <e£”>1/2z£%f 2¢;

(d) T(L); 22 5 ¢,
where £ € N(0,1)
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Example 1. Standard “Linear” Procedure.
Let 3 = aB(1 + Ky)™Y 4y = ac(1 + K;)™', af > 0, 2a8 > 1. Then
T2(L); ' = 220511 + K;). Hence from (3.2.4) follows

ao

V2af—1

¢
On the other hand, !V = 1 + [BITXHL); K, = 1+

(1+Kt)1/2,zt € as t—o00, £€N(0,1).

0120'2 .
J Fas—T) K;, and it
follows from Proposition 3.2.2 that if we define
t t

sm_ 1 deV) 5 1 / dK
2 5(1)/23 €s 'y 2t 1+Kt Zs $9

t

0 0
then
2c0

1 K 1/2—(1) d t

( + t) gr - — 0 ﬁ(QOZﬁ _ 1) § as — 00,
2c

1+ K,)Y?*z d - t N(0,1).

( + t) 2t — O ﬁ(Zaﬁ—l)g as — 00, SE (a )

Hence the rate of convergence is the same, but the asymptotic variance of
averized procedure Z is smaller than of the initial one.

Example 2. “Linear” Procedure with slowly varying gains.
Let 6y = af(1 + K;)™", 4 = ac(1 4+ K;)™", af > 0, 5 < r < 1. Then
the process v = (7)o defined in Remark 3.2.2 is v = =5 (1 + K})", dy =

a02(1 + Kt)r1f§<t' Hence \; = ;7@(1 + K™Y N/Be — O as t — oo. From

Remark 3.2.2 it follows that

1
2
B

iy LEAE)

t—o00 Vi

=2, (3.2.11)

and from (3.2.4) we have

(1+ K22 % o, /%g, as t — oo, &€ N(0,1).

On the other hand,

2
_1+/68F2 1dK_1+/6s’ys SdK—HB/F(mS dK,.

Vs
0

Hence take into the account (3.2.11), by the Toeplitz Lemma we have

1) 2
€t B
1+Kt—>2; as t — oo.
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Therefore from Remark 3.2.3 (c) we get
(1+ K2z 4 %5 as t— o0, £€N(0,1).

and o
1+ K,)/*z, % 5¢ as tooo, g€ N(0,1).

Note that if a3 > 2, then the asymptotic variance of Z is smaller than of
the initial one.

Example 3. Let g, = (1 + t)’(%m), where « is a constant, 0 < a < 3,

(2 = (14¢)~E+) Then if we take = 3,/02 = (1+4¢)" T (14¢)2+e = 14+,
dre = yeriydt, then Ay = (L+ )7, 3 = (L+6) 7 (14+1)27 = (14+1)°72 = 0
as t — oo. Therefore, from Remark 3.2.2 (1) follows

L) _

t—woo 141

and from Corollary 3.2.1 (1) we have

1
(1+t)1/zzti>\/;§, as t — o0, £€ N(0,1).

If we now define

t
A =1 [
0

t

t
2Lyt 3Lyt
:1+/ﬁ5’}/5 S< >8 dszl‘f‘/(]_‘f—S)é_a S< >8 ds’
g
0

s Vs
0

then e\ /(1 + ¢)3/2* — 55, and from Corollary 3.2.1 (2) we obtain

4
(1 + t)3/2_0‘51(51) — mf as t— o0, § € N(O, ].)

In the last two examples the rate of convergence of the averized procedure
is higher than of the initial one.

3.3. Asymptotic properties of Z. General case. In this subsection we
study the asymptotic properties of the averized process Z = (Z);>0 defined by
(3.1.4), where z = (z)>0 is the strong solution of SDE (3.1.1).

In the sequel we will need the following objects:

{——Hl("), if u#0,

B=—H(0), Bilw) =1 s

t t
Ft = Eft(ﬁ e} K) = exXp { fﬁdes}, Lt = frsﬁsdms, gt = £t<0)7 d(m)t = th
0 0
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Assume that processes K, 3 and ¢ are deterministic. We rewrite equation
(3.1.1) in terms of these objects.

dzy = =Bz d Ky + Lidmy + (B — Bi(20)) 2ed Ky + (6e(20) — L) dmy. (3.3.1)

Further, solving formally the last equation as the linear one w.r.t. z, we get

t

t
2 =T {ZO L+ / TdF(s) + / rsdE(s)], (3.3.2)
0 0

where

t
D, = exp (/ﬁsdss),
0

t

Lt — sts dms;

/
dR,(t) = (@t - ﬁt(zt))ztth,
dﬁg(t) = (gt(Zt) - gt)dmt-

Consider now the following averaging procedure:

t

1
Zr = — [ z4deg, (3.3.3)
&t
0

1
where the process ¢, 1= ¢, = 1+ [T2(L);'5,dKj, i.e., is defined by relation
0

(3.2.8) with ay = 1.

