Royal Holloway University of London Department of Physics

Factorials and Euler’'s Gamma function

Introduction

Theis aself-contained part of the course dealing, essentially, with the factorial function
and its generalization to: i) non-integer arguments, and ii) negative arguments. And asa
bonus we will obtain asimple expression for the factorial of very large arguments.

Y ou should recall that the terms of Taylor power series expansions involve factorials. In
the spirit of the extension of series expansions to incorporate Frobenius series, asimilar
extension of the factorial function isuseful. The terms of various series expansions are
given in terms of non-integer factorials, so we must be able to handle this. It should also
be pointed out that the factorial is somewhat anomal ous, mathematically-speaking, in that
it is defined for the integers but there is nothing “in between”; you certainly can’'t
differentiate such afunction. So you could regard this section as providing a smooth
interpolation of the factorial between the discrete integer points.

In statistical mechanics/thermodynamics you will need to cal cul ate probabilities and the
number of ways particles can be rearranged etc. This involves considering factorials of
very large numbers (of the order of Avogadro’s number 06 x10%). A mathematical
expression which can be differentiated and manipulated is necessary here. The last part
of this section will consider this.

Thefactorial asan integral

We shall define a new function and examine its properties. Previously we have
considered functions defined through the differential equations they satisfy. In this case
the function will be defined (smply?) as an integral:

— ® X -t
F(x)—jot e'dt.
This cannot be integrated (in terms of the elementary functions). It isinstructive to

integrate by parts, differentiating the first term and integrating the second. Thuswe are
Setting

u=t*, X _
dt
and we then have
du x-1 -t
—=xt, v=-e.

We then use the integration by partsrule
dv du
Ju—dt =uv-—|v—dt
dt dt
so that

F(x)= —txe‘t|: +x.[:tx‘le‘tdt :
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The first term vanishes since the function is zero at both end points. And the integral in
the second term looks suspiciously like the original definition for F(x), the only

difference being that x has been replaced by x—1. Thuswe conclude
F(x)=xF(x-1).

What we have hereisarecurrencerelation for the function F(x); from agiveninitial
value Xo we can thus step up (or down) one at atime.

Integer values
As an example, we could start from F(0)and step up, giving F for al integer x. And

fortunately we can evaluate F(0) by direct integration, since
F(0)=] e'dt

=1
So using the recurrence relation we build up

x=1  F(1)=F(0)=1

x=2  F(2)=2F(1)=2

x=3  F(3)=3F(2)=3x2
X=4 F(4) =4F(3) =4 x3x2

X=n F(n)=n!
We have obtained the factorial function. Thus we conclude that the factoria function
may be specified by the integral
F(x)= .[:txe“dt
and of course this may be extended to non-integer arguments.

The recurrence relation a so allows the extension to negative values of x.

The Gamma function

By convention mathematicians prefer to use the gamma function (Euler’s gamma
function) when extending the factorial ideato non-integer and negative arguments. There
isashift of 1inthedefinition. They use

M (x)=(x-1)!
In other words, the gamma function is specified through the integral
r(x)= _[: t* et
which then has the recurrence relation
M(x+1) =X ().
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Fractional arguments
Integer plusahalf, or integer minus a half values of I"(x) may be built up from (1/2).

The integral expression for thisis
r(l) = [t
2 0

which may be transformed to the gaussian integra
2.[: eV dy=+/m.

Thus we have the special value

and we can build up from this

etc.
Negative arguments

To treat negative arguments we may use the recurrence relation to step down from a
given initial argument:

F(x)=2r (x+1).
X

This has the immediate consequence that I'(0)isinfinite, and then by extension the

gamma function will beinfinite for all negative integer x.

But for non-integers there is no problem. Thus starting from %2 we would find, for
example,
(23
2 2 2
= —zr(éj
2

= —Zﬁ

The gamma function is plotted in the following figure.
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Euler’s gamma function

Observe the divergences for negative integer arguments.

Large arguments— Stirling’'sformula
It is easy to approximate the factorial function for large argument. Since
n'=1x2x3x4 x6 x... Xn,
on taking the logarithm we have
In(n!) =In(1x2 x3 x4 x6 x... xn)

=In1l+In2+In3+In4 +... +Inn
= Zlnx;
X=1
we have converted the product into asum. Now when n islarge we make only a small
error by converting this sum into an integral.
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Integral approximation to sum

The area under the lower dotted curveis given by Jjn x dx , so that we adopt the
approximation

n n
Zlnxzjlnxdx.
x=1 0

On performing the integral this gives the approximate expression
Inn!'=ninn-n.
We may take the exponential of thisto find the approximation to n! itself
n!=exp(ninn-n)

=exp(Inn" —n)

— nne—n

These approximate formulae,

n

n
Inn!'=nlnn—n and n! 2(—j
e

are called Stirling’ s approximation (to the factorial function).

A more systematic analysis, starting from the integral expression for the gamma function
and expanding it term by term gives the series
ny’ 1 1
nl'~y2m| — | {1+—+ +.0
(e) { 12n  288n° }
In applications where we are interested in the logarithm of n! when n islarge we may

ignore the square root factor at the left hand side and the inverse series on the right hand
side; only the middle part remains, in agreement with the original approximation.

Q: Why can you neglect the square root factor?

PH2130 Mathematical Methods 5



Royal Holloway University of London Department of Physics

The important concepts of this section are:

» Thefactoria function isre-defined / represented as an integral.

» Therecurrence relation is found through integrating by parts.

» Thevaueforn = 1isfound directly by integrating

* Theintegral expression allows extension to non-integer and negative arguments.

+ Euler's Gammafunction is defined as I'(x) = (x - 1)!
«  Specid value ['(1/2)=+/m.

» Negative arguments accommodated by stepping down with the recurrence relation.

» Stirling's approximation for large x obtained by taking the logarithm of n! and
approximating the resultant sum by an integral.
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