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1. (a) The Boltzmann expression for entropy is written S = k ln Ω. Identify the
terms in the equation, taking care to explain the meaning of Ω.

[6]

(b) By considering an isolated system containing a constraint, such as a dividing partition, explain clearly why the equilibrium state, upon removal of the
constraint, corresponds to that of maximum entropy.

[10]

(c) Two systems are brought into contact so that they may exchange thermal
energy, mechanical energy and particles. By using the appropriate definitions, show that the resultant equilibrium state corresponds to that in which
the temperatures, pressures and chemical potentials of the two systems are
equalized.

[14]

(d) Using the fact that the equilibrium state has maximum entropy, state what
you can about the second derivative of the entropy with respect to energy of
the composite system. Derive the implications for the heat capacity.

[10]
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2. (a) Write down the virial expansion for the equation of state of a non-ideal gas.
Under what circumstances would an expansion up to only the second virial
coefficient be appropriate?

[6]

(b) The van der Waals equation of state for a non-ideal gas is given by


aN 2 
V − N b = N kT
p+ 2
V
Show that the second virial coefficient for this gas is given by
B2 (T ) = b −

a
kT

and sketch this.

[4]

(c) A gas of particles interacts with a square-well potential
U (r) = ∞
= −ε
=0

0<r<σ
σ < r < ασ
ασ < r < ∞ .

Sketch this and explain the significance of the parameter σ, ε and α.

[6]

(d) The second virial coefficient for a gas interacting with a potential U (r) is
given by
Z∞

B2 (T ) = −2π r2 e−U (r)/kT − 1 dr .
0

Show that for a square-well gas B2 is given by
n

o
2
B2 (T ) = πσ 3 1 − α3 − 1 eε/kT − 1 .
3

[12]

(e) In the limit that the range of the interaction becomes very large, while the
depth of the attractive potential becomes very small, show that B2 takes the
form


α3 ε
2 3
B2 (T ) = πσ 1 −
.
3
kT

[6]

(f) By comparing this result with the van der Waals B2 (T ), discuss the interpretation of the van der Waals model in terms of the square well interaction.
[6]
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3. (a) Explain what is meant by the order parameter in the context of phase transitions and describe the difference in the behaviour of the order parameter for
first-order and second-order transitions.
(b) What is the order parameter for the ferroelectric transition?

[6]
[4]

(c) When the Landau theory of phase transitions is applied to the ferroelectric
transition the free energy is expressed as a polynomial of the form
F = F0 + F 2 ϕ2 + F 4 ϕ 4 + F 6 ϕ6
where ϕ is the order parameter.
Explain why the power series is terminated and explain why there are no
odd powers of ϕ in the expansion.

[8]

(d) Show, by the use of sketches, how the above polynomial for the free energy
can lead to a first-order transition.

[8]

(e) Under what circumstances would the transition become second-order?

[6]

(f) When the transition is first-order, show that the discontinuity in the order
parameter at the transition is given by
r
−F4
Δϕ =
2F6
and discuss what happens to this as the transition becomes second-order.
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4. Albert Einstein wrote:
A theory is the more impressive the greater the simplicity of its premises
is, the more different kinds of things it relates, and the more extended
is its area of applicability.
Therefore the deep impression which classical thermodynamics made
upon me; it is the only physical theory of universal content concerning
which I am convinced that, within the framework of the applicability of
its basic concepts, will never be overthrown.
And Lev Landau wrote:
Statistical physics and thermodynamics together form a unit.
All the concepts and quantities of thermodynamics follow most naturally,
simply and rigorously from the concepts of statistical physics.
Although the general statements of thermodynamics can be formulated
non-statistically, their application to specific cases always requires the
use of statistical physics.
Write an essay discussing these contrary views. You should:
• give examples supporting the Landau view, and examples supporting Einstein’s view;

[15]

• discuss the extent to which the work of both Landau and Einstein were actually more in line with the philosophy of the other;

[15]

• include mention of emergence as a key concept that resolves the LandauEinstein conflict.

[10]
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5. (a) The partition function Z for a system of N indistinguishable non-interacting
particles may be approximated by
1 N
z
N!
where z is the partition function for a single particle.
Explain the arguments that lead to this approximation.
Z=

[6]

(b) The Helmholtz free energy F = E − T S is given by
F = −kT ln Z
where the symbols have their usual meanings. Show that the pressure p is
given by
∂ ln Z
p = kT
.
∂V T,N
[6]
(c) The partition function for a single particle moving freely in a volume V is
given by
3/2

mkT
z=V
.
2πˉh2
By evaluating the pressure for an assembly of N such indistinguishable particles, show that this results in the equation of state for an ideal gas.
q
(d) The quantity Λ = 2πˉh2 /mkT is known as the thermal de Broglie wavelength. Explain the physical interpretation of this.

[6]
[6]

(e) In the van der Waals description of an interacting gas the single particle
partition function is approximated by
V − Vex −hEi/kT
e
.
Λ3
Discuss how the various features of the interparticle interaction are accounted
for through the quantities Vex and hEi .
z=

[6]

(f) Why is this approach referred to as a mean field approximation?

[4]

(g) Sketch a number of van der Waals p − V isotherms and identify the stable,
metastable, and unstable regions.

[6]
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