In the sequel it will be assumed that the functions (3, ¢, K, g satisfy all
conditions imposed on the corresponding functions in Propositions 3.2.1 and
3.2.2.

Let v = (7)i>0 be an increasing function such that vy = 1, 7. = oo and
lim 3t 71,

t—oo Tt
Theorem 3.3.1. Suppose that 4?22 — 0 ast — oo for all 6, 0 < § < do,
0 < dg < 1. Assume that the following conditions are satisfied:

(i) there exists 6, 0 < § < do/2 such that

o0

/€t1/27t5|/6t<zt) — ﬁt‘th < o0, P-G.S.;
0

t
(ii) <<]Z>>f — 0 as t — oo, where Ny = [ T'5(€s(2,) — £;)dms.
0
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Then
5i/22ti> V2E as t— o0, €€ N(0,1).

Proof. Substituting (3.3.2) in (3.3.3), we obtain

t

B 1
z:%t+—/@wﬁﬁhﬁi (3.3.4)
Et Et
0
where
1 t s
@2—//OWRWV&”:LZ
€
"9 9
dBt = Ft_ldgt.
Integration of the second term in (3.3.4) by parts results in
B t
1
azzit+g- (B, — B,)dL, + R! + R>. (3.3.5)
t t

0

Denoting B, = [5(B, — By)%d(L),, we have

t
~_ B B, — B,)dL, R! R?
eB; 2, = 2= +k(lm) + = .
(By)1/? (B?) (B)V?  (B,)V?

(3.3.6)

As is seen, the first two terms in the right-hand side of (3.3.6) coincide with
those in (3.2.6), and since by our assumption the conditions of Propositions
3.2.1 and 3.2.2 are satisfied, taking into the account (3.2.10) with o = 1 one
can conclude that it suffices to show that

5,}/21%,’; L0, as t— o0, i=1,2. (3.3.7)

Let us investigate the case i = 1.

s t s

t
1 = 1 B
. o (/Fude(u)>st = W/ (/Fude(u))Fsldss
9 N Y
t s
2 ___
B E/ (/ Fude(w)F; e 2de?.
Lo o

Since g; is an increasing process, €., = 00, by virtue of the Toeplitz Lemma
it is sufficient to show that

¢
1 __
—/Fstl(s) — 0, as t — o0, P-a.s.

At -
Ft€2/2 0
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For all §, 0 < 6 < &g/2, since 7?9|z;| — 0 as t — oo, we have

t

1
Al < —5 [ T8, = Bz,
t€ t 0

t

1
Sconst(w)—l/z/ L7, |85 — Bal(2) [dK

0
t

1
= const(w) 172 /P 51/2 ’Ys 5|ﬁs ﬁs(zs”sz
0

tht

Now the desirable convergence A; — 0 as t — oo follows from condition (i)
and the Kronecker lemma applied to the last term of the previous inequalities.
Consider now the second term

t s
1 _
)’ R? = 7 ( / Lo (Cu(20) —Eu)dmu> I de,. (3.3.8)
0 0

t
Denoting N; = [ Ts(¢s(z5) — £5)dm, and integrating by parts, from (3.3.8)
0
we get

t

1
(B, — B,)dN..

1/2 2 _
R 1/2

Further, for any sequence t,, t, — 0o as n — oo let us consider a sequence
of martingales Y., u € [0, 1] defined as follows:

u

tnu tn
1 1
€ fn
no 0

Now, if we show that (Y"), L oasn— 00, then from the well-known fact

that (Y"), Lo= Y Lo (see, e.g., [25]) we get 5%2}@“ — 0 as n — oo, and
1/2

hence ¢,/ R? — 0, as t — oo.
Thus we have to show that

¢
1
— [ (B; — By)?d{N); — 0 as t — oo, P-a.s.
&t

0
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t t s
Using the relation [(B; — B,)2d(N)s = 2 [ ( [(N).dB,)dBs, we have to
0 00

show:
t t S

1
L (B, - B2aNy, =2t ( / (N}udBu> Flde,—0 as t—o0  (3.3.9)
5 5
"o "o N
Applying the Toeplitz lemma to (3.3.9) it suffices to show that

t

1

T (N)sdBs — 0 as t — 0o, P-a.s. (3.3.10)
"
But
1 / 1 / 1 /
— [(N)ydBy = =— [ (N),I';'de, = — /<N>S<L)Sld1“s (3.3.11)
Iy [ I
0 0 0

(recall that de, = T2(L);'B,dK).
Applying again the Toeplitz lemma to (3.3.11) we can see that (3.3.10)
follows from condition (ii). O

Corollary 3.3.1. Let Hi(u) = —fu + vi(u), where for each t € [0,00),
]% v — 0 asu— 0, P-a.s.

Assume that the following condition is satisfied:
(i') there exists 6, 0 < 0 < 0¢ such that

[e.o]

/ 1/2% 2|y dK, < oo.
0

Then condition (1) of Theorem 3.3.1 is satisfied.
Proof. Since |5;(u) — 5| = |%“)|, we have for §, 0 < § < %

[e.e] o0

_ _slu(z
[ 1) - mlar, < / b/ | 245
J ¢
< const(w /51/2 ~2 Ut Zt dK;
0
1/2_—26
< const(w /5 v ZCu|d Ky < oo O
0

Corollary 3.3.2. Let {;(u) — €, = wi(u), where for each t € [0, 00)

—wi| —0 as u—0, P-a.s.,

Assume that the condition below is satisfied:



SEMIMARTINGALE STOCHASTIC APPROXIMATION PROCEDURE 59

(i) there exists 6, 0 < § < 0¢ such that

t

1

E/Fﬁws_6|ws|2ds—>0, as t— o0, (P-a.s.).
t

0

Then condition (ii) of Theorem 3.3.1 is satisfied.
Proof. For all §, 0 < 6 < §p we have

(N): = / P2(0,(z25) — 42K, = / Fg(“&(%)—_&)stszs

ZS
0 0
t

< const(w) /Fgfys_5|wsl2ds,

0

since 222 — 0 as t — oo, P-a.s., and
gt(zt) — gt _

¢ — 0 as t — oo.

- ‘wt(zt) w
- - Wt

(21)

Finally, we can conclude that the assertion of Theorem 3.3.1 is valid if we
replace conditions (i), (ii) by (i'), (ii’), respectively. O

2

Example 4. Averaging Procedure for RM Stochastic Approximation Algo-
rithm with Slowly Varying Gain.

Let Hy(u) = 7557 R(u), where <71 <1, Ru) = —fu+ v(u), where
v(u) = 0(u?) as u — 0, & = 7%, of is deterministic, o7 — 0% ast — oo,

K = (K}) is a continuous increasing function with K., = oco. That is, we
consider the following SDE:

t t

e} Ot
- = R(z)dK, —t g
“ ZO+/(1+KS)T (5) +/(1+Kt)r e
0 0

Ifr> %, then according to Example 6 of Section 2

2
1+ K%z 2 ,/O;iﬁg, as t— o0, €€ N(0,1),

and moreover, for all §, 0 < d < %0, 0o =2 — %,
(1+K)°2% —0 as t— oo (P-a.s.),

Thus for the convergence

2
(1+Kt)1/2zti,/%g as t— o0, £€N(0,1),



60 N. LAZRIEVA, T. SHARIA AND T. TORONJADZE

it is sufficient to verify condition (i’) of Theorem 3.3.1, since condition (ii) is
satisfied trivially.

In this example the object v(u) defined in Corollary 3.3.1 is

_av(u)
AR e R

and for condition (¢') of Corollary 3.3.1 to be satisfied it is sufficient to require
the following: there exists §, 0 < < dg, 09 = 2 — % such that

t

/(1 + K)Y2(1+ K)™(1 + K,) "dK,; < o0
0

or equivalently, there exists §, 0<d <y, dg=1 — % such that r(1+09) — > 1.

2
It is not difficult to check that if r» > % such a § does exist.
